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PREFACE 
TO THE THIRD EDITION 


The rapid growth of knowledge in microeconomics has made it desirable to 
revise Microeconomic Theory a second time. This has also provided an 
opportunity for making a number of improvements that were suggested by 
colleagues and students over the years. 

The level of mathematics remains basically unchanged. An attempt has 
been made to improve the exposition of optimization in the Appendix, and to 
make the mathematical treatment of various topics conform more closely to 
modern practice. This has led, for example, to more emphasis on the concept 
of quasi-concavity in the treatment of utility functions, and to less emphasis 
on difference equations in the treatment of dynamic problems. As before, 
calculus is the basic mathematical tool. Readers are urged to refresh their 
memories about the mathematics by reading the Appendix and working its 
exercises before beginning Chapter 2. 

The changed importance of some topics has led to a reorganization of 
chapters. The theory of the consumer, the theory of the firm, and the analysis 
of multimarket equilibrium each now occupies two chapters. Chapters 2 and 4 
deal with the basic theories of the consumer and the firm, respectively, and 
Chapters 3 and 5 are devoted to extensions of each. The elements of 
multimarket equilibrium are covered in Chapter 9, with questions of existence 
and stability of equilibrium the subject of Chapter 10. The second edition’s 
chapter on linear models has been eliminated and some of its material 
introduced into other chapters on the basis of its logical relation to the topics 
of those chapters. Thus, linear-programming approaches to the theory of the 
firm are now covered in Chapter 5, the theory of games in Chapter 8, and 
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input-output analysis in Chapter 10, A number of new exercises have been 
added, and solutions for even-numbered exercises are now provided at the 
end of the volume. 

Among the new topics for the third edition are the duality theory of the 
consumer (Chapter 3) and producer (Chapter 5), the concept of risk aversion 
(Chapter 3), production under uncertainty (Chapter 5), futures markets 
(Chapter 6), Cooperative games and the Nash bargaining solution (Chapter 8), 


appropriate. 


Suggestions for improvements have been made by many colleagues and 
students who have often helped us to a better understanding of difficult points 


assistance of Harvey S. Rosen, Hugo Sonnenschein, and Michael Spence; 


offered many valuable 


Suggestions. To them and many others whom we have not explicitly men- 


tioned we express our deep thanks. 
We hope that few new errors have been introduced in this edition. As 


before, our work is thoroughly intermingled and we take equal responsibility 
for the final result. 


James M. Henderson 
Richard E. Quandt 
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TO THE SECOND EDITION 


The experience of using Microeconomic Theory in graduate and advanced 
undergraduate courses over a number of years, the many helpful suggestions 
of colleagues and students, and recent developments in economics have all 
provided incentives for a major revision. The second (enlarged) edition differs 
from the first in three major respects. There have also been some minor 
changes in the mathematical tools used in the text. 

First, an attempt has been made to include a fair amount of new material 
that either appeared in the economic literature since the publication of the 
first edition or was considered too new or difficult for inclusion at the earlier 
time. Examples are the constant-elasticity-of-substitution production function 
(Chapter 3), a proof for the existence of equilibrium in a competitive econumy 
(Chapter 5), the case of the revenue-maximizing monopolist (Chapter 6), and 
the theory of second best (Chapter 7). Many other extensions are included in 
the appropriate chapters. 

A second change of major significance is the addition of a new chapter on 
linear models, It replaces the fragmentary treatments of linear programming, 
input-output analysis, and game theory which are in three different chapters 
of the first edition. These topics are now covered in an extended and unified 
manner in Chapter 9, Unlike the first eight chapters, this new chapter is 
method oriented rather than subject oriented. 

The inclusion of exercises at the end of each chapter is the third major 
change. Their inclusion was the most frequent recommendation for change 
received from users of the first edition. The exercises contain both concrete 
illustrations and extensions of the materials in the text. The ability to work 
the exercises is an important aspect of gaining a working knowledge of 
microeconomic theory. 
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The level of mathematics has remained substantially unchanged. The 
emphasis remains upon methods and applications rather than detailed proofs. 
The calculus is the basic mathematical tool. A treatment of simple differential 
equations has been added. The concepts of convex and concave functions, 
which have gained increased importance in the economic literature, are 
introduced. Elementary convex-set theory is employed in Chapters 5 and 9. In 
only one instance is significantly more advanced mathematics, namely 
Brouwer's fixed-point theorem, employed. It is used to prove the existence of 
competitive equilibrium in Chapter 5. As before, readers are urged to refresh 
their memories about the mathematics and fill whatever gaps may exist by 
reading the Appendix (and working its exercises) before beginning Chapter 2. 

Suggestions for improvements in the first edition have been made by 
many colleagues and students to whom profound thanks are hereby expres- 
sed. It is hoped that few new errors have been introduced. As before, the 


authors’ work is thoroughly intermingled and they take equal responsibility 
for the final result. 


James M. Henderson 
Richard E. Quandt 


PREFACE 
TO THE FIRST EDITION 


The last two decades have witnessed an increasing application of mathemati- 
cal methods to nearly every branch of economics. The theories of individual 
optimizing units and market equilibrium which are included within the micro- 
economics branch are no exception. Traditional theory has been formulated in 
mathematical terms, and the classical results proved or disproved. The use of 
mathematics has also allowed the derivation of many new results. Mathe- 
matical methods are particularly useful in this field since the underlying prem- 
ises of utility and profit maximization are basically mathematical in character. 

In the early stages of this development economists were rather sharply 
divided into two groups: the mathematical economists and the literary, or 
nonmathematical, economists. Fortunately, this sharp division is breaking 
down with the passage of time. More and more economists and students of 
economics are becoming acquainted with at least elementary mathematics and 
are learning to appreciate the advantages of its use in economics. On the other 
side, many mathematically inclined economists are becoming more aware of 
the limitations of mathematics. It seems a safe prediction that before too 
many more years have passed the question of the use of mathematics in 
microeconomic theory will be only a matter of degree. 

As the number of economists and students of economics with mathema- 
tical training increases, the basic problem shifts from that of teaching 
mathematics to economists to that of teaching them economics in mathe- 
matical terms. The present volume is intended for economists and students of 
economics who have some mathematical training but do not possess a high 
degree of mathematical sophistication. It is not intended as a textbook on 
mathematics for economists. The basic concepts of microeconomic theory are 
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developed with the aid of intermediate mathematics. The selection of topics 
and the order of presentation are indicated by economic, rather than mathe- 
matical, content. 

This volume is intended for readers who possess some knowledge, though 
not necessarily a great deal, of both economics and mathematics. The 
audience at which it is aimed includes advanced undergraduate and graduate 
students in economics and professional economists who desire to see how 
intermediate mathematics contributes to the understanding of some familiar 
concepts. Advanced knowledge in one of these fields can partially compen- 
sate for a lack of training in the other. The reader with a weak background in 
microeconomics will not fully appreciate its problems or the limitations of the 
mathematical methods unless he consults some of the purely literary works in 
this area. A limited number of these are contained in the lists of selected 
references at the end of each chapter. 

A one-year college course in calculus, or its equivalent, is sufficient 
mathematical preparation for the present volume.! A review of the mathe- 
matical concepts employed in the text is contained in the Appendix. The 
Appendix is not adequate for a reader who has never been exposed to 
calculus, but it should serve the dual purpose of refreshing the reader's 
memory on topics with which he has some- familiarity and of introducing him 
to the few concepts that are employed in the text but are not usually covered 
in a first course in calculus—specifically, Cramer's rule, Lagrange multipliers, 
and simple difference equations. The reader interested in extending his 
knowledge of specific mathematical concepts will find a list of references at 
the end of the Appendix. 

In order to simplify the reader's introduction to the use of mathematical 
methods in microeconomic theory, two- and three-variable cases are 
emphasized in Chapters 2 and 3. The more general cases are emphasized in 
the later chapters. The analysis is frequently accompanied by diagrams, in 
order to provide a geometric interpretation of the formal results, The formal 
analysis is also illustrated with specific numerical examples. The reader may 
test his comprehension by working through the examples and working out the 
proofs and extensions of the analysis that are occasionally left as exercises. 

The authors have both served as senior partners in the preparation of this 
volume, with each contributing approximately one-half of the material. Hen- 
derson is primarily responsible for Chapters 3, 5, 6, and 8, and Quandt is 
primarily responsible for Chapters 2, 4, 7, and the Appendix. However, the 
manuscript was prepared in very close collaboration, and each author helped 
plan, review, and revise the work of the other. Therefore, all errors and 

defects are the responsibility of both. 

The authors are indebted to many of their teachers, colleagues, and 
students for direct and indirect aid in the production of this volume. Their 


The reader without this background is referred to the first fifteen chapters of R. G. D. Allen, 
Mathematical Analysis for Economists (London: Macmillan, 1938). 
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greatest debt is to their former teacher, Wassily W. Leontief. His general 
outlook is in evidence throughout the volume, and he is responsible for much 
of the authors’ affection for microeconomic theory. The authors gratefully 
acknowledge the advice and criticism of William J. Baumol, who read the 
entire manuscript in an intermediate stage and offered numerous suggestions 
for its improvement. Others who deserve specific mention are Robert Dorf- 
man, W. Eric Gustafson, Franklin M. Fisher, Carl Kaysen, and Seymour E. 
Harris. The marginal productivities of the inputs of the authors’ above- 
mentioned friends are strictly positive in all cases. 

The authors also owe a very significant debt to the economists who 
pioneered the application of mathematical methods to microeconomic theory. 
Their written works provide the framework for this book. The outstanding 
pioneers are J. R. Hicks and Paul A. Samuelson, but there are many others. 
The names and works of many of the pioneers can be found in the lists of 
selected references at the end of each chapter. 


James M. Henderson 
Richard E. Quandt 


MICROECONOMIC THEORY 
A Mathematical Approach 


CHAPTER 


ONE 
INTRODUCTION 


Economics is not a clearly defined discipline. Its frontiers are constantly 
changing, and their definition is frequently a subject of controversy. A 
commonly used definition characterizes economics as the study of the use of 
limited resources for the achievement of alternative ends. This definition is 
adequate if interpreted broadly enough to include the study of unemployed 
resources and to cover situations in which the ends are selected by 
economists themselves. More specifically, economics may be defined as a 
social science which covers the actions of individuals and groups of in- 
dividuals in the processes of producing, exchanging, and consuming goods 
and services. 


1-1 THE ROLE OF THEORY 


Explanation and prediction are the goals of economics as well as most other 
sciences. Both theoretical analyses and empirical investigations are necessary 
for the achievement of these goals. The two are usually inextricably inter- 
twined in concrete examples of research; yet there is a real distinction 
between them. Theories employ abstract deductive reasoning whereby con- 
clusions are drawn from sets of initial assumptions. Purely empirical studies 
are inductive in nature. The two approaches are complementary, since 
theories provide guides for empirical studies and empirical studies provide 
tests of the assumptions and conclusions of theories. 

Basically, a theory contains three sets of elements: (1) data which play the 
role of parameters and are assumed to be given from outside the analytical 
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framework; (2) variables, the magnitudes of which are determined within the 
theory; and (3) behavior assumptions or postulates which define the set of 
operations by which the values of the variables are determined. The con- 
clusions of a theoretical argument are always of a what would happen if 
nature. They state what the results of economic processes would be if the 
initial assumptions were satisfied, i.e., if the data were in fact given and the 
behavior assumptions justified. 

Empirical investigations allow comparisons of the assumptions and con- 
clusions of theories with observed facts. However, the requirement of a strict 
conformity between theory and fact would defeat the very purpose of theory. 
Theories represent simplifications and generalizations of reality and therefore 
do not completely describe particular situations. The data-variable dis- 
tinctions and behavior assumptions of the theories presented in subsequent 
chapters are satisfied by few, if any, actual market situations. A stricter 
conformity to facts would require a separate, highly detailed theory for each 
individual market situation, since each possesses its own distinctive charac- 
teristics. Applied theories of this nature, however valuable for specific 
research projects, are of little general value. The more general theories are 
fruitful because they contain statements which abstract from particulars and 
find elements which many situations have in common. Increased understand- 
ing is realized at the cost of the sacrificed detail. It is then possible to go from 
the general to the specific. The cases described by pure theories provide 
insight into economic processes and serve as a background and starting point 
for applied theories and specific empirical studies. 


1-2 MICROECONOMICS 


Like most other disciplines, economics is divided into branches and sub- 
branches. The major branches are microeconomics, which is the study of the 
economic actions of individuals and well-defined groups of individuals, and 
macroeconomics, which is the study of broad aggregates such as total 
employment and national income. 

Both branches deal with the determination of prices and incomes and the 
use of resources. However, microeconomics concentrates on the analysis of 
individual prices and markets, and the allocation of specific resources to 
particular uses. In micro theories the determination of the incomes of in- 
dividuals is encompassed within the general pricing process: Individuals earn 
their incomes by selling factors of production, the prices of which are 
determined in the same manner as all other prices. On the other hand, the 
goals of macroeconomic theories generally are the determination of national 
income. aggregate resource employment, and aggregate price indices, with 
only secondary emphasis placed upon the interrelations among the com- 
ponents of the various aggregates. 
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Since the problems of individual price determination are assumed away in 
macro theory, the relationship between individual units and the aggregates is 
not clear. If it were, the analysis would be classified as micro theory. The 
simplifications introduced by aggregation are not without reward, since they 
make it possible to describe the position and progress of the economy as a 
whole in terms of a few simple aggregates. This would be impossible if the 
micro emphasis on individual behavior and relative prices were maintained. 

Following this established separation of subject matter, the present 
volume is limited to a systematic exposition of microeconomic theory. The 
theories of individual behavior in a perfectly competitive economy are 
developed in Chaps. 2 through 5. The behavior of individual consumers is 
treated in Chaps. 2 and 3, and that of individual producers in Chaps. 4 and 5. 
In this analysis the prices of goods bought or sold are considered as given 
parameters, the magnitudes of which the individual cannot influence. The 
quantities of goods bought and sold are the variables determined in these 
theories. The perfectly competitive market for a single commodity is intro- 
duced in Chap. 6. The prices of all other commodities are assumed to be given 
parameters, and the price of the commodity in question, as well as the volume 
of its purchases and sales, is shown to be determined by the independent 
actions of all its buyers and sellers. 

Microeconomic theories are sufficiently flexible to permit many variations 
in their underlying assumptions. For example, the assumption that no single 
individual is able to influence prices or the actions of other individuals is 
modified in Chaps. 7 and 8. Despite the variation of this basic premise, there 
are some easily recognizable similarities between the analyses of Chap. 7 and 
8 and those of earlier chapters. Up to this point the analysis deals with 
individual consumers and producers and with markets for a single commodity 
(except for the brief treatement of differentiated oligopoly). The relationship 
among all markets is largely ignored. This omission is remedied in Chaps. 9 and 
10, which deal with multimarket equilibrium in which all prices are determined 
simultaneously. 

The final chapters cover two other important aspects of microeconomics. 
An important use of theory is to serve as a guide to what ought to be. The 
branch of microeconomics which covers these problems is known as welfare 
economics and is the subject of Chap. 11. The degree of conformity between 
theory and fact is of great importance in welfare economics. If one were 
interested in pure description, a divergence between theory and fact would 
suggest that the theory is faulty for that particular purpose. When the theory 
becomes a welfare ideal, such a divergence leads to the conclusion that the 
actual situation is faulty and should be remedied. Finally, the assumption ofa 
static world in which consumers and producers do not plan for the future is 
relaxed in Chap. 12. The logical connection of these last two chapters with the 
earlier ones is easily discernible, and the possibility of relaxing the various 
assumptions of the basic theories increases their flexibility and generality. 
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1-3 THE ROLE OF MATHEMATICS 


The theories of the present volume are cast in mathematical terms. The 
mathematics is not an end in itself, but rather a set of tools which facilitates 
the derivation and exposition of the economic theories. Mathematics is useful 
for translating verbal arguments into concise and consistent forms. However, 
it does more than this. Mathematics provides the economist with a set of tools 
often more powerful than ordinary speech; mathematics possesses concepts 
and allows operations for which no manageable verbal equivalents exist. The 
use of mathematics enlarges the economist’s tool kit and widens the range of 
possible inferences from initial assumptions. 

Purely verbal analysis was the first stage in the historical development of 
economic theory. However, as quantitative relationships were formulated in 
increasing numbers and as theories became increasingly complex, purely 
verbal analyses became more tedious and more difficult to formulate con- 
sistently. Mathematical relations underlay most of these early theories, 
though they were seldom made explicit. The recognition that more rigorous 
formulations were often necessary led to the acceptance of plane geometry as 
an important tool of analysis. Plane geometry was and is highly useful, but it 
possesses many limitations. One of the most serious of these is the limitation 
of theoretical arguments to two, or at most three, variables. The increasing 
use of other mathematical tools reflects the belief that plane geometry is not 
adequate for rigorous economic reasoning in many cases. 

The calculus and some simple concepts of simultaneous-equation systems 
are the major mathematical tools used in the present volume. Some notions of 
convex sets and a fixed-point theorem are used in particular discussions. 
Some general results are illustrated by two-dimensional geometry. The expli- 
cit use of mathematics does not mean that the authors believe that all verbal 
analyses should be discarded. Verbal analyses are preferable to mathematical 
analyses for some purposes. They serve to fill in many details, state important 
qualifications, and suggest new topics for rigorous investigation. 

The mathematical concepts used in the text are reviewed in the Appendix. 
All except mathematically sophisticated readers should read, or at least skim, 
the Appendix before beginning Chap. 2. 


CHAPTER 


TWO 
THE THEORY OF CONSUMER BEHAVIOR 


The postulate of rationality is the customary point of departure in the theory 
of the consumer's behavior. The consumer is assumed to choose among the 
available alternatives in such a manner that the satisfaction derived from 
consuming commodities (in the broadest sense) is as large as possible. This 
implies that he is aware of the alternatives facing him and is capable of 
evaluating them. All information pertaining to the satisfaction that the con- 
sumer derives from various quantities of commodities is contained in his 
utility function. 

The concepts of utility and its maximization are void of any sensuous 
connotation. The assertion that a consumer derives more satisfaction or utility 
from an automobile than from a suit of clothes means that if he were 
presented with the alternatives of receiving as a gift either an automobile or a 
suit of clothes, he would choose the former. Things that are necessary for 
survival—such as vaccine when a smallpox epidemic threatens—may give the 
consumer the most utility, although the act of consuming such a commodity 
has no pleasurable sensations connected with it. 

The nineteenth-century economists W. Stanley Jevons, Léon Walras, and 
Alfred Marshall considered utility measurable, just as the weight of objects is 
measurable. The consumer was assumed to possess a cardinal measure of 
utility, i.e., he was assumed to be capable of assigning to every commodity or 
combination of commodities a number representing the amount or degree of 
utility associated with it. The numbers representing amounts of utility could 
be manipulated in the same fashion as weights. Assume, for example, that the 
utility of A is 15 units and the utility of B 45 units. The consumer 
"like" B three times as strongly as A. The differences between utility numbers 
could be compared, and the comparison could lead to a statement such as “A 

s 
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is preferred to B twice as much as C is preferred to D." It was also assumed 
by the nineteenth-century economists that the additions to a consumer s total 
utility resulting from consuming additional units of a commodity decrease as 
he consumes more of it. The consumer's behavior can be deduced from the 
above assumptions. Imagine that a certain price, say 2 dollars, is charged for 
coconuts. The consumer, confronted with coconuts, will not buy any if the 
amount of utility he surrenders by paying the price of a coconut (i.e., by 
parting with purchasing power) is greater than the utility he gains by consum- 
ing it. Assume that the utility of a dollar is 5 utils and remains approximately 
constant for small variations in income, and that the consumer derives the 
following increments of utility by consuming an additional coconut: 


Unit Additional utility 
Coconut 1 20 
Coconut 2 9 
Coconut 3 7 


The consumer will buy at least one coconut, because he surrenders 10 utils in 
exchange for 20 utils and thus increases his total utility.' He will not buy a 
second coconut, because the utility loss exceeds the gain. In general, the 
consumer will not add to his consumption of a commodity if an additional unit 
involves a net utility loss. He will increase his consumption only if he realizes 
a net gain of utility from it. For example, assume that the price of coconuts 
falls to 1.6 dollars. Two coconuts will now be bought. A fall in the price has 
increased the quantity bought. This is the sense in which the theory predicts 
the consumer's behavior. 

The assumptions on which the theory of cardinal utility is built are very 
restrictive. Equivalent conclusions can be deduced from much weaker 
assumptions. Therefore it will not be assumed in the remainder of this 
chapter that the consumer possesses a cardinal measure of utility or that the 
additional utility derived from increasing his consumption of a commodity 
diminishes. 

If the consumer derives more utility from alternative A than from 
alternative B, he is said to prefer A to B? The postulate of rationality is 
equivalent to the following statements: (1) for all possible pairs of alternatives 
A and B the consumer knows whether he prefers A to B or B to A, or 


' The price is 2 dollars; the consumer loses 5 utils per dollar surrendered. Therefore the gross 
loss is 10 utils, and the gross gain is 20 utils. 
? A chain of definitions must eventually come to an end. The word "prefer" can be defined to 
mean "would rather have than," but then this expression must be left undefined. The term 
"prefer" is also void of any connotation of sensuous pleasure. 
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whether he is indifferent between them; (2) only one of the three possibilities 
is true for any pair of alternatives; (3) if the consumer prefers A to B and B to 
C, he will prefer A to C. The last statement ensures that the consumer's 
preferences are consistent or transitive: if he prefers an automobile to a suit 
of clothes and a suit of clothes to a bowl of soup, he must prefer an 
automobile to a bowl of soup. 

The postulate of rationality, as stated above, merely requires that the 
consumer be able to rank commodities in order of preference. The consumer 
possesses an ordinal utility measure; i.e., he need not be able to assign 
numbers that represent (in arbitrary units) the degree or amount of utility that 
he derives from commodities. His ranking of commodities is expressed 
mathematically by his utility function. It associates certain numbers with 
various quantities of commodities consumed, but these numbers provide only 
a ranking or ordering of preferences. If the utility of alternative A is 15 and 
the utility of B is 45 (i.e) if the utility function associates the number 15 with 
alternative or commodity A and the number 45 with alternative B), one can 
only say that B is preferred to A, but it is meaningless to say that B is liked 
three times as strongly as A. This reformulation of the postulates of the 
theory of consumer behavior was effected only around the turn of the last 
century. It is remarkable that the consumer's behavior can be explained just 
as well in terms of an ordinal utility function as in terms of a cardinal one. 
Intuitively one can see that the consumer's choices are completely determinate 
if he possesses a ranking (and only a ranking) of commodity bundles according 
to his preferences. One could visualize the consumer as possessing a rank- 
ordered list of all conceivable alternative commodity bundles that can be 
purchased for a sum of money equal to his income; when the consumer 
receives his income, he simply purchases the bundle at the top of the list." 
Therefore it is not necessary to assume that he possesses a cardinal measure 
of utility. The much weaker assumption that he possesses a consistent ranking 
of preferences is sufficient. 

The basic tools of analysis and the nature of the utility function are 
discussed in Sec. 2-1. The individual consumer's optimum consumption levels 
are determined in Sec. 2-2, and it is shown that the solution of the consumer's 
maximum problem is invariant with respect to positive monotonic trans- 
formations of his utility function. Demand functions are derived in Sec, 2-3, 
and the analysis is extended to the problem of choice between income and 
leisure in Sec. 2-4, The effect of price and income variations on consumption 
levels is examined in Sec. 2-5. The theory is finally generalized to an arbitrary 
number of commodities in Sec. 2-6. 


! How much a particular bundle on the list is liked is irrelevant; only the bundle at the top of 
the list will be purchased. 
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2-1 BASIC CONCEPTS 


The Nature of the Utility Function 


Consider the simple case in which the consumer’s purchases are limited to 
two commodities. His ordinal utility function is 


U = f(q4i, 42) (2-1) 


where q, and q are the quantities of the two commodities Q, and Q; which he 
consumes. It is assumed that f(q;, q2) is continuous, has continuous first- and 
second-order partial derivatives, and is a regular strictly quasi-concave func- 
tion.' Furthermore, it is assumed that the partial derivatives of (2-1) are 
strictly positive. This means that the consumer will always desire more of 
both commodities. These assumptions are sometimes modified to cover spe- 
cial cases. Nonnegative consumption levels normally constitute the domain 
for the utility function, though in some cases the domain is limited to positive 
levels. 

The consumer’s utility function is not unique (see Sec. 2-2). In general, 
any single-valued increasing function of q, and q, can serve as a utility 
function. The utility number U’ assigned to any particular commodity com- 
bination indicates that it is preferable or superior to all combinations with 
lower numbers and inferior to those with higher numbers. 

The utility function is defined with reference to consumption during a 
specified period of time. The level of satisfaction that the consumer derives 
from a particular commodity combination depends upon the length of the 
period during which he consumes it. Different levels of satisfaction are 
derived from consuming ten portions of ice cream within one hour and within 
one month. There is no unique time period for which the utility function 
should be defined. However, there are restrictions upon the possible length of 
the period. The consumer usually derives utility from variety in his diet and 
diversification among the commodities he consumes. Therefore, the utility 


function must not be defined for a period so short that the desire for variety 


cannot be satisfied. On the other hand, tastes (the shape of the function) may 


change if it is defined for too long a period. Any intermediate period is 
satisfactory for the static theory of consumer behavior.? The present theory is 
static in the sense that the utility function is defined with reference to a single 


time period, and the consumer's optimal expenditure pattern is analyzed only 


A strictly quasi-concave function for which 2f abil — full — ffl 0. The positiveness of the 
expression makes certain derivations easier, and the assumption of regularity is made for 
convenience, since strict quasi-concavity alone guarantees only the weak inequality =. See 
Sec. A-3 

? The theory would break down if it were impossible to define a period that is neither too 
short from the first point of view nor too long from the second 
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with respect to this period. No account is taken of the possibility of transfer- 
ring consumption expenditures from one period to another.' 


Indifference Curves 


A particular level of utility or satisfaction can be derived from many different 
combinations of Q; and Q,.t For a given level of utility U’, Eq. (2-1) becomes 


U’ = flan, a) (2-2) 


where U^ is a constant. Since the utility function is continuous, (2-2) is 
satisfied by an infinite number of combinations of Q, and Q,. Imagine that the 
consumer derives a given level of satisfaction U’ from 5 units of Q, and 3 
units of Q;. If his consumption of Q, were decreased from 5 to 4 without an 
increase in his consumption of Q, his satisfaction would certainly decrease. 
In general, it is possible to compensate him for the loss of 1 unit of Q, by 
allowing an increase in his consumption of Q,. Imagine that an increase of 3 
units in his consumption of Q; makes him indifferent between the two 
alternative combinations. Other commodity combinations which yield the 
consumer the same level of satisfaction can be discovered in a similar 
manner. The locus of all commodity combinations from which the consumer 
derives the same level of satisfaction forms an indifference curve. An 
indifference map is a collection of indifference curves corresponding to 
different levels of satisfaction. The quantities qı and qz are measured along 
the axes of Fig. 2-1. One indifference curve passes through every point in the 
positive quadrant of the qq; plane. Indifference curves correspond to higher 
and higher levels of satisfaction as one moves in a northeasterly direction in 
Fig. 2-1. A movement from point A to point B would increase the con- 
sumption of both Q, and Q;. Therefore B must correspond to a higher level of 
satisfaction than A. 

Indifference curves cannot intersect as shown in Fig. 2-2. Consider the 
Points A,, A, and Aj. Let the consumer derive the satisfaction U, from the 
batch of commodities represented by A, and similarly U; and U; from A; and 
Ax The consumer has more of both commodities at A; than at Aj, and 
therefore U,— U,. Since A, and A; are on the same indifference curve, 


‘The present analysis is static in that it does not consider what happens after the current 
income period. The consumer makes his calculations for only one such period at a time. At the 
end of the period he repeats his calculations for the next one. If the consumer were capable of 

ing, one would consider his total liquid resources available in any time period instead of 
his income proper. Conversely, he save, i.e., not spend all his income on consumption 
goods. Provision can be mabe IN UIS pananlildes villont chaagiag the essential palate oF te 
analysis (see Sec. 12-2). 

* By definition, a commodity is an item of which the consumer would rather have more than 
less. Otherwise he is dealing with a discommodity. In reality a commodity may become a 
discommodity if its quantity is sufficiently large. For example, if the consumer partakes of too 
Many portions of ice cream, it may become a discommodity for him. It is assumed in the 
remainder of the chapter that such a point of saturation has not been reached. 
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ds % 
B Ay As 
A Ai 
0 LA 0 % 
Figure 2-1 Figure 2-2 


U, = U;, The points A; and A; are also on the same indifference curve, and 
therefore U, = Uj. This implies U, = U;. Therefore, A, and A; are on the 
same indifference curve, contrary to assumption. 

The assumption that the utility function is strictly quasi-concave restricts 
the shape of the indifference curves, Consider two distinct points on a given 
indifference curve where U® = f(q?, 43) = f(q\”, a9). Strict quasi-concavity 
(see Sec. A-2) ensures that 


Utaq? + (1—A)ql, Ag+ (1 a)  U* 


for all 0<A <1. Thus, all interior points on a line segment connecting two 
points on an indifference curve lie on higher indifference curves, This means 
that an indifference curve expresses 92 as a strictly convex function of Qs 
sometimes expressed by saying that indifference curves are “convex to the 
origin.” 


The Rate of Commodity Substitution 
The total differential of the utility function is 


dU = f, dqi* f; dq; Q-3) 


where f, and f; are the partial derivatives of U with respect to q, and q;. The 
total change in utility (compared to an initial situation) caused by variations in 
qı and qz is approximately the change in q; multiplied by the change in utility — 
resulting from a unit change of q, plus the change in q, multiplied by the 
change in utility resulting from a unit change in qı. Let the consumer move 
along one of his indifference curves by giving up some Q; in exchange for Qs. 
If his consumption of Q, decreases by dq, (therefore, dq, <0), the resulting 
loss of utility is approximately f, dq. The gain of utility caused by acquiring 
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some Q; is approximately f;dq» for similar reasons. Taking arbitrarily small 
increments, the sum of these two terms must equal zero in the limit, since the 
total change in utility along an indifference curve is zero by definition.' Since the 
analysis runs in terms of ordinal utility functions, the magnitudes of f, dq, and 
fı dq; are not known. However, it must still be true that the sum of these terms is 
zero. Setting dU =0, 

fidqi+ fa dqz= 0 


i dq fi 

yields dq ^ f (2-4) 
The slope of an indifference curve, dq»/dq;, is the rate at which a consumer 
would be willing to substitute Q, for Q; per unit of Q, in order to maintain a 
given level of utility. The negative of the slope, —dq;/dq;, is the rate of 
commodity substitution (RCS) of Qi for Q, and it equals the ratio of the 
partial derivatives of the utility function.? The reciprocal of the RCS is the 
rate at which the consumer would be willing to substitute Q, for Q; per unit of 
Q. 

In a cardinal analysis the partial derivatives fı and fz are defined as the 
marginal utilities of the commodities Q, and Q;.t This definition is retained in 
the present ordinal analysis. However, the partial derivative of an ordinal 
utility function cannot be given a cardinal interpretation. Therefore, the 
numerical magnitudes of individual marginal utilities are without meaning. 
The consumer is not assumed to be aware of the existence of marginal 
utilities, and only the economist need know that the consumer’s RCS equals 
the ratio of marginal utilities. The signs as well as the ratios of marginal 
utilities are meaningful in an ordinal analysis. A positive value for f, signifies 
that an increase in q, will increase the consumer's satisfaction level and move 
him to a higher indifference curve. 

Since the utility function is a regular strictly quasi-concave function, the 


Strict inequality 293... rm afi >0 (2-5) 


is satisfied at each point within its domain (see Sec. A-3). By further 
differentiation of (2-4) the rate of change of the slope of the indifference curve 
ie? 


Is 
oa ==AGuh2hahihe+ fof (2-6) 


"Imagine the utility function as a surface in three-dimensional space. Then the total differen- 
tial (2-3) is the equation of the tangent plane to this surface at some point. This justifies the use of 
the word “approximate” in the above argument (see Sec. A-2). 

* The rate of commodity substitution is frequently referred to in the literature of economics as 
the marginal rate of substitution. Cf. J. R. Hicks, Value and Capital (2d ed., Oxford: Clarendon 
Press, 1946), pt. I. 

+The marginal utility of a commodity is often loosely defined as the increase in utility 
resulting from a unit increase in its consumption. 

' Note that (2-6) is obtained by taking the total derivative of the slope of the indifference 
Curve instead of the partial derivative. 
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Inequality (2-5) ensures that the parenthesized term on the right-hand side of 

` (2-6) is negative. Since f;- 0, regular strict quasi-concavity dictates that the 
negative slope of the indifference curve becomes larger algebraically and 
smaller in absolute value as Q; is substituted for Q;. The indifference curve 
becomes flatter, and the RCS, which is the absolute value of its slope, 
decreases. As the consumer moves along an indifference curve, he acquires 
more Q; and less Q;, and the rate at which he is willing to sacrifice Q, to 
acquire yet more Q, declines. The increasing relative scarcity of Q, increases 
its relative value to the consumer, and the increasing relative abundance of Q, 
decreases its relative value. 


Existence of the Utility Function 


It is not intuitively obvious that real-valued functions that can serve as utility 
functions exist for all consumers. A consumer’s preferences must satisfy 
certain conditions in order to be representable by a utility function. A set of 
sufficient conditions for the existence of a utility function is expressed in the 
following assumptions: 


1. The various commodity combinations available to the consumer stand in a 
relation to each other, denoted by R. The meaning of R is “is at least as 
well liked as.” The relation R is complete:. For any pair of commodity 
combinations A, and A; either A,RA;, A;RA,, or both. Furthermore, R is 
reflexive: A,RA,, whatever A, may be. Finally, R is transitive: If ARA; 
and A;RA;, then A,RA;. 

- The set of all commodity combinations available to the consumer is 
connected. If A, and A; are available to the consumer, one can find a 
continuous path of available combinations connecting A, and A;. 

. Given some commodity combination A), one may consider the set of all 
combinations at least as well liked as A, and the set of all combinations 
not more liked than A,. These two sets are closed. This means that if one 
selected for consideration an infinite sequence of commodity com- 
binations which converged to some limiting combination As, and if each 
member of the sequence were at least as well liked as A;, then the limiting 
combination would also be at least as well liked as A,. This condition 
ensures the continuity of the consumer's preferences and rules out 
"jumps." It ensures, for example, that if two commodity combinations 

differ from each other only slightly and if one of these is preferred to 
some given combination Aj, then the other will be at least as well liked as 
A). Y 


N 


w 


It might seem that these conditions are so unrestrictive as to be almost 
always satisfied. It is easy, however, to cite preference structures that do not 
satisfy them. Consider the following case. Let there be two commodities Q; 
and Q,, and consider two commodity combinations A, 7 (af", qf) and A; = 
(qP. qF’). Imagine that the preference structure of the consumer is given by 


function 
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the following rule: A; is preferred to A; if either q{?> qf or q(? - qf? and 
qf? > q¥. In this situation the preference ordering is said to be lexicographic 
and no utility function exists. 

The lexicographic ordering violates the third of the above assumptions. 
Consider the combination A = (q9, q9), and let Aq, and Aq; denote positive 
increments from A. The combination (q1-- Aq;, q3— Aq:) is preferred to A by 
virtue of the lexicographic ordering. Select particular positive values for the 
increments, and consider the infinite sequence of commodity combinations 
the ith member of which is 


A; = (qi +(@'Aqi, q2- Aq) 
A; is clearly preferred to A for any i, but the limit of the sequence 
lim ^, = (qi, q$- åq) 


is inferior to A in violation of the third assumption. 


2-2 THE MAXIMIZATION OF UTILITY 


The rational, consumer desires to purchase a combination of Q, and Q, from 
which he derives the highest level of satisfaction. His problem is one of 
maximization. However, his income is limited, and he is not able to purchase 
unlimited amounts of the commodities. The consumer's budget constraint can 
be written as 

y! = pigi + pid: (2-7) 
where y? is his (fixed) income and p, and p; are the prices of Q, and Q, 
respectively. The amount he spends on the first commodity (p,q) plus the 
amount he spends on the second (p2q3) equals his income (y°). 


The First- and Second-Order Conditions 
The consumer desires to maximize (2-1) subject to (2-7). Form the Lagrange 


V = f(a a2 + AQ" — pii - P2492) (2-8) 


where A is an as yet undetermined multiplier (see Sec. A-3). The first-order 
conditions are obtained by setting the first partial derivatives of (2-8) with 
respect to qj, qz, and A equal to zero: 


aq fi AP =O 

av 

——=f,;—Ap,=0 (2-9) 
oo" h- Ap: 


V 
oe = y'- piq- pa - 
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Transposing the second terms in the first two equations of (2-9) to the 
right and dividing the first by the second yields 


h.n 2-10 
h P E 
The ratio of the marginal utilities must equal the ratio of prices for a 
maximum. Since f/f; is the RCS, the first-order condition for a maximum is 
expressed by the equality of the RCS and the price ratio. 
The first two equations of (2-9) may also be written as 


hh, (2-11) 
Pi P: 


Marginal utility divided by price must be the same for all commodities. This 
ratio gives the rate at which satisfaction would increase if an additional dollar 
were spent on a particular commodity. If more satisfaction could be gained by 
spending an additional dollar on Q, rather than Qh, the consumer would not be 
maximizing utility. He could increase his satisfaction by shifting some of his 
expenditure from Q, to Qh. 

The Lagrange multiplier A can be interpreted as the marginal utility of 
income. Since the marginal utilities of commodities are assumed to be 
positive, the marginal utility of income is positive. 

The second-order condition as well as the first-order condition must be 
satisfied to ensure that a maximum is actually reached. Denoting the second 
direct partial derivatives of the utility function by fn and fx and the second 
cross partial derivatives by fi; and fn, the second-order condition for a 


constrained maximum requires that the relevant bordered Hessian deter- 
minant be positive: 


fu fe “pi 
fn fa —p2|>0 (2-12) 
Di) Deana 
Expanding (2-12) 
2fapipi— fupi—fnpi>0 (2-13) 


I Substituting p, — fi/A and p; f;/A from (2-9) and multiplying through by 
A?»0 


aff fifi fofi 0 1 (2-14) 


Inequality (2-14), which is the same as (2-5), is satisfied by the assumption 
of regular strict quasi-concavity. This assumption ensures that the second- 
order condition is satisfied at any point at which the first-order condition is 
satisfied. Inequality (2-14) is also the condition for the global,univalence of 
solutions for Eqs. (2-9) (see Sec. A-2). Thus, regular strict quasi-concavity 
also ensures that constrained-utility-maximization solutions are unique. 
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Assume that the utility function is U = 4142, that pı =2 dollars, p; 7 5 
dollars, and that the consumer's income for the period is 100 dollars. The 
budget constraint is 


100-24: - 54: - 0 
Form the function 
V = qiqz + A(100 —2q; 54 
and set its partial derivatives equal to zero 
q2—2A =0 
qi-5A=0 
100 —2q; —5q.=0 


Solving the three linear equations gives qi=25, q;7 10, and A 25. The 
second-order condition holds, as the reader may verify by performing the 
necessary differentiation. The consumer maximizes utility by consuming this 
combination. 

Figure 2-3 contains a graphic presentation of this example. The price line 
AB is the geometric counterpart of the budget constraint and shows all 
possible combinations of Q, and Q+ that the consumer can purchase. Its 
equation is 100 —2q, — 5q; — 0. The consumer can purchase 50 units of Q; if 
he buys no Q, 20 units of Q: if he buys no Qı, etc. A different price line 
corresponds to each possible level of income; if the consumer's income were 
60 dollars, the relevant price line would be CD. The indifference curves in this 
example are a family of rectangular hyperbolas. The consumer desires to 


! Hyperbolas the asymptotes of which coincide with the coordinate axes. 
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reach the highest indifference curve that has at least one point in common 
with AB. His equilibrium is at point E, at which AB is tangent to an 
indifference curve. Movements in either direction from point E result in a 
diminished level of utility. The constant slope of the price line, —p;/p; or —3 in 
the present example, must equal the slope of the indifference curve. Forming 
the ratio of the partial derivatives of the utility function, the slope of the 
indifference curves in the present example is —4;/q;, and hence the RCS 
equals q;q; =}, which equals the ratio of prices as required. The second- 
order condition is satisfied. The indifference curves are convex, and the RCS 
is decreasing at the equilibrium point: —d?q,/dq} = —2q./q?<0. 


The Choice of a Utility Index 


The numbers which the utility function assigns to the alternative commodity 
combinations need not have cardinal significance; they need only serve as an 
index of the consumer's satisfaction. Imagine that one wishes to compare the 
satisfaction a consumer derives from one hat and two shirts and from two 
hats and five shirts. The consumer is known to prefer the latter to the former 
combination. The numbers that are assigned to these combinations for the 
purpose of showing the strength of his preferences are arbitrary in the sense 
that the difference between them has no meaning. Since the second batch is 
preferred to the first batch, the number 3 could be assigned to the first and the 
number 4 to the second. However, any other set of numbers would serve as 
well, as long as the number assigned to the second batch exceeded that 
assigned to the first. Thus 3 for the first batch and 400 for the second would 
provide an equally satisfactory utility index, If a particular set of numbers 
associated with various combinations of Q, and Quis a utility index, any positive 
monotonic transformation of it is also a utility index.' Assume that the original 
utility function is U = f(q,, q1). Now form à new utility index W = F(U) = 
F| (f(a, 42)] by applying a positive monotonic transformation to the original 
utility index. The function F(U) is an increasing function of U.t It can be 
demonstrated that maximizing W subject to the budget constraint is equivalent 
to maximizing U subject to the budget constraint. 
Imagine that (q°, q) is the commodity bundle that u imi 

f (i. 42) subject to the budget constraint. Let (qí?, q) he ap mat 
also satisfying the budget constraint. Then by assumption f(qj, q9) > 
f (q^, a?) for any choice of (q{”, q9). But by the definition of monotonicity 
W(qi, q3) = Fif(qt, ad) > FU", a= Wiat, ai, which proves that the 
utility function W(q;, q2) is maximized by the commodity bundle (q$, q9). 


^ function F(U) is a positive monotonic transformation of U if F(U,) > F(U) whenever 

U: > Us 
t Examples are provided by the transformations W = aU + 
nonnegative 


b, provided positive 
by W = U?, provided that all utility numbers are oh "P 
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Two Special Cases 


The first-order conditions (2-9) are not always necessary for a maximum. Two 
exceptions are pictured in Fig. 2-4. In the first case (see Fig. 2-4a) the 
indifference curves are concave rather than convex; i.e., the assumption that 
the utility function is quasi-concave is violated. The indifference curves are 
bowed away from the origin, and the RCS is increasing throughout. The 
first-order condition for a maximum is satisfied at the point of tangency 
between the price line and an indifference curve, but the second-order 
condition is not. Therefore this point represents a local utility mini- 
mum, and the consumer can increase his utility by moving from the point of 
tangency toward either axis. He consumes only one commodity at the 
optimum. If he spends all his income on one commodity, he can buy y"lpi 
units of Q; or y"/p; units of Q;. Therefore he will buy only Q, or only Q», 
depending upon whether f(y°/pı, 0) 2 f(0, y"/p2). In the example shown in Fig. 
2-4a he will buy only Qs. In the second case (see Fig. 2-4b) the indifference 
curves have the appropriate shape, but they are everywhere less steep than 
the price line. Tangency is not possible; the first-order condition cannot be 
fulfilled because of the restrictions q; z 0, q2=0. The consumer's optimum 
position is again given by a corner solution, and he purchases only Q; at the 
optimum. 

Assume that the utility function of Fig. 2-4b is either strictly concave or 
has a positive monotonic transformation that is. The Kuhn-Tucker conditions 
(see Sec. A-3) are applicable. The consumer desires to maximize utility subject 
to the following inequality constraints: 


y-pq-pqz0 «20  qz0 


(a) [LI] 
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The consumer is allowed to spend less than his income, and the nonnegative 
consumption requirements are made explicit. The Lagrange function is again 
given by (2-8). The Kuhn-Tucker conditions' for a utility maximum require 
that 

Vi-fi-Ap, 50 qiVi-0 


Vi-fi-Ap;z0 q;Vi-70 
Vi-y'-pq-pq;EO0 — AV3=0 


where the V; are the partial derivatives of (2-8). If fı >Ap, the consumer 
could increase utility by increasing qı. If fı < Api, he could increase utility by 
decreasing qı unless q; already equaled zero. In the example shown in Fig. 
2-4b, V, <0 and V; - 0. Hence, f/f; € pilp;. 

The last pair of the Kuhn-Tucker conditions state that A, the marginal 
utility of income, would equal zero if the consumer were to spend less than his 


income in equilibrium. However, this will not happen as long as positive marginal 
utilities are assumed. 


2-3 DEMAND FUNCTIONS 


Ordinary Demand Functions. 


A consumer's ordinary demand function (sometimes called a Marshallian 
demand function) gives the quantity of a commodity that he will buy as a 
function of commodity prices and his income. Ordinary demand functions are 
called simply demand functions unless it is necessary to distinguish them 
from another type of demand function. They can be derived from the analysis 
of utility maximization. The first-order conditions for maximization (2-9) 
consist of three equations in the three unknowns: qi, qz, and A.* The demand 
functions are obtained by solving this system for the unknowns. The solutions 
for q, and q are in terms of the parameters Pi», P3, and y°. The quantity of Q, 
(or Qs) that the consumer purchases in the general case depends upon the 
prices of all commodities and his income. 

As above, assume that the utility function is U = diq; and the budget 
constraint y^— p1q;— p;q; = 0. Form the expression 


V = aida + A(y°= pq: - paqa) 
and set its partial derivatives equal to zero: 
ôV 
aq ^ pà -0 


The Kuhn-Tucker conditions are necessary and sufficient given concave functions if a 
constraint qualification is satisfied (see Sec. A-3). This constraint qualification is assumed to be 
satisfied for all examples used in the text. 

+ Assume that the second-order conditions are fulfilled. 
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av 

oe = Ges 

242 qi— pà =0 

av 

X = y’—pidi- P: 70 


Solving for q, and q gives the demand functions:' 
0 0 


E ie 
qi 2p; q 2p; 


The demand functions derived in this fashion are contingent on continued 
optimizing behavior by the consumer. Given the consumer's income and 
prices of commodities, the quantities demanded by him can be determined 
. from his demand functions. Of course, these quantities are the same as 
those obtained directly from the utility function. Substituting y° 100, p; = 2, 
p= 5 in the demand functions gives q,=25 and qz= 10, as in Sec. 2-2. 

Two important properties of demand functions can be deduced: (1) the 
demand for any commodity is a single-valued function of prices and income, 
and (2) demand functions are homogeneous of degree zero in prices and 
income; i.e., if all prices and income change in the same proportion, the 
quantities demanded remain unchanged. j 

The first property follows from the strict quasi-concavity of the utility 
function; a single maximum, and therefore a single commodity combination, 
corresponds to a given set of prices and income.? To prove the second 
property assume that all prices and income change in the same proportion. 
The budget constraint becomes 


ky? — kpiqi — kp2q2= 9 
where k is the factor of proportionality. Expression (2-8) becomes 
V = f(qu qa) + A(ky* — kpiqi — kp2a2) 
and the first-order conditions are 
f 1 — Akp = 0 
fi- pi =0 (2-15) 
ky* — kpiqi — kp: = 9 
The last equation of (2-15) is the partial derivative of V with respect to the 
Lagrange multiplier and can be written as 
k(y* — pidi — P24) = 0 h 


"Notice that these demand functions are a special case in which the demand for each 
commodity depends only upon its own price and income. , 

If the utility function were quasi-concave but not strictly quasi-concave, the indifference 
curves would possess straight-line portions, and maxima would not need to be unique. In (bis q 
case more than one value of the quantity demanded may correspond to a given price, and the 
demand relationship is called a demand correspondence rather than a demand function. - 


— "| 
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Since k #0, 
y- piqi— P242 = 0 


Eliminating k from the first two equations of (2-15) by moving the second 
terms to the right-hand side and dividing the first equation by the second, 


fips 

fh Pr 
The last two equations are the same as (2-7) and (2-10). Therefore the demand 
function for the price-income set (kp, kp», ky?) is derived from the same 
equations as for the price-income set (pi, p», y*). It is also easy to demonstrate 
that the second-order conditions are unaffected. This proves that the demand 
functions are homogeneous of degree zero in prices and income. If all prices 
and the consumer's income are increased in the same proportion, the quan- 
tities demanded by the consumer do not change. This implies a relevant and 
empirically testable restriction upon the consumer's behavior; it means that 
he will not behave as if he were richer (or poorer) in terms of real income if 
his income and prices rise in the same proportion. A rise in money income is 
desirable for the consumer, ceteris paribus, but its benefits are illusory if 


prices change proportionately. If such proportionate changes leave his 
behavior unaltered, there is an absence of “money illusion." 


ompensated Demand Functions 


Imagine a situation in which some public authority taxes or subsidizes a 
consumer in such a way as to leave his utility unchanged after a price change. 
Assume that this is done by providing a lump-sum payment that will give the 
consumer the minimum income necessary to achieve his initial utility level. 
The consumer's compensated demand functions give the quantities of the 
commodities that he will buy as functions of commodity prices under these 
conditions. They are obtained by minimizing the consumer's expenditures 
subject to the constraint that his utility is at the fixed level U*. 
Assume again that the utility function is U = q,q). Form the expression 


Z = Pidi + piqi* i (U* — qiqi) 
and set its partial derivatives equal to zero: 


ples 

aq, P! uq; 70 
"A 

of = pi- uq, =0 


aZ 
dm U'-q4:-0 
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Solving for qı and qz gives the compensated demand functions: 


Tp, 


The reader can easily verify that these functions are homogeneous of degree 
zero in prices. 


Demand Curves 


In general, the consumer's ordinary demand function for Q, is written as 
qi = (Pu P» 
or, assuming that p; and y? are given parameters, 


qı = D(p) 


It is often assumed that the demand function possesses an inverse such that 
price may be expressed as a unique function of quantity. An inverse demand 
function p, = D" (qj) is a function such that D[D(q)] = qı- 

The shape of the demand function depends upon the properties of the 
consumer's utility function. It is generally assumed that demand curves are 
negatively sloped: the lower the price, the greater the quantity demanded. In 
exceptional cases the opposite relationship may hold. An example is provided 
by ostentatious consumption: If the consumer derives utility from a high 
price, the demand function may have à positive slope. The nature of price- 
induced changes in the quantity demanded is analyzed in detail in Sec. 2-5. 
Elsewhere in this volume it is assumed that demand functions are negatively 
sloped. 

The consumer's compensated demand curve for Q; is constructed in a 
similar fashion with p; and U’ as given parameters. In Sec. 2-5 it is shown 
that the convexity of the indifference curves ensures that compensated 
demand curves are always downward sloping. 

Possible shapes for ordinary and compensated demand curves are shown 
in Fig. 2-5. The ordinary demand curve is labeled DD and the compensated 
demand curve is labeled D'D'. The values at their point of intersection, pî and 
qi, satisfy both functions. At this point the utility level achieved for the 
ordinary demand curve equals the level prescribed for the compensated 
demand curve, and the minimum income for the compensated demand curve 
equals the fixed income for the ordinary demand curve. At prices greater than 
p? income compensation will be positive, and the compensated demand curve 
will yield higher quantities for each price. At prices less than p? income 
compensation will be negative, and the compensated demand curve 
lower quantities for each price. 

GERY, 
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7, Figure 2-5 


Price and Income Elasticities of Demand 


1 The own elasticity of demand for Qi(en) is defined as the proportionate rate 
of change of q, divided by the proportionate rate of change of its own price 
with p; and y constant: 


= Olin qı) pi2qi , i 

am 9(inp) qi ap, E 
A numerically large value for an elasticity implies that quantity is propor- 
tionately very responsive to price changes. Commodities which have 
numerically high elasticities (e < — 1) are often called luxuries, whereas those 
with numerically small elasticities (£17 —-1) are called necessities. Price 
elasticities of demand are pure numbers independent of the units in which 
prices and outputs are measured. The elasticity e, is negative if the cor- 
responding demand curve is downward sloping. 

3 The consumer's expenditure on Q, is piqı, and 


à ). ô à 
x =a + Pog =q (1 ne) =q(l +e) 
The consumer's expenditures on Q, will increase w 
unchanged if e, = —1, and decrease if £, — — 1. 

A cross-price elasticity of demand for the ordinary demand function 


relates the proportionate change in one quantity to the proportionate change 
in the other price. For example, 


à(In 
£17 Eus nus (2-17) 


Cross-price elasticities may be either positive or negative. 


Taking the total differential of the budget constraint (2-7) and letting 
dy’ = dp, =0, 


ith p, if e,>—1, remain 
t 


pı dq, + qı dp, + pı dq = 0 
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Multiplying through by p:9:92/ y*q:q: dpi, and rearranging terms, 
QE + 0383 7 70 (2-18) 


where a; = piqi/ y? and a; — pq: y? are the proportions of total expenditures 
for the two goods. Equation (2-18) is called the Counnot aggregation condition. If 
the own-price elasticity of demand for Q, is known, (2-18) can be used to 
evaluate the cross-price elasticity of demand for Q;. If si —1, en 70. If 
£j € — 1, sn 7 0, and if en>- 1, ea <0. 

Own- and cross-price elasticities of demand for compensated demand 
functions can be defined in an analogous manner by inserting compensated 
rather than ordinary demand functions in (2-15) and (2-17). Equation (2-18) 
does not hold.for compensated demand functions. Taking the total differential 
of the utility function (2-1) and letting dU — 0, 


: fidqi fida; 70 


Using the first-order condition pi/p:- fifa multiplying through by 
Didi» y" qiq» dp,, and rearranging terms, 


aign + orgy =0 (2-19) 


where the compensated price elasticities are denoted by £i and £j. Since’  — 
£u <0, it follows from (2-19) that £ > 0. 

Returning to the example U = qq», the own- and cross-price elasticities 
for the ordinary demand function are 


enc Be f Z-- 


4q12pi y'"I2pi 
=P219=0 
le q2 


This is a special case. Not all demand functions have unit own and zero cross 
elasticities or even constant elasticities. In general, elasticities are a function 
of pı, Pa, and y?. The reader can verify that the compensated elasticities for 
this example are ¢ = —} and £n =}. 

An income elasticity of demand for an ordinary demand function is 
defined as the proportionate change in the purchases of a commodity relative 
to the proportionate change in income with prices constant: 


i _ adngq:) _ y 26(pi. Px Y) » 
many) a — 9? ox 


where 7, denotes the income elasticity of demand for qı. Income elasticities 
can be positive, negative, or zero, but are normally assumed to be positive. 
Taking the total differential of the budget constraint (2-7), 
pi dq; + p2 dq; = dy 
Multiplying through by y/y, multiplying the first term on the left by qi/qi, the 


oe 
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second by q/q», and dividing through by dy, 
am tom-1 (2-21) 


which is called the Engel aggregation condition. The sum of the income 
elasticities weighted by total expenditure proportions equals unity. Income 
elasticities cannot be derived for compensated demand functions since income is 
not an argument of these functions. 


2-4 INCOME AND LEISURE 


If the consumer's income is payment for work performed by him, the 
optimum amount of work that he performs can be derived from the analysis 
of utility maximization. One can also derive the consumer's demand curve for 
income from this analysis. Assume that the consumer's satisfaction depends 
on income and leisure. His utility function is 


U - g(L, y) (2-22) 


where L denotes leisure. Both income and leisure are desirable. In the 
preceding sections it is assumed that the consumer derives utility from the 
commodities he purchases with his income. In the construction of (2-22) it is 
assumed that he buys the various commodities at constant prices, and income 
is thereby treated as generalized purchasing power (see Sec. 3-6). 

The rate of substitution of income for leisure is 


-dy 8 
dL g 


Denote the amount of work performed by the consumer by W and the wage 
rate by r. By definition, 


L-T-W 


(2-23) 
where T is the total amount of available time.' The budget constraint is 
y=rw (2-24) 
Substituting (2-23) and (2-24) into (2-22), 
U 7 g(T - W,rW) (2-25) 


To maximize utility set the derivative of (2-25) with respect to W equal to 
zero: 


dU 
dw^-f8*ger-0 


' For example, if the period for which the utility function i * 
? The compasite-function rule is employed. is defined is one day, T = 24 hours. 
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-dy 8i E 
and therefore dL^g r (2-26) 


which states that the rate of substitution of income for leisure equals the wage 
rate. The second-order condition states 


2 
ce -gn-2gur*gur'«0 


Equation (2-26) is a relation in terms of W and r and is based on the 
individual consumer's optimizing behavior. It is therefore the consumer's 
supply curve for work and states how much he will work at various wage 
rates. Since the supply of work is equivalent to the demand for income, (2-26) 
indirectly provides the consumer's demand curve for income. 

Assume that the utility function, defined for a time period of one day, is 
given by U = 48L + Ly — L7. Then 


U = 48T - W) -(T - Wr -(T — wy 


and setting the derivative equal to zero, 


aU _ _4g_ s -Ww)-0 
dw^ 48— Wr * r(T - W)* XT - W) 
Therefore W= cH a 


2(r +1) 


and y may be obtained by substituting in (2-24). The second-order condition is 
fulfilled, since 
2 
a =—2r+1)<0 
for any positive wage. In the present case the individual’s supply function has 
the following characteristics: 


1. Since T, the total available time, is 24 (hours), at a zero wage the 
individual will not work at all. J i 

2. Since dW/dr is positive, hours worked will increase with the wage. 

3. Irrespective of how high the wage becomes, the individual will never 
work more than 12 hours per day, since lim W =12. 


2-5 SUBSTITUTION AND INCOME EFFECTS 


The Slutsky Equation 

Comparative statics analysis examines the effect of perturbations in exo- 

genous variables (such as prices and incomes in the present case) on the 

solution values for the endogenous variables (namely, quantities). Changes in 
d» 
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prices and income will normally alter the consumer’s expenditure pattern, but 
the new quantities (and prices and income) will always satisfy the first-order 
conditions (2-9). In order to find the magnitude of the effect of price and 
income changes on the consumer's purchases, allow all variables to vary 
simultaneously. This is accomplished by total differentiation of Eqs. (2-9): 


fu dqi fi dq; — pi dà = À dpi 
fu dqi fn dq; — p; dà = À dp; (2-27) 
—-pidqi — pr dq; =-dy + qı dpı + qi dp 


In order to solve this system of three equations for the three unknowns, dqi, 
dq, and dA, the terms on the right must be regarded as constants. The array 
of coefficients formed by (2-27) is the same as the bordered Hessian deter- 
minant (2-12). Denoting this determinant by 2 and the cofactor of the element 
in the first row and the first column by Dı, the cofactor of the element in the 


first row and second column by Dn, etc., the solution of (2-27) by Cramer’s 
rule (see Sec. A-1) is 


© dqy = ABude + A9n dat By(—dy + qidpi+ qed) — (o 
dq, = A dpi TA» dp; + Zaldy *q dp, tq dp;) (2-29) 


yu) e sides of (2-28) by dp, and assuming that p; and y do not change 
que =), 


Did 
sn ts 1 2-30) 


The partial derivative on the left-hand side of (2-30) is the rate of change of 
the consumer's purchases of Q, with respect to changes in py, all other things 
being equal. Ceteris paribus, the rate of change with respect to income is 


ð 
P- -2u (2-31) 


Changes in commodity prices change the consumer's level of satisfaction, 
since a new equilibrium is established which lies on a different indifference 
curve. 

Consider a price change that is compensated by an income change that 
leaves the consumer on his initial indifference curve. An increase in the price 
of a commodity is accompanied by a corresponding increase in his income 
such that dU - 0 and f, dq, f; dq; =0 by (2-3). Since fif: 7 pip;, it is also 
true that p, dq, * p; dq; — 0. Hence, from the last equation of (2-27), -dy + 
qı dpi + qı dp; =0, and H 


ue U const » x 3 Q-32) 
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Equation (2-30) can now be rewritten as 


2-69. .-«68 
Ópi |. NÓpy/ u=const ! V Oy / prices=const 

Equation (2-33) is known as the Slutsky equation. The quantity àqil p; is the 
slope of the ordinary demand curve for Qi, and the first term on the right is 
the slope of the compensated demand curve for Qi. 

An alternative compensation criterion is that the consumer is provided 
enough income to purchase his former consumption bundle so that dy = 
qı dp, + qz dp;. This is the equation that led to (2-32). Here 


(22 NT 
OP 1/ gi qeconst 
which can be substituted for the first term on the right of (2-33). At first glance 
it might appear remarkable that two rather different compensation schemes 
led to the same result. However, they only define the same derivative, and 
may lead to quite different results for any finite move. A consumer can be 
induced to stay on the same indifference curve in the finite case, but he 
cannot be induced to purchase the same bundle if relative prices change. All 
subsequent analysis here is based upon (2-33). du^ 

The Slutsky equation may be expressed in terms of the price and income 
elasticities described in Sec. 2-3. Multiplying (2-33) through by pildi and 
multiplying the last term on the right by yly, i 


è en = n7 am | (2-34) 


(2-33) 


The price elasticity of the ordinary demand curve equals the price elasticity of 
the compensated demand curve less the corresponding income elasticity 
multiplied by the proportion of total expenditures spent on Q;. Hence, the 
ordinary demand curve will have a greater demand elasticity than the com- 
pensated demand curve; that is, £t will be more negative than ¢ if the 
income elasticity of demand is positive. 


Direct Effects 


The first term on the right-hand side of (2-33) is the substitution effect, or the 
rate at which the consumer substitutes Q; for other commodities when the 
price of Q, changes and he moves along a given indifference curve,’ The 
second term on the right is the income effect, which states the rate at which. 
the consumer's purchases of Qi would change with changes in his income, 
prices remaining constant. The sum of the two rates gives the total rate of 
change for Q; as p, changes- 

In the present case the multiplier A is the derivative of utility with respect 
to income with prices constant and quantities variable. From the 


! Stutsky called this the residual variability of the commodity in question. 4 


P d 


~a ræ A 
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function (2-1) it follows that 9Ul8y = f,(dqilay) + fx(àqi ay). Substituting f, = 
Ap; and fz = Ap;, 


which follows from the partial derivative of the budget constraint (2-7) with 
respect to y:1 = p,(4q,/dy) + px(dqo/ay). This confirms the result inferred from 
(2-11) at an earlier Stage. 

Solving (2-27) for da, 


à - 32. 1t A95 acd + qi dp; + q dp;) (2-35) 


Assume now that only income changes, i.e., that dp, = dp; - 0. Then (2-35) 
becomes 


— f2 7 
Se- ua (2-36) 


Since 2 is positive, the rate of change of the marginal utility of income will 
have the same sign as —Cifea- fi). This would be negative if the utility 
function were Strictly concave. However, for ordinal utility functions only strict 
quasi-concavity is assumed, and the theory does not predict whether the 
marginal utility of income is increasing or decreasing with income. 

By (2-32) the substitution effect is 24/9. The determinant 2), which is 
the same as (2-12), is Positive. Expanding Dn, 


always negative and that the compensated demand curve is always downward 


smaller the quantity of Q,, the less significant is the income effect. A 
commodity Q; is called an inferior good if the consumer's purchases decrease 
as income rises and increase as income falls; i.e., if 9qi/3y is negative, which 
makes the income effect positive. A Giffen good is an inferior good with an 
income effect large enough to offset the negative substitution effect and 
make àq,/àp positive. This means that as the Price of Q, falls, the consumer's 
purchases of Q, will also fall. This may occur if a consumer is sufficiently 
poor so that a considerable portion of his income is spent on a commodity 
such as potatoes which he needs for his subsistence. Assume now that the 
price of potatoes falls. The consumer who is not very fond of potatoes may 
suddenly discover that his real income has increased as à result of the price 
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fall. He will then buy fewer potatoes and purchase a more palatable diet with 
the remainder of his income. 

The Slutsky equation can be derived for the specific utility function 
assumed in the previous examples. State the budget constraint in the general 
implicit form y — pidi— P242 = 0, and form the function 


V = qiq + (y - Pig — P29) 
Setting the partial derivatives equal to zero, 
q-)n-0 
43-2570 
y-pidi- P2492 70 
The total differentials of these equations are 
dq;—-pidÀ =Adpi 
dq:-p2dd =Adp2 
-pi dq, — p; dq; = —dy + qı dpi + 42 dp: 
Denote the determinant of the coefficients of these equations by 2 and the 
cofactor of the element in the ith row and jth column by Qj. Simple 
calculations show that 
9 =2pr2 
gy =—Pi SM 
Du = py: 
95-7 -pi 
Solving for dq, by Cramer's rule gives 
—pAA dp, + A dp; — pX—- dy + qi dpi + q2 dp) 
2pip: 
Assuming that only the price of the first commodity varies, 
ôdi _ p:À de 
àp 2p 2h 


The value of A is obtained by substituting the values of q; and q, from the 
first two equations of the first-order conditions into the third and solving for A 
in terms of the parameters Pi, P2 and y. Thus A = y/2p,p2. Substituting this 
value into the above equation and then introducing into it the values of the 
parameters (y = 100, pı = 2, P2= 5) and also the equilibrium value of qı (25). à 
numerical answer is ined: 


dq, = 


9d. 125 
»» 12. 
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The meaning of this answer is the following: If, starting from the initial 
equilibrium situation, p, were to change, ceteris paribus, the consumer's 
purchases would change at the rate of 12.5 units of Q, per dollar of change in 
the price of Qi; furthermore the direction of the change in the consumer’s 
purchases is opposite to the direction of the price change. The expression 
—p2A/2p, is the substitution effect, and its value in the present example is 


—6.25. The expression —q,/2p, is the income effect, also with a value of 
—6.25. 


Cross Effects 


The Slutsky equation (2-33) and its elasticity representation (2-34) can be 
extended to account for changes in the demand for one commodity resulting 
from changes in the price of the other. The generalized forms are 


94; 94A | | Du _ (aq -a (24% 
Op; D 4i g fey? 4 5 NN pen 
and noo (647 fy- am (2-38) 


for i,j 7 1,2. The signs of the cross-substitution effects (i+ J) are not known 
in general. Let Si = 24/2 denote the substitution effect when the quantity of 
the ith commodity is adjusted as a result of a variation in the jth price. Since 


= QUA PA Mp, pady) 
£i * £n a2 + 42 «3 =0 (2-39) 


respect to p;. 
Sum the negative of the ordinary demand elasticities for Q, as a result of 


' A determinant is symmetric if its array is symmetric around the principal di r 
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changes in p; and p; as given by (2-38): 
- (eu en) = — (Eu + &) + (a + 2) 1 = m (2-40) 


from (2-39) and a + a; = 1. The income elasticity of demand for a commodity 
equals the negative of the sum of ordinary price elasticities of demand for 
that commodity with respect to its own and the other price. 


Substitutes and Complements 


Two commodities are substitutes if both can satisfy the same need of the 
consumer; they are complements if they are consumed jointly in order to 
satisfy some particular need. These are loose definitions, but everyday 
experience may suggest some plausible examples. Coffee and tea are most 
likely substitutes, whereas coffee and sugar are most likely complements. A 
more rigorous definition of substitutability and complementarity is provided 
by the cross-substitution term of the Slutsky equation (2-37). Accordingly, Q; 
and Q, are substitutes if the substitution effect D,A/D is positive; they are 
complements if it is negative. If Q, and Q, are substitutes (in the everyday 
sense) and if compensating variations in income keep the consumer on the 
same indifference curve, an increase in the price of Q, will induce the 
consumer to substitute Q for Q;. Then (aq; api) u=const > 0. For analogous 
reasons, (8q3/4P1) u=con <0 in the case of complements." 

All commodities cannot be complements for each other. Hence only 
substitutability can occur in the present two-variable case. This theorem is 
easily proved. Multiply (2-30) by pi, (2-31) by y, and (2-37) for i = 1 and j=2 
by pz, and add: 


Diya 2 A 2 
Bur p,q, 2p, Aa p Dy 


= E [ZuApi* 22Api — Daily - Pidi— p:143] 
- i [Dy Api + 2nApzi - 235(0) = 0 


The final bracketed term equals zero since it is an expansion in terms of alien 
cofactors as in (2-39), Substituting Sy = 24/2, 


Supi* Sup: 70 Q-41) 


The substitution effect for Q, resulting from changes in pı, S1, is known to be 
negative. Hence (2-41) implies that Sn must be positive, and in terms of the 
definitions of substitutability and complementarity this means that Q, and Q: 
are necessarily substitutes. 


"This provides a rationale for the definitions. When (893) 3p) v come = 0, Q, and Q; are ; 


* 
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Commodities i and j are gross substitutes or gross complements accord- 
ing to whether the total effect ôq; ap, is positive or negative. In the two-good 
case it is possible for a pair of goods to be substitutes in terms of S; and at 
the same time to be gross complements. In the n-good case it is also possible 
for them to be complements in terms of the Sy, and at the same time be gross 
substitutes. A two-good example is provided by the utility function U — 
didi— d; with the domain qi 1, q; 0. Maximizing subject to the budget 
constraint yields the demand function q= (y — p)/2p», which is valid for the 
domain p, < y. Here àq;/óp; <0 to make the commodities gross complements 
even though they are substitutes in terms of Sy. 


2-6 GENERALIZATION TO n VARIABLES 


The foregoing analysis of the consumer is now generalized to the case of n 
commodities. The generalization is not carried out in detail, but the first few 
steps are indicated. If there are n commodities, the utility function is 

U = f(q 45... 4.) 


and the budget constraint is given by 


y-2 pai=0 


Forming the Lagrange function as above, 


V= $41 às... +A (»- E p) 


Setting the partial derivatives equal to zero, 


av 
34" 1-70 i21,...,n (2-42) 


Conditions (2-42) can be modified to state the equality for all commodities of 
marginal utility divided by price. The partial derivative of V with respect to A 
is again the budget constraint. There are a total of (n + 1) equations in (n + 1) 
variables (n q's and A). The demand curves for the n commodities can be 
obtained by solving for the q's. Conditions (2-42) can be stated alternatively 


as 


— 94 Pi 
qj pi 


for all i and j; i.e., the rate of commodity substitution of commodity i for 
commodity j must equal the price ratio p/p, Second-order conditions must be 
fulfilled in order to ensure that a batch of commodities that satisfies (2-42) is 
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optimal. The bordered Hessian determinants must alternate in sign: 


i fun fe fo -Pi 
A f Hie [e fe f Me 
E vec hae afas —ps 
s y =P -Pz 7p. 0 
fu fn. fin -n 
fa fn fs —P2 
(HY | eee rmImIIHHHng |-0 
fa fm fan Ps 
Pi =p2 wae —Pn 0 


which is a generalization of condition (2-12). 

The assumption of convexity for indifference curves in two dimensions 
may also be extended to indifference hypersurfaces in n dimensions. The first 
of the second-order conditions for the n-dimensional case is the same as the 
second-order condition for the two-dimensional case, which was demon- 
strated to result in a decreasing RCS between the commodities. In n dimen- 
sions the second-order conditions result in decreasing RCSs between every 
pair of commodities. The satisfaction of the second-order conditions is 
ensured by the regular strict quasi-concavity of the utility function. 

. Other theorems can also be generalized in straightforward fashion. The 
Slutsky equations (2-37) and (2-38) hold for i, j=1,...,n. The generalization 


of (2-41) is 
PEE dor HR (2-43) 
~l 


It still follows that all commodities cannot be complements. for each other. 
However, some pairs of commodities can be comiplements; i.e., some Sy <0 


for ix j. Gross substitutes and complements may also be defined. 
All the elasticity relations generalize. The n-commodity forms for (2-18), 


(2-19), and (2-21) respectively are 
È aes = -a J=l,...98 


È au =0 j=l,....n 


Son 


and the general forms for (2-39) and (2-40) respectively are 
2-0 LA Ser 


dun i 21,...,n 
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2-7 SUMMARY 


Nineteenth-century economic theorists explained the consumer's behavior on 
the assumption that utility is measurable. This restrictive assumption was 
abandoned around the turn of the last century, and the consumer was 
assumed to be capable only of ranking commodity combinations consistently 
in order of preference. This ranking is described mathematically by the 
consumer's ordinal utility function, which always assigns a higher number to a 
more desirable combination of commodities. The consumer is normally assumed 
to have a regular strictly quasi-concave utility function which implies a 
decreasing rate of commodity substitution (RCS). 

The basic postulate of the theory of consumer behavior is that the 
consumer maximizes utility. Since his income is limited, he maximizes utility 
subject to a budget constraint, which expresses his income limitation in 
mathematical form. The consumer's RCS must equal the price ratio for a 
maximum. In diagrammatic terms, the optimum commodity combination is 
given by the point at which his income line is tangent to an indifference curve. 
The second-order condition for a maximum is guaranteed by the convexity 
assumption. 

The consumer's utility function is not unique. If a particular function 
describes appropriately the consumer's preferences, so does any other func- 
tion which is a positive monotonic transformation of the first. Other kinds of 
transformations do not preserve the correct ranking, and the utility function is 
unique up to a positive monotonic transformation. 

The consumer's ordinary demand functions for commodities can be 
derived from his first-order conditions for utility maximization. These state 
quantities demanded as functions of all prices and the consumer's income. 
Ordinary demand functions are single-valued and homogeneous of degree 
zero in prices and income: a proportionate change in all prices and the 
consumer's income leaves the quantity demanded unchanged. The consumer's 
compensated demand functions for commodities are constructed on the 
assumption that his income is increased or decreased following a price change 
in order to leave him at his initial utility level. The compensated demand 
functions state quantities demanded as functions of all prices. They are 
single-valued and homogeneous of degree zero in prices. A demand curve is 
obtained by stating quantity demanded as a function of own price on the 
assumption that the other arguments of the demand function are given 
parameters. Price elasticities are defined for both types of demand functions, 
and income elasticities are defined for ordinary demand functions. 

In general, the amount of labor performed by a consumer affects his level 
of utility. The amount of labor performed by the consumer can be determined 
on the basis of the rational-decision criterion of utility maximization. The 

equilibrium conditions are similar to those which hold for the selection of an 
optimal commodity combination. 

The consumer's reaction to price and income changes can be analyzed in 
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terms of substitution and income effects. The effect of a given price change 
can be analytically decomposed into a substitution effect, which measures the 
rate at which he would substitute commodities for each other by moving 
along the same indifference curve, and an income effect as a residual cate- 
gory. If the price of a commodity changes, the quantity demanded changes in 
the opposite direction if the consumer is forced to move along the same 
indifference curve: the substitution effect is negative. If the income effect is 
positive, the commodity is an inferior good. If the total effect is positive, it is 
also a Giffen good. Substitutes and complements are defined in terms of the 
sign of the substitution effect for one commodity when the price of another 
changes: a positive cross-substitution effect means substitutability, and a 
negative one, complementarity. Gross substitutes and complements are 
defined in terms of the full effect of price changes on quantity. In conclusion, 
the generalization of the theory to n commodities is indicated. 


EXERCISES 


.2-1 Determine whether the following utility functions are regular strictly quasi-concave 
for the domain q,50, @>0: U=qan U-4]q; U-qitaqh U= a+ q+ 24142; 
U = qiq; - 0.01(q1  q3); and U = 9142+ 4145 + Mgs- 

2-2 Let f(q,, qı) be a strictly concave utility function, and let qf? = (49+ aj)/2, j = 1,2, where 
superscripts denote particular values for the variables. Prove that 


fa, ae- Fah. q9 > Flas, 8) — f(af?, a?) 


2-3 Find the optimum commodity purchases for a consumer whose utility function and budget 
constraint are U = q}°q; and 3q, * 4q; = 100 respectively. 

24 The locus of points of tangency between income lines and indifference curves for given 
prices pi, p; and a changing value of income is called an income expansion line or Engel curve. 
Show that the Engel curve is a straight line if the utility function is given by U = qjq,. y 70. 
2-5 Show that the utility functions U = Aqiq$ and W = qq are monotonic transformations of 
each other where A, a, and B are positive. 

26 Let a consumer's utility function be U = qiqi+1.5Inqi+Inq2 and his budget constraint 
3q;+4q; = 100. Show that his optimum commodity bundle is the same as in Exercise 2-3. Why is 
this the case? 

2-7 Construct ordinary and compensated demand functions for Q, for the utility function 
U 7 24193 + q;. Construct expressions for en, £i and m. 

2-8 Derive the elasticity of supply of work with respect to the wage rate for the supply curve for 
Work given by the example in Sec. 2-4. 

2-9 Prove that Q, and Q; cannot both be inferior goods. 

2-10 Verify that S,,p, + Snp: * 0 for the utility function U = q74;. 

211 Let U = fiq,H) be a utility function the arguments of which are the quantity of a 
commodity (q) and the time taken to consume it (H). The marginal utilities of both arguments are 
Positive, Let W be the amount of work performed, W + H = 24 (hours), r be the wage, and p be 
the price of q. Formulate the appropriate constrained utility maximization problem. Find an 
expression for dH/dr. Is its sign determined unambiguously? 

1-12 Imagine that coupon rationing is in effect so that each commodity has two prices: a dollar 
price and a ration-coupon price. Assume that there are three commodities and that the consumer 


36 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


has a dollar income y and a ration-coupon allotment z. Also assume that this allotment is not so 
liberal that any commodity combination that he can afford to purchase with his dollar income can 
also be purchased with his coupons. Formulate his constrained-utility-maximization problem 
assuming a strictly concave utility function. Derive conditions for a maximum. Interpret the 
conditions from an economic point of view. Find a sufficient condition which guarantees that the 
imposition of rationing does not alter the consumer's purchases. 
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The mathematics of demand theory is developed in the first three chapters, using calculus 
and matrix algebra. 


CHAPTER 
THREE 
TOPICS IN CONSUMER BEHAVIOR 


The basic theory of consumer behavior developed in Chap. 2 has been 
extended in many directions, and has been applied to cover optimal behavior 
for a variety of specific types of utility functions. Some of these extensions 
and special applications are discussed in this chapter. 

A utility function that generates estimable linear expenditure functions is 
discussed in Sec. 3-1. Separable and additive utility functions are defined and 
their special properties considered in Sec. 3-2. The properties of homo- 
geneous and homothetic utility functions are the subject of Sec. 3-3. Utility 
functions are defined in terms of prices and income in Sec. 3-4, and further 
relations between utility and demand functions are established. The theory of 
revealed preference whereby important theorems follow from observable 
consumer behavior is summarized in Sec. 3-5. 

In Sec. 3-6 it is proved that a group of commodities may be treated as a 
single composite commodity if their prices always change in the same 
proportion. Measures for the "consumer's surplus" that is gained from the 


3-1 A LINEAR EXPENDITURE SYSTEM 

For many years economic theorists analyzed the optimal behavior of con- 
sumers and econometricians estimated consumer demand and 

relations, with little communication between the two. Theorists would provide 


n 
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examples that were of little aid for empirical work, and econometricians 
would estimate relations that had little connection with utility maximization. 
Fortunately, the gap between theory and empirical work has narrowed, and a 
number of theoretically sound examples that allow empirical estimation have 
been developed. An example is presented in this section. 

Consider the utility function! 


U = a In(qi— y) + @2 In (q2— y») 


with the domain qi? yi, 92> y» The y's may be interpreted as minimum 
subsistence quantities and are positive. The a's are also positive. Apply the 
positive monotonic transformation U' = Ul(a, + a) to obtain 
U' = Biln(qi - y) + Bz In (q2— y2) 
The coefficients £, and B; (Bi + B; = 1) are called "share" parameters. 
Form the function 
Z= Biln(qi — y) + Bz In (42 — y) + ACY — P141 — P22) 
and set its first partial derivatives equal to zero: 


Ves BL a sess 

oq, qıy Mn 

az B: 

— mm ka = a 
ôq 92-2 Matt en 
az 


PA IT Pid ~ Prd = 0 


The reader can verify that the second-order condition is satisfied. By evaluat- 
ing (2-36) the reader can also establish that the marginal utility of income is 
decreasing in this example. 

Solving (3-1) for optimal quantities gives the demand functions 


a= yi P y pin pay) 
(3-2) 
a= v» P o - pin py 


Multiplying the first equation of (3-2) by p; and the second by p; gives the 


' The function is known as the Klein-Rubin or Stone-Geary utility function. See L. R. Klein 
and H. Rubin, “A Constant-Utility Index of the Cost of Living," Review of Economics Studies, 
vol. 15 (1947-48), pp. 84-87; R. C. Geary, “A Note on a Constant Utility Index of the Cost of 
Living," Review of Economic Studies, vol. 18 (1949-50), pp. 65-66; R. Stone, "Linear Expen- 


diture Systems and Demand Analysis: An Application to the Pattern of British Demand," 
Economic Journal, vol. 64 (1954), pp. 511-527. 
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expenditure functions 
Pid = piv + Baily — Pii — P232 


pid = P2¥2+ BAY — PiyYi — P2¥2) 


which are linear in income and prices, and thus suitable for linear regression 
analysis. 


(3-3) 


3-2 SEPARABLE AND ADDITIVE UTILITY FUNCTIONS 


Utility functions have been assumed to be regular strictly quasi-concave, 
differentiable, and increasing. A few specific examples are considered in Chap. 2 
and Sec. 3-1. The properties of utility functions that satisfy some additional 
general assumptions are considered here and in Sec. 3-3. Separability is the first 
assumption to be considered. A utility function is strongly separable in all of its 
arguments if it can be written as 


u =F[$ fa) (G4) 


where F and the f, are increasing functions. An example is provided by 
U = In (q? + q8 + q1). A utility function is strongly additive if it can be written 
as 


U=} fila) 6-5) 


where the f; are increasing. Additivity is a special case of separability. An 
example is provided by U = qt 4- qf 4- qi. Any utility function that has a 
monotonic transformation which is additive may be treated as being additive 
for all theorems applicable to additive functions. The function U = q1q; 
is separable but does not appear to be additive. However, its log trans- 
formation F(U) - a In q;*In q» is additive. Similarly, the antilog of U= 
In (q1 + q$ + q1) is strongly additive. v. 
Differentiating (3-4) with respect to q and q; and dividing one derivative 
by the other : 
as i j pad 1 
RCS Ff fi (3-6) 
It follows from (3-4) that in general the marginal utility of each commodity 
depends upon the quantities of all commodities. However, (3-6) shows that 
the RCS between Q; and Q; depends only upon the quantities q; and g 
Consequently, the assumption of strong separability allows pair-wise analyses 
that are not possible in the general case. 
An additive utility function also has the property that all cross partials 
equal zero, i.e. 2^U/óqóq; — 0 for all iX j, and the regular strict quasi- 
concavity condition is fif3+ fafi <0 in the two-variable case. 
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A utility function is weakly separable if the variables can be partitioned in 
two (or more) groups (qı, - - - » qx) and (qy.;,..., qn) such that 


U= Fifa: ttt, %)+ fd, ttt 4.)] 
and weakly additive if 


U = filan... s a) + fades... Qn) 


Here separability means that the RCSs for pairs of variables within the same 
group are unaffected by quantities for variables outside the group. Additivity 
means that cross partials for pairs of commodities in different groups are 
identically zero. 


3-3 HOMOGENEOUS AND HOMOTHETIC UTILITY FUNCTIONS 
A utility function is homogeneous of degree k if 


F(tqi,.-.,tan)=t'f(qi,..., Qn) (3-7) 


where k is a constant and t is any positive real number such that (tq; . . . , tan) 
is within the domain of the function. The partial derivatives of a function 
homogeneous of degree k are homogeneous of degree k — 1. Differentiating 


(3-7) partially with respect to q; using the function of a function rule (see Sec. 
A-2) on the left: 


tfítqy . ..., tAn) = t'fi(qi ..., Qn) 
Thus, the RCS for Q; and Q;: 


faltan- --» tga) P f(qu... du) _ f(qs....q)) 
tfitqu... 145) - FAQ, a.) fqn aj 


Consequently, the properties exhibited by homogeneous functions are exhi- 
bited by all functions that are monotonic increasing functions of homo- 
geneous km ca Utility iyo dae this broad class, which includes 
homogeneous functions, are othetic. If a utility ^ o 
thetic, rates of commodity substitution will depend upon DE u mat 
absolute commodity quantities. i of RCS equations can indicate 
whether or not a specific utility function is homothetic. For example, U = 
Ld not a homogeneous function; however, it is homothetic since 
filf; = aaa. 
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3-4 INDIRECT UTILITY FUNCTIONS AND DUALITY IN 
CONSUMPTION 


Indirect Utility Functions 
Let v; = p/ y. The budget constraint now may be written as 


Lr (0-8) 


Since optimal solutions are homogeneous of degree zero in income and prices, 
nothing essential is lost by this transformation to "normalized" prices. The 
utility function U = f(g...» qn) together with (3-8) gives the following 
first-order conditions for utility maximization: 


fi- Av; 70 i=l... R 


t= Z vig; - 0 
Ordinary demand functions are obtained by solving (3-9): 
qi = Divi... Va) (3-10) 
The indirect utility function ain ... , Va) is defined by 
U = f[Di(vi,. -< Va), --- Dy Coi 0)]) = gon... » On) (3-11) 


It gives maximum utility as a function of normalized prices. The direct utility 

function describes preferences independent of market phenomena. The indirect 

utility function reflects a degree of optimization and market prices. 
Applying the composite-function rule (Sec. A-2) to (3-11) 


a= 1158-0 AC SER (3-12) 


where the second equalities are based on (3-9). Partial differentiation of (3-8) 
with respect to v; yields 


Sgt =—a Jm... 


(3-9) 


Thus, (3-12) implies 
q--À j=1,...,n (3-13) 
which is called Roy's identity. Optimal commodity demands are related to the 


derivatives of the indirect utility function and the optimal value of the 
Lagrange multiplier (i.e., the marginal utility of income). Substituting (3-13) 
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into the last equation of (3-9) gives A = —Z/., vg; and 


q - ,S— Peso. m 


‘ vigi 


to provide an alternative form for Roy's identity. 

Now consider an optimization problem in which (3-11) is minimized 
subject to (3-8) with normalized prices as variables and quantities as 
parameters. Form the function! 


Z=g(v),..., 0) tu (È va- 1) 
and set its partials equal to zero: 


az , 
àv 8i M4 70 i-1,...,n 


az 
mà vq - 120 


"Inverse demand functions" are obtained by solving (3-14) for the prices as 
functions of quantities: 


(3-14) 


v= Vilan... qa) (3-15) 
Finally, let a direct utility function h(q,,. .. , qx) be defined by 


Ue EVC a Valan. a aE) (3-16) 


This provides a parallel to the direct problem in which quantities are variables 
and prices are parameters, 


Duality Theorems 


The relationships between the direct and indirect utility functions may be 


described by a set of duality theorems. The following illustrative theorems are 
provided without proof. 


function which obeys the interior assumption.? The g determined by 


(3-11) is a finite regular strictly q r 
positive prices. uasi-convex® decreasing function for 


, The reader may verify that the Lagrange multiplier is positive f ion. 
` The utility for a commodity combination in which one or more quami in, function, 
than the utility for any combination in which all quantities are positive. 


"A function g(v) where v is an n-component vector is strictly quasi-convex i 
g[A v^ + (1— AW < max [g(v/, gray 
for 0 — A <1 for all pairs of distinct points v? and v? within its domain. 
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Theorem 2 Let g be a finite regular strictly quasi-convex decreasing 
function in positive prices. The h determined by (3-16) is a finite regular 
strictly quasi-concave increasing function. 


Theorem 3 Under the above assumptions 
hldi, ..., In) = BLViCGi, «+ d), -+ +o Valais +++» Gnd) 
and g(vi,..., Vn) = h[Di(vi, ...,9,),. Divi... Und] 


The direct utility function determined by the indirect is the same as the 
direct utility function that determined the indirect. 


Duality in consumption forges a much closer link between demand and 
utility functions for the purposes of empirical demand studies. It is sometimes 
possible to go from demand functions to the indirect utility function by using 
Roy's identity, and then to the corresponding direct utility function. Duality is 
also useful in comparative statics analysis. Homotheticity, separability, and 
additivity each have counterparts for the indirect utility function. Con- 
sequently, many theoretical analyses can be conducted in terms of either the 
direct or indirect utility function, whichever is more convenient. 


An Example 


Consider the example provided by the indirect utility function g= 
4—viv. The quasi-convex indifference curves are shown in Fig. 3-1. 
These look very much like the quasi-concave indifference curves in com- 
modity-space given in Fig. 2-1. Indifference curves are convex in both cases. 
There is a major difference, however, because in Fig. 3-1 utility increases as 
the consumer moves toward the origin. All points on the interior of the line 
segment AC yield lower utility levels than yielded by points A and C. The 
difference between quasi-concave and quasi-convex is reflected in the direc- 


Ua 


[^] p Figure 31 
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tion in which utility increases, not in the shape of the indifference curves. The 
point of tangency B gives minimum utility for the budget constraint pictured 
in Fig. 3-1. 5 à 

Demand curves for the example may be derived using (3-13) 


2 1 ; 
te. ram (3-17) 


By minimizing the appropriate function the reader may verify that the inverse 
demand functions are 


PE sube 
' 3a 34 
and that the corresponding direct utility function is 


21 4 
Ad E A Il -18 
Usa E) 3a ^ Naka: G19 


which is a strictly quasi-concave increasing function. 

It was noted in past examples that the utility function U* = qiq 
generates the demand functions (3-17). Consequently, (3-18) must be a mono- 
tonic transformation of this function. The transformation in this case is 


U -a«z(-s) 


7\ U* 
4 Finally, note that 
= — 4 = - 
U= a-ya = ^ - "im 
| which establishes duality. 
| 
Utility-Expenditure Duality 


Consider the minimization of the expenditures necessary to achieve a 
specified utility level. The solution for q yields the compensated demand 
functions (see Sec. 2-3). If the solutions for q; are substituted in Zhi pig; one 
obtains the expenditure function E(p;,..., Pa U?), which gives the minimum 
expenditure necessary to achieve a given utility level. It is easy to show that 
E is homogeneous of degree one in prices and monotone increasing in U®. It 
can also be shown that the expenditure function corresponding to a regular 
strictly quasi-concave utility function admitting no satiation is concave in 
prices. Finally, Shephard’s lemma states that the partial derivative of E with 
respect to the ith price is the ith compensated demand function. This can be 
shown as follows. Denote the ith compensated demand function by q = 
qp, - - -s Pu U’). Then 


E(py,.... Pm U*) =È PAP- -v Pu U*) 


aB agp. Pa US) 
and jp," UP Pm U) «X» an 
But the compensated demands are obtained by minimizing expenditures fora 
given utility level U°; hence the change in total expenditures that is due to a 
small change in a price is zero. It follows that the second term above is zero 
and 3E/ap; = q((pys . . + Pa U^). 

For the example that generated (3-17) and (3-18) the compensated demand 


functions are 
218 us Bate 
a= p i n= Pp 


The expenditure function is 
E = pp PUNO +2™) 
and Shepherd’s lemma is easily verified by differentiating E partially with 
respect to p; and p; respectively. , Ag 
The duality between utility and expenditure functions is formally identical 
to the duality between production and cost functions. A more complete 
explanation is contained in Sec. 5-4. 


3-5 THE THEORY OF REVEALED PREFERENCE 


It is assumed in previous sections that the consumer possesses a utility 
function. The theory of revealed preference allows prediction of the con- 
sumer's behavior without specification of an explicit utility function, provided 
that she conforms to some simple axioms. In addition, the existence and 
nature of her utility function can be deduced from her observed choices 
among commodity bundles. ? ; 

Assume that there are n commodities. A particular set of prices 
p!, p3, ..., p? is denoted by p°, and the corresponding quantities bought by the 
consumer by q°. The consumer's total expenditures are given by p’q’ which is 
defined as the sum X1. p9q?- 

Consider an alternative batch of commodities q' that could have been 
purchased by the consumer but was not. The total cost of q' at prices p° must 
be no greater than the total cost of q: 


p'q' 5 pa 6-19) 
Since q? is at least as expensive a combination of commodities as q', and since 


the consumer refused to choose combination q',q is "revealed" to be 
preferred to q'. 


Weak Axiom of Revealed Preference 


If q° is revealed to be preferred to q', the latter must never be revealed to be 
preferred to q’. e 


46 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


The only way in which q' can be revealed to be preferred to q’ is to have 
the consumer purchase the combination q' in some price situation in which he 
could also afford to buy q°. In other words, q' is revealed to be preferred if 


p'q’Sp'q' (3-20) 


The axiom states that (3-20) can never hold if (3-19) does. Consequently (3-19) 
implies the opposite of (3-20) or 


P'q'Sp'q!  impliesthat — pq?» p'q' (3-21) 


Strong Axiom of Revealed Preference 


If q° is revealed to be preferred to q', which is revealed to be preferred to 
q,..., Which is revealed to be preferred to q*, q* must never be revealed to 
be preferred to q°. This axiom ensures the transitivity of revealed preferences, 
but is stronger than the usual transitivity condition. 

At the beginning of this chapter the cardinal approach to utility theory 
was rejected on the grounds that there is no reason to assume that the 
consumer possesses a cardinal measure of utility. By the same token one 
could question whether she even possesses an indifference map. It can 
fortunately be proved that a consumer who always conforms to the above 
axioms must possess an indifference map. Her indifference map could be 
constructed with a high degree of accuracy (the “true” indifference map could 
be approximated as closely as is desired) by confronting her with various 


by p? the consumer purchased commodity 

were given by p! she purchased q'. In both of the cases shown in Fig. 3-2 she 
eph purchased q' at the p prices since q' lies below the line p°. Given 
this c ice, the Weak axiom states that q* must be unobtainable when she 


The proof of this theorem is somewhat difficult b 

s and - 
Houthakker, "Revealed Preference and the Pot reproduced here, See H 
1950), pp. 159-174. Utility Function," Economica, n.s., vol. 17 (May. 
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(b) 


Figure 3-2 


The Substitution Effect 


It can be proved from revealed-preference theory that the substitution effect 
is negative.' Assume that the consumer is forced to move along a given 
indifference hypersurface in n dimensions. When prices are given by p°, she 
purchases the batch q^ rather than the batch q' which lies on the same 
indifference hypersurface. Since she is indifferent between q’ and q' and yet 
purchases q^, the latter combination must not be more expensive than the 


former: 
paspa ^ (3-22) 


The combination q' is purchased at prices p'. This implies that q° must not be 
cheaper at the p! prices than q': I 


p'q' S p'q' (3-23) 
Moving the right-hand terms in (3-22) and (3-23) to the left," 
p'q' — p'q' = pa’ —q) = -p'q'- q 50 (3-24) 
p'q'—p'a’ = p'(q! -q) 50 (3-25) 
Adding together (3-24) and (3-25), 
—p'(q' —q)* p'(q'- q^ = (p - p(q' - 9°) 50 (3-26) 


Analysis (Cambridge, Mass.: Harvard University Press, 1948), pp. 111-112; and J. R. 
Hicks, A Revision of Demand Theory (Oxford: Clarendon Press, 1956), p. 127. 
? The term q' — q! denotes the n differences qt- 4l. gł- ab- q% - q5- 
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This inequality asserts that the sum of all quantity changes multiplied by the 
corresponding price changes is nonpositive if the consumer moves along a 
given indifference curve. Assume now that only the price of the first com- 
modity changes, all other prices remaining constant. Then (3-26) reduces to 


(pl— piXai- 40 <0 (3-27) 


The strict inequality must hold in (3-27) by the assumption that the price 
change is nonzero and that q| and qj are distinct, i.e., that price is a 
single-valued function of demand. If the price increases, the quantity bought 
must decrease and vice versa. This proves that the substitution effect is 
negative. 


3-6 COMPOSITE COMMODITIES | 


The composite commodity theorem states that if the prices for a group of m 
(<n) commodities always change in the same proportion in n-commodity- 
space, the aggregate demand for the m commodities behaves as if they were 
a single commodity.' The theorem allows a substantial simplification in many 
analyses through a reduction in the number of goods considered. For example, 
a two-commodity analysis in which the price of only one good changes is 
representative of an n-commodity analysis in which the price of only one 
good changes. 
An alternative form for the Slutsky equation (2-37) is obtained by multi- 
plying both sides by pip;: 
di 


E a qi 
Pbi 3p; Pip)Sy poa ( (JR 


; ôdi _ ( 9q _ 

Since PP» sp = Pd ex Pilies 
where sy is the elasticity of demand for Q, with respect to p; the left-hand 
side of (3-28) expresses the value of the change in demand for commodity í 
from a given proportionate change in p. 

Assume that the prices of all commodities in the composite group rise in 
the same proportion. The value of the demand increment is obtained by 
summing (3-28): 


P P PP; = = » a PP Sy > Pi Dy Pi C (3-29) 


This has the same form as (3-28), and it can be established that the sub- 
stitution term of (3-29) is negative. From the determinantal conditions cor- 


(3-28) 


' This discussion follows J. R. Hicks, Value and Capital (2d ed., Oxford: Clarendon Press. 
1946), pp. 312-313. 
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responding to strict quasi-concavity given in Sec. A-3 it follows that! 


$$ 


for all k; and k; not all zero where 9 is the relevant bordered Hessian and the 
Qj are its cofactors. Remember that Sy = 2,4/2. Let k, = p; and kj = Ap; so 


that 
2 2 PPSy <0 


which establishes that the substitution term of (3-29) is negative. 
From (2-43) £f-ı pS = 0, and it follows that 


5 Pt PiiSy 79 


The aggregate of the commodities (there may only be one) outside the composite 
group behaves as a substitute, given proportionate changes for the prices of the 
composite commodity. 


3-7 CONSUMER’S SURPLUS 


A consumer normally pays less for a commodity than the maximum amount 
that she would pay rather than forego its consumption. Several measures of 
such consumer’s surplus have been proposed. Three are considered here. 
Attention is limited to a consideration of the good under investigation and a 
composite commodity called “money,” with consumption quantities of q and 
M respectively. Let the distance OA in Fig. 3-3a represent the consumer's 
income. She achieves a tangency solution at point D on indifference curve h. 
If she were unable to consume Q, she would be at A on the lower indifference 
curve I. She would have to be given an income increment of AB dollars to 
restore her to indifference curve IL. This increment, called compensating 
income variation, is denoted by c, and provides a measure of consumer's 
surplus. 

_ At the given prices the consumer would be willing to forego AC dollars of 
income rather than lose her opportunity to consume good Q. With income OC 
her consumption is at E, which is on the same indifference curve as A. The 
amount corresponding to AC is called equivalent income variation, is denoted 
by e, and provides an alternative measure of consumer's surplus. A third 
measure is provided by the demand curve in Fig. 3-4 for the price-quantity 
combination poqo. It equals the area ABpo, which is the difference between the 
area lying under the demand curve (OABq)) and the consumer's expenditure 
(OpBqy), and is denoted by s. 


"See Hicks, loc. cit, 


50 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


(a) (b) 


o qo q Figure 3-4 


It can be shown that c = s = e.t The strict inequalities hold for the case 
pictured in Fig. 3-3a as a consequence of the income effect (Sec. 2-5). If the 
consumer were to pay more to consume the good, her demand would decline 
because of her lower effective income, and the area under the demand curve 
would exceed the amount that she would pay rather than forego consumption 
of the good.' Figure 3-3b depicts a case in which the income effect is zero 
throughout. A perpendicular such as the line through D and E connects 
points with the same RCS. The indifference curves are “parallel” with a 


t See R. C. Willig, “Consumer's Surplus without Apology,” American Economi vil 
66 (September, 1976), pp. 589-597. BÉ Review, 
' Inferior goods (Sec. 2-5) are ignored in this discussion. 
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constant vertical distance between a pair of indifference curves. In this case 
AB = AC, and the three measures of consumer’s surplus are the same. 

Duality theory (see Sec. 3-4) can be used to determine incremental 
consumer's surplus when the price of a commodity changes. Let the initial 
prices of n commodities be p$,...,p% and let the consumer's income be y". 
Her indirect utility function is g(vf,..., »)2U? where v= piy i= 
1,...,n, and her expenditure function is E(pî,. . . , p3, U*) = y°. If pî changes 
to py, E(pi, p5, . . ., P% U*) = y" c where c is compensating variation and 


c = E(py ph- Po U?*) - E(pi, ..., p», U?) 
Defining p, = p? + Ap; and using the definition of a partial derivative, 


c= dE(p$ + 65pi. D$. DE pss U’) Api 
op, 
for some 0 < 6 <1. By Shephard’s lemma the partial derivative dE/ap; is the 
compensated demand function qi(p?+ @Api, P? . -- , p$, U®). It follows from 
the mean value theorem for integrals (see Sec. A-4) that 


c=" apt... rt U9 dp (9-30) 
"t 


Incremental consumer surplus can thus be approximated by the area between 
the two prices to the left of the compensated demand function. In practice, 
the distinction between the ordinary and compensated demand functions is 
often neglected. The corresponding area in Fig. 3-4 would then be popCB. If p 
is the price at which demand equals zero, the incremental surplus (3-30) 
coincides with the triangle ABpo, which may also be written as ` 


c= |” vada - rs 
o 


where (q) is the inverse demand function and qo the quantity demanded at 
Po. 

Consider an example in which the utility function is U = q’’+ 2M. The 
reader may verify that the demand curve is given by q = 1/(16p)’, and the 
inverse demand curve by p = 14Vq). If p = 9.05, q = 25, and consumer's 
surplus is 


Ltd | 
= — pq = 2.50—1.25 = 1.25 
s [ wan Pq 
Evaluating the income effect from (2-31), 
ôg _ fu Pfn 
dy g 


Where the subscript 1 denotes Q, the subscript 2 denotes money, and p is the 
Price of Q. Since the second derivatives of the utility function are in- 
dependent of p, a zero income effect throughout requires that fa=fn=9 
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throughout. Since the utility function also satisfies the strict quasi-concavity 
condition (2-5), it follows that f;; <0. The marginal utility of Q is declining. 
It follows that the utility function must be strongly additive with the form 


U = f(q) - kM 


where k is a constant marginal utility of money. The Marshallian concept of 
the constant marginal utility of money is equivalent to the more modern 
concept of a zero-income effect. The first-order conditions for utility maxi- 
mization reveal that the corresponding inverse demand curve for Q is 
p = f'(a)lk. 

Consumer's surplus need not be applied on an all-or-none basis. In- 
cremental analyses are common. In fact, they are essential for inverse 
demand functions such as p = q~* which are undefined at q=0. For illus- 
tration, consider the gain of consumer's surplus that would occur if price were 
decreased from p, to p, with a corresponding quantity increment from go to 
qı. The change of consumer's surplus is 


a 
Ass f V(q) dq — (p14: — Poqo) 


Let y(q)= q™ with po =0.25, p, = 0.20. The reader may verify that As = 1. 


Ee es PROBLEM OF CHOICE IN SITUATIONS INVOLVING 


The traditional theory of consumer behavior does not include an analysis of 
uncertain situations. Von Neumann and Morgenstern showed that under 
some circumstances it is possible to construct a set of numbers for a 
particular consumer that can be used to predict her choices in uncertain 
situations. Great controversy has centered around the question of whether the 
resulting utility index is ordinal or cardinal. It will be shown that von 
Neumann-Morgenstern utilities possess at least some cardinal properties. 
The previous analysis is unrealistic in the sense that it assumes that 
particular actions on the part of the consumer are followed by particular, 
determinate consequences which are knowable in advance. All automobiles of 
the same model and produced in the same factory do not always have the 
same performance characteristics. As a result of random accidents in the 
production process some substandard automobiles are occasionally produced 
and sold. The consumer has no way of knowing ahead of time whether the 
particular automobile which she purchases is of standard quality or not. Let A 
represent the situation in which the consumer possesses a satisfactory 
automobile, B a situation in which she possesses no automobile, and C one in 
which she possesses a substandard automobile. Assume that the consumer 
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prefers A to B and B to C.t Present her with a choice between two 
alternatives: (1) She can maintain the status quo and have no car at all. This is 
a choice with certain outcome; i.e., the probability of the outcome equals 
unity. (2) She can obtain a lottery ticket with a chance of winning either a 
satisfactory automobile (alternative A) or an unsatisfactory one (alternative 
C). The consumer may prefer to retain her income (or money) with certainty, 
or she may prefer the lottery ticket with dubious outcome, or she may be 
indifferent between them. Her decision will depend upon the chances of 
winning or losing in this particular lottery. If the probability of C is very high, 
she might prefer to retain her money with certainty; if the probability of A is 
very high, she might prefer the lottery ticket. The triplet of numbers (P, A, B) is 
used to denote a lottery offering outcome A with probability 0< P <1, and 
outcome B with probability 1 — P. 


The Axioms 


It is possible to construct a utility index which can be used to predict choice 
in uncertain situations if the consumer conforms to the following five axioms: 


Complete-ordering axiom For the two alternatives A and B one of the 
following must be true: the consumer prefers A to B, she prefers B to A, or 
she is indifferent between them. The consumer's evaluation of alternatives is 
transitive: if she prefers A to B and B to C, she prefers A to C. 


Continuity axiom Assume that A is preferred to B and B to C. The axiom 
asserts that there exists some probability P, 0< P <1, such that the consumer 
is indifferent between outcome B with certainty and a lottery ticket (P, A, C). 


Independence axiom Assume that the consumer is indifferent between A and 
Band that C is any outcome whatever. If one lottery ticket L, offers outcomes A 
and C with probabilities P and 1 — P respectively and another L; the outcomes B 
and C with the same probabilities P and 1— P, the consumer is indifferent 
between the two lottery tickets. Similarly, if she prefers A to B, she will prefer L, 
to L;. 


Unequal-probability axiom Assume that the consumer prefers A to B. Let 
Li = (P,, A, B) and L; =(P» A, B). The consumer will prefer L, to L, if and 
only if P, Py: 


Compound-lottery axiom Let L, = (P, A, B), and L; = (P;, Ls, L4), where Lj 
(Ps, A, B) and L, — (Pa A, B), be a compound lottery in which the prizes are 


* Not having a car is assumed preferable to owning a substandard one because of the nuisance 
and.expense involved in its upkeep. 


54 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


lottery tickets. Lz is equivalent to Ly if P, = P,P;+(1—P2)P,. Given L, the 
probability of obtaining L, is P}. Consequently, the probability of obtaining A 
through L, is P;P;. Similarly, the probability of obtaining L, is (1— P;), and 
the probability of obtaining A through L, is (1— P2)P,. The probability of 
obtaining A with L; is the sum of the two probabilities. The consumer 
evaluates lottery tickets only in terms of the probabilities of obtaining the 
prizes, and not in terms of how many times she is exposed to a chance 
mechanism. 

These axioms are very general, and it may be difficult to object to them on 
the grounds that they place unreasonable restrictions upon the consumer's 
behavior. However, they rule out some types of plausible behavior. Consider 
a person who derives satisfaction from the sheer act of gambling. It is 
conceivable that there exists no P other than P —1 or P=0 for such a 
person, so that she is indifferent between outcome B with certainty and the 
uncertain prospect consisting of A and C: she will always prefer the gamble. 
If she has a fear of gambling, she may always prefer the "sure thing" to the 
dubious prospect. This type of behavior is ruled out by the continuity axiom 
and the compound lottery axiom. 

The axioms have been developed for situations in which there are only 
two outcomes. Assuming that the pair-wise axioms hold, analysis is easily 
extended to cases with any number of outcomes. Let 


Liz (Py. iiu Ph Aw. 8. p AA) 


denote a lottery with n outcomes where 0<P,<1 is the probability of 
outcome A, and Z7., P; = 1. 


Expected Utility 


Assume that a utility index exists which conforms to the five axioms. The 
expected utility for the two-outcome lottery L =(P, A, B) is 


E[U(L)] = PU(A) * (1— P)U(B) (3-31) 


Consider the lotteries L, = (P, Ai, Aj) and L;-(P; Aj, A). An expected 
utility theorem states that if L, is prefered to L;, E[U(L,)) > E(U(L;)). The 
significance of this theorem is that uncertain situations can be analyzed in 
terms of the maximization of expected utility. 

The proof of the theorem is straightforward. Select outcomes such that B. 
the best, is preferred to all other outcomes under consideration, and W, the 
worst, is inferior to all other outcomes under consideration. By the continuity 
axiom Q/'s exist such that A, is indifferent to (Q, B, W) (i = 1,...,4). Thus Li 
and L, are equivalent to, i.e., have the same expected utilities as, the lotteries 
(Zi, B, W) and (Zz, B, W) respectively where Z, = P,Q, + (1— P,)Q, and Z;= 
P,Q, + (1 - P:)Q« By assumption Ly is preferred to Ly, and it follows from the 
unequal probability axiom that Z, > Z;. Since origin and unit of measure are 
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arbitrary for utility indexes, let U(B) = 1 and U(W) =0. Now, E[U(L)] = Zi 
and E[U(L;)] = Z, establishing the theorem. 

In Sec. 2-2 it is established that any positive monotonic transformation 
of the utility function leaves the ranking of certain outcomes unchanged. This 
result does not hold for the ranking of uncertain outcomes in terms of 
expected utility. As an example consider the utility numbers 


U(A) = 25 U(A)) = 64 U(A;) = 36 U(Ay) = 49 


The lottery L, = (0.5, Aj, Ao) is preferred to L; = (0.4, As, A4) since E[U(L;)] = 
44.5 > E[U(L,)] 2438. Perform the monotonic transformation V =U” 
Now, L, is preferred to L, since E[V(L))] = 6.5 < E[V(L,)] = 6.6. 

Expected utility rankings are invariant under increasing linear trans- 
formations. Assume that Li = (Py, Ai, By) is preferred to L, = (Pz, Az, B3) so 
that 


E[U(L,)] = P.U(A) + (1 - P)U(B) > P2U (Ad) + (1 - P) U (B3) = ELU(L2J 


Now let V =a +bU where a and b are constants with b >0. The expected 
utility of L, for the index V is simply a linear transformation of the expected 
utility for the index U: 


P\[a + bU(A)] + (1 — Pia + bU(B)] = a + bE(U(L))) 
and clearly, 
a + bE[U(L)] > a + bE[U(L] 


establishing invariance under a linear transformation. 

The expected utility formula may be used to construct utility numbers for 
a person who conforms to the von Neumann-Morgenstern axioms. Arbitrarily 
assign utility numbers to two certain outcomes A, and A». For example, if A; 
is preferred to A, let U(A) - 20 and U(A,)= 1000. Now consider the 
outcome Aj. If A; lies between A; and A; in the preference ranking, ask the 
consumer for a value of P such that she is indifferent between A; and 
(P, Ai, Aj). If P — 0,8, solve 


U(Aj) = 0.8U(Ay) + 0.2U(A) = 216 


If A, is preferred to all three alternatives, its utility can be obtained by asking 
the consumer for a value of P such that she is indifferent between A; and 
(P, Ai, Ay). If P = 0.6, solve 


1000 = (0.6)(20) + 0.4U (A4) 


for U(A,) = 2470. The process can be continued indefinitely, and will not lead 
to contradictory results as long as the five axioms are obeyed. 

The utilities in the von Neumann-Morgenstern analysis are cardinal in a 
restricted sense. They are derived from the consumer's risk behavior and are 
valid for predicting her choices as long as she maximizes expected utility. They 
are derived by presenting her with mutually exclusive choices; therefore, it is 


56 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


meaningless to attempt to infer from the utility of event A and the utility of 
event B the utility of the joint event A and B. Von Neumann-Morgenstern 
utilities possess some, but not all, the properties of cardinal measures. If 
U(A) = kU(B), it is not meaningful to assert that the consumer prefers A k 
times as much as B. Utility ratios are not invariant under linear trans- 
formations. In general, 


U(A) , a+ bU(A) 
U(B) "^ a * bU(B) 


However, the utility numbers provide an interval scale, and differences 
between them are meaningful. This follows from the fact that the relative 
magnitudes of differences between utility numbers are invariant with respect 
to linear transformations: 


V(A) - V(B) = b[U(A) — U(B)] 


In contrast to the traditional theory of the consumer, the sign of the rate of 
change of marginal utility (the second derivative of the utility function) is 
relevant, since it is invariant with respect to linear transformations. This is 
particularly important in Sec. 3-9. Such comparisons do not imply, however, 
that the consumer would prefer to have C over B to B over A, since the 
chosen alternative must have the highest utility number. 

Interpersonal comparisons of utility are still impossible. However, the 
construction of von Neumann-Morgenstern utilities does permit: (1) the 
complete ranking of alternatives in situations characterized by certainty, (2) 
the comparison of utility differences by virtue of the above cardinal property, 
and (3) the calculation of expected utilities, thus making it possible to deal 
with the consumer's behavior under.conditions of uncertainty, 


3-9 BEHAVIOR UNDER UNCERTAINTY 


The utility function is treated in very general terms 
assumed that the utility function: (1) has the single argument "wealth" 
measured in monetary units, (2) is strictly increasing, and (3) is continuous 
with continuous first- and second-order derivatives. 


in Sec. 3-8. It is now 


Attitudes toward Risk — ^ 


The expected value of the lottery (P, W, 
wealth levels, is the sum of the Outcomes, 


occurrence 


W,), where the W, are different 
each multiplied by its probability of 


E[W] = PW, +(1~ py, 
A person is risk neutral relative to a lottery if the utility of the expected value 
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of the lottery equals the expected utility of the lottery, i.e., if 
U[PW, + (1— P)Wj] = PU(W,) + (1- P)U(W,) (3-32) 


Such a person is only interested in expected values and is totally oblivi- 
ous to risk. She is indifferent between the lotteries (0.5; 1; 1,000,000) and 
(0.5; 500,000; 500,001). If she is risk neutral toward all lotteries, (3-32) implies 
that she has a linear utility function of the form U = a + BW with B >0. The 
utility analysis developed for certain situations is applicable for risk-neutral 
persons facing uncertainty. All that is necessary is to replace certain values 
with expected values. 

A person is a risk averter relative to a lottery if the utility of its expected 
value is greater than the expected value of its utility: 


U[PW, + (1 - P)W,] > PU(W,) + (1- P)U (W) (3-33) 


Such a person prefers a certain outcome to an uncertain one with the same 
expected value. If (3-33) holds for all 0 — P <1 and all W, and W, within the 
domain of the utility function, the utility function is strictly concave over its 
domain since (3-33) is identical to the definition of strict concavity given in 
Sec. A-2. If d?U/dW?<0, the utility function is strictly concave and the 
consumer is a risk averter. 

Introspection and observed behavior suggest that most people are risk 
averse in most of their dealings. Nonetheless, the analysis can cover equally well 
a person who prefers uncertain outcomes. A person is a risk lover relative 
to a lottery if the utility of its expected value is less than its expected utility. 
In this case the inequality of (3-33) is reversed. A risk lover will always take a 
fair bet (i.e., one in which the expected value of the gain equals the expected 
value of the loss) Following the argument used for a risk averter, if 
d'UldW? > 0, the utility function is strictly convex and the consumer is a risk 
lover. 

It is possible for a person to be a risk averter in some situations and a 
risk lover in others. Consider, for example, a low-income person who is risk 
averse in almost all of her dealings except that she will pay a dollar for a 
lottery ticket with an expected value of 50 cents—for example, one chance in 
a million to win $00,000 dollars. Her behavior might appear inconsistent, but it 
would be consistent if her utility function had the shape depicted in Fig. 3-5. 
W, is her wealth position if she loses the lottery, and W; is her position if she 
wins. Her utility function is strictly concave for 0S WS W, and strictly 
convex for W >W, Consequently, she is risk averse for all uncertain 
situations in which the best outcome is no greater than Wo. Nearly all of her 
observed behavior is in this range. She is willing to pay a premium for a small 
chance to leave her low-income situation behind. 

The sign of the second derivative of the utility function provides an 
indication of the consumer's attitude, but since its magnitude is not invariant 
under a linear transformation, it cannot be used to indicate the level of risk 
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W Figure 3-5 


aversion or preference. A measure of absolute risk aversion,’ r, is provided by 
the ratio of the second and first derivatives. 


A: Mm iB UU 6-34) 


This measure is positive, negative, or zero as the'consumer averts, prefers, or 
is neutral toward risk. Let V = a + bU with b 0: 


hy 
r2-VXW). bU'(W)  U'(W) 
V(W)  bU'(W) U'(W) 
which establishes the desired invariance. 
Consider a quadratic utility function, U = W — aW? with a >0 and the 


domain 0< W < 1/(2a). It describes risk-averse behavior since U” = —2a <0. 
Evaluating (3-34) 


2a 
1-2aW 


with drldW = 4a?/(1—2aW)' 70. Here risk aversion increases with wealth. 
Most often one would assume that the Opposite is the case. The utility 
function U 7 In (W +a) with a >0 exhibits decreasing risk aversion. 


r= 


din U(W) _ 


Integrating with respect to W 
In U'(W)=-cW +k, 


'The product rW provides a measure of relative risk aversion. 
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where k, is the constant of integration. Take the antilog, 
U(W)= ehe" 


and integrate again 
k; 
U(W) =e" f e’dWw= -= e" +k, 


where k; is another constant of integration. Finally, perform a linear trans- 
formation with a = —(Kk;c)/e^^ and b = cle" so that 


VW) =e" 
is a general form for a utility function with constant absolute risk aversion. 


Risk and Insurance 


Assume that the consumer faces the risk that she will suffer a loss of A 
dollars with probability P if there is a fire. This is equivalent to the lottery 
(P, W)— A, Wo) where W, is her initial wealth position. If she pays an in- 
surance company R dollars, they will give her A dollars if the fire takes place. 
Thus, she is assured of a wealth of W;— R whether or not there is a fire. The 
maximum amount that she is willing to pay for insurance can be obtained by 
solving 


U(W,- R) = PU(Ws- A)* (1- P)U(Wo) 


for R. The expected value of the loss from fire is PA. If the consumer is risk 
averse, the solution value R is greater than PA, and she will buy insurance if 
its price is no greater than R. If the price is greater than R, she will not buy 
insurance despite her risk aversion. Since insurance companies desire to meet 
expenses and earn a profit, they will try to keep the price of insurance greater 
than PA. In a perfect market all risk lovers, all risk neutrals, and some risk 
averters will not buy insurance. 

Let the consumer's utility function be U = W**. Let W —90,000, A= 
80,000, and P — 0.05. The relevant equation is 


(90,000 — R)'5 = 0.95(90,000)^5 + 0.05(10,000)^* 


with the solution R = 5900. The expected value of the loss is PA = 4000. The 
risk-averse consumer is willing to pay an extra 1900 to avoid the risk of fire. 

Insurance policies may differ from one another in a number of regards. Some 
have a deductible feature whereby the first D dollars of loss is not reim- 
bursed. Others have a coinsurance feature whereby the insured must pay a 
fraction 0 — a <1 of any loss. Imagine that a consumer with an automobile 
faces the risk of a minor accident with probability P, and a major accident 
with probability P;, but cannot have both. The resultant losses are A and B 
dollars respectively where A < B. Assume that she is risk averse and must 
choose between a deductible and a coinsurance policy. Furthermore let D and 
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a be selected so that the expected value of the loss is equal for both policies 
and is equal to the premium, R, for each: 
R = P(A- D) + PAB - D) = P(1—a)A + PX1—a)B (3-35) 

Under these circumstances the consumer will always purchase the deductible 
policy because it yields a higher expected utility. This is proved by establish- 
ing the inequality 
PIU(W;- D- R)+ PJU(W,- D- R)«(1 -P,- PJU(W,- R) 

>P, U(W -aA =R) + PU(W,- aB -R)*(1-P, — P)U(W, - R) 
Subtract (1— P, - P)U(W,— R) from both sides, divide through by (P, + P;), 
and collect like terms: 

U(Wo- D- R)> QU(W,- aA - R4 Q;U(W,-aB-R) (336 


where Q, = P/(P,* P) and Q, = P,/(P,+ P). Since D = QiaA + Q;aB from 
(3-35), the inequality (3-36) must hold for a risk-averse consumer for it may be 
interpreted as a special case of (3-33) whereby the utility of expected value 
exceeds the expected value of utility. 


The basic theory of consumer behavior can be restated in te f the 
theory of revealed preference, which makes no use of differential dicus and 
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arrives at essentially the same conclusions as the preceding analysis. The 
results are obtained by presenting the consumer with hypothetical price- 
income situations and observing her choices. Her indifference curves can be 
derived, and future choices can be predicted on the basis of past choices if 
the consumer's behavior satisfies the fundamental axioms of revealed pref- 
erence. 

If prices for a group of commodities always change in the same propor- 
tion, the demand for the group will behave in the same manner as the demand 
for a single commodity. This composite-commodity theorem means that 
several commodities may be aggregated and treated as a single commodity for 
many theoretical analyses. A consumer normally gains a surplus from the 
consumption of a commodity in the sense that she pays less than the 
maximum amount she would pay rather than forego consumption of the 
commodity. Several different monetary measures of this surplus have been 
proposed. In general these are not equal. If the income effect for a commodity 
is identically equal to zero: (1) the principal measures of consumer's surplus 
are equal, (2) consumer's surplus equals the area under the demand curve less 
expenditure, (3) the marginal utility of a composite commodity comprising all 
other commodities is constant, and (4) the marginal utility of the commodity 
under investigation is decreasing. 

The approach of von Neumann and Morgenstern is concerned with the 
consumer’s behavior in situations characterized by uncertainty. If the con- 
sumer’s behavior satisfies some crucial axioms, her utility function can be 
derived by presenting her with a series of choices between a certain outcome 
on the one hand and a probabilistic combination of two uncertain outcomes 
on the other. The utility function thus derived is unique up to a linear 
transformation, and provides a ranking of alternatives in situations that do not 
involve risk. Consumers maximize expected utility, and von Neumann- 
Morgenstern utilities are cardinal in the sense that they can be combined to 
calculate expected utilities and can be used to compare differences in utilities. 
The expected utility calculation can be used to determine the consumer's 
choices in situations involving risk. 

With wealth as the single argument of the utility function, the utility of 
the expected value of the outcome of an uncertain situation exceeds the 
expected utility of the outcome for a risk-averse consumer; i.e., her utility 
function is strictly concave. Similarly, risk lovers and risk neutrals have 
strictly convex and linear utility functions respectively. The index of absolute 
risk aversion is defined as the ratio of the second and first derivatives of the 
utility function. Risk-averse consumers will pay a premium for insurance to 
convert an uncertain outcome into a certain one. 


EXERCISES 


3-1 Which of the following utility functions are (a) strongly separable, or (b) additive with 
respect to all variables: U =(q]“ q1)7; U 7 q,4:* qq. U = B: In(qi— y) + Bain (i — y: 
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U = (q1* 2q2+34;)'*. Show for each strongly separable or additive function what the F and f, 
functions are. 
3-2 Prove that if the consumer is indifferent between commodity bundles (q?,...,q°) and 
(q\”,...,@\?) and has a homothetic utility function, she will also be indifferent between the 
bundles (tq, .... tq) and (tq{”,..., tay”). 
3-3 Prove that an additive, strictly quasi-concave utility function is concave. 
3-4 Construct an indirect utility function that corresponds to the direct function U = a In q, + q} 
Use Roy’s identity to construct demand functions for the two goods. Are these the same as the 
demand functions derived from the direct utility function? 
3-5 A consumer is observed to purchase q,= 20, q= 10 at prices p,=2, p,=6. She is also 
observed to purchase q, = 18, q; = 4 at the prices p, 3, p.=5. Is her behavior consistent with 
the axioms of the theory of revealed preference? 
3-6 Let the consumer's utility function be f(qi qa q) 9 q1q:q», and her budget constraint 
y = Pid + P24, + psqy. Consider qi;-(pi/pi)q: ^ q. as a composite good. Formulate the con- 
sumer's optimization problem in terms of q, and find the demand function for q.. 
3-7 Let the consumer's inverse demand curve be p = a — bq with a, b > 0, and assume that a sales 
tax of 100t percent is imposed so that the unit price she pays is increased to p(1 +t). Prove that her 
loss of consumer's surplus will always exceed the revenue raised by the government through the 
imposition of the tax. 
3-8 A consumer who conforms to the von Neumann-Morgenstern axioms is faced with four 
situations A, B, C, and D. She prefers A to B, B to C, and C to D, Experimentation reveals that 
the consumer is indifferent between B and a lottery ticket with probabilities of 0.4 and 0.6 for A 
and D respectively, and that she is indifferent between C and a lottery ticket with probabilities of 
0.2 and 0.8 for B and D respectively. Construct a set of von Neumann-Morgenstern utility 
numbers for the four situations. 
3-9 Show which of the following utility functions exhibit decreasing risk aversion: U(W)= 
(W* af, az0,0c8«1; U(W)= W; U(W)=In(W+a), a 20; U(W) W^. 
310 A Consumer who obeys the von Neumann-Morgenstern axioms and has an initial wealth of 
160,000 is subject to a fire risk. There is a 5 percent probability of a major fire with a loss of 
70,000 and a 5 percent probability of a disastrous fire with a loss of 120,000. Her utility function is 


311 Let a consumer's strictly quasi-concave utility function be U = f(q) *3M where M is the 
quantity of a composite commodity with unit price. Assume that her demand function for Q is 


q7p'* where a0. Determine f(q) 
A AAAS fred f(a) by solving a differential equation formed from the 
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CHAPTER 


FOUR 
THE THEORY OF THE FIRM 


A firm is a technical unit in which commodities are produced. Its entrepreneur 
(owner and manager) decides how much of and how one or more commodities 
will be produced, and gains the profit or bears the loss which results from his 
decision. An entrepreneur transforms inputs into outputs, subject to the 
technical rules specified by his production function, The difference between 
his revenue from the sale of outputs and the cost of his inputs is his profit, if 
positive, or his loss, if negative. 

The entrepreneur's production function gives mathematical expression to 
the relationship between the quantities of inputs he employs and the quan- 
tities of outputs he produces. The concept is perfectly general. A specific 


discontinuous function, or a system of equations. This chapter is limited to 


production functions given by a single continuous function with continuous 
first- and second-order partial derivatives, The analysis is first developed for 


fixed or variable. A fixed input is necessary for production, but its quantity is 
invariant with respect to the quantity of Output produced. Its costs are 
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decisions. The necessary quantity of a variable input depends upon the 
quantity of output produced. The distinction between fixed and variable 
inputs is temporal. Inputs which are fixed for one period of time are variable 
for a longer period. The entrepreneur of a machine shop may require a period 
of three months in order to buy new machinery or dispose of existing 
machinery. He will consider machinery as a fixed input in planning production 
for a one-month period, and as a variable input in planning production for a 
one-year period. All inputs are variable, given a sufficiently long period of 
time. 

The formal analysis of the firm is similar to the formal analysis of the 
consumer in a number of respects. The consumer purchases commodities 
with which he “produces” satisfaction; the entrepreneur purchases inputs 
with which he produces commodities. The consumer possesses a utility 
function; the firm, a production function. The consumer's budget equation is a 
linear function of the amounts of commodities he purchases; the competitive 
firm's cost equation is a linear function of the amounts of inputs it purchases. 

The differences between the analyses of the consumer and firm are not 
quite as obvious as the similarities. A utility function is subjective, and utility 
does not possess an unambiguous cardinal measure; a production function is 
objective, and the output of a firm is easily measured. A single firm may 
produce more than one output. The maximization process of the entrepreneur 
may go beyond that of the consumer. The rational consumer maximizes utility 
for a given income. The analogous action for the entrepreneur is to maximize 
the quantity of his output for a given cost level, but often he may consider his 
cost variable. He may desire to minimize the cost of producing a given output 
level, or maximize the profit he obtains from the production and sale of a 
commodity. , 

The problems of an entrepreneur who uses two inputs for the production 
of a single output are discussed in the first three sections of this chapter. The 
first covers the nature of his production function and the derivation of 
productivity curves and isoquants, the second covers alternative modes of 
optimizing behavior, and the third covers factor demands derived from 
optimizing behavior. In Sec. 4.4 cost functions are derived from production 
relations. The problems of an entrepreneur who uses one input for the 
production of two outputs are covered in Sec. 4-5, and the analysis is 
generalized for arbitrary numbers of inputs and outputs in Sec. 4-6. 


41 BASIC CONCEPTS 


The Production Function 
Consider a simple production process in which an entrepreneur utilizes two 


variable inputs (X, and X;) and one or more fixed inputs in order to produce a 
single output (Q). His production function states the quantity of his output (q) 


66 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


as a function of the quantities of his variable inputs (x, and x): 
q =f (x1, x2) (4-1) 


where (4-1) is assumed to be a single-valued continuous function with con- 
tinuous first- and second-order partial derivatives. The production function is 
defined only for nonnegative values of the input and output levels. Negative 
values are meaningless within the present context. The domain of the 
production function may not include all of the nonnegative quadrant, and may 
differ from case to case. The production function normally is assumed to be 
increasing, i.e., the f, >0, within its domain. It is assumed to be a regular 
strictly quasi-concave function when output is maximized or cost minimized, 
and a strictly concave function when profit is maximized. 

The entrepreneur is able to use many different combinations of X, and Xz 
for the production of a given level of output. In fact, since (4-1) is continuous, 
the number of possible combinations is infinite. The entrepreneur's tech- 
nology is all the technical information about the combination of inputs 
necessary for the production of his output. It includes all physical pos- 
sibilities. The technology may state that a single combination of X, and X; 
can be utilized in a number of different ways and therefore can yield a 
number of different output levels. The production function differs from the 
technology in that it presupposes technical efficiency and states the maximum 
output obtainable from every possible input combination. The best utilization 
of any particular input combination is a technical, not an economic, problem. 
The selection of the best input combination for the production of a particular 
output level depends upon input and output prices and is the subject of 
economic analysis. 

y Input and output levels are rates of flow per unit of time. The period of 
time for which these flows, and hence the short-run production function, are 
defined is subject to three general restrictions: it must be (1) sufficiently short 
so that the entrepreneur is unable to alter the levels of his fixed inputs, (2) 
sufficiently short so that the shape of the production function is not altered 
through technological improvements, and (3) sufficiently long to allow the 
completion of the necessary technical processes. The selection of a particular 


inputs. The major difference between a short-run and long-run analysis is the 
number of variable inputs. Nearly all the results for a short-run I will 
follow in a slightly altered form for a long-run period. 


Product Curves 


The total product of X, in the production of Q is defined as the uantity 
I y of Q 
that can be secured from the input of X, if X, is assigned the fined value x$: 


q = f(x, xf) (4-2) 
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The input level x$ is treated as a parameter, and q becomes a function of x, 
alone. The relation between q and x, may be altered by changing x}. A 
representative family of total product curves is presented in Fig. 4-1. Each 
curve gives the relationship between q and x, for a different value of x}. 
Normally, an increase of x? will result in a reduction of the quantity of X, 
necessary to produce each output level within the feasible range. If one total 
product curve lies to the left of another, it corresponds to a higher value for 
x8: xf > xP x9 

Average and marginal products for X, are defined in an analogous manner 
for particular values of xj. The average product (AP) of X, is its total 
product divided by its quantity: 


Ap- 4 - feo x9 
x Xj 


The marginal product (MP) of X; is the rate of change of its total product 
with respect to variations of its quantity, i.e., the partial derivative of (4-1) 
with respect to xi: 


MP = 94 = f x) (43) 


Families of AP and MP curves can be constructed by assigning different 
values to x9. 

The AP and MP curves corresponding to the leftmost of the total product 
curves in Fig. 4-1 are presented in Fig. 4-2, The AP for a point ona total 
product curve equals the slope of a line segment connecting that point with 
the origin. OK and OJ in Fig. 4-1 are examples. AP increases for movements 
along the total product curve from the origin to point J, and decreases 
thereafter. Point J corresponds to the maximum point on the AP curve in Fig. 
4-2. 

The MP for a point on a total product curve equals the slope of the 


[^ z, Figure +1 
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MP, 
AP 


[^] Zi Figure 4-2 


tangent to the curve at that point. In Fig. 4-1 MP increases from the origin to 
the point of inflexion H where the slope of the tangent is at a maximum, and 
decreases thereafter. MP and AP are equal at the maximum AP at point J 
where the slope of the tangent equals the slope of the line segment.' 

The product curves given in Figs. 4-1 and 4-2 satisfy the almost uni- 
versal law of diminishing marginal product. The MP of X, will eventually 
decline as x, is increased with x? remaining unchanged.” This law does not 
rule out the initial phase of increasing MP exhibited in the present example. 
Consider a production process in which labor and land are combined for the 
production of wheat and compute the quantity of wheat produced as more 
and more labor is applied to a fixed amount of land. Initially an increase in the 
number of laborers employed may allow specialization and result in an 
increasing MP of labor. However, after these initial economies have been 
realized, increasing applications of labor will result in smaller and smaller 
increases in the output of wheat. The quantity of labor becomes greater and 


To determine the maximum value of AP, set its partial derivative with respect to x, equal to 
zero: 


2AP xix - 
Lh m 
If a fraction equals zero, its numerator must equal zero: 
xifiéxs, x0 — fix) e 0 
Moving the second term to the right, and dividing through by x,, 
f, a nu 


MP and AP are equal at the point of maximum AP if such a point exists. 
` This law has been stated in a number of alternative forms. See K. Menger, "The Laws of 
Return," in O. Morgenstern (ed.), Economic Activity Analysis (New York: Wiley, 1954), pp. 
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greater relative to the fixed quantity of land. The law of diminishing marginal 
product concerns the relative quantities of the inputs and is not applicable if 
both inputs are increased, 
The output elasticity of X;, denoted by «;, is defined as the proportionate 
rate of change of Q with respect to Xi: 
= (in g) x|2q _ MP 
1 a(inx;) q ax, AP (ee 
Output elasticities may be expressed as ratios of marginal and average 
products, and are positive if MP and AP are positive. The output elasticity of 
an input will be greater than, equal to, or less than unity as its MP is 
respectively greater than, equal to, or less than its AP. The entire product 
analysis may be applied to variations of x; with x, as a parameter. 
For a specific example, consider the production function given by the 
sixth-degree equation 
q = Axixi - Bxixi (4-5) 
where A, B >0. The corresponding productivity curves are depicted in Figs. 
4-1 and 4-2.t Letting Ax} = kı and Bx} = kp, the family of total product curves for 
X, is given by the cubic equation 
q= kixi LE kixi 
where k, and Kk; depend upon the fixed value assigned to x2. The AP and MP 
curves are given by the quadratic equations 
AP-kx-kxi MP = 2kix1— 3k x7 
AP reaches a maximum at x; = k;/2k:,, and MP reaches a maximum at 
xi = ki/3k;. Since xı, kı, k; » 0, MP reaches its maximum at a smaller input of 
X, than AP. The reader may verify that AP = MP at x, = k/2k;. The output 
elasticity for X, is 


2k, — 3kxi 


had ki an kx 


The reader may verify that w declines as x, increases. | 
Another and somewhat different example is provided by the production 
function q = xfx}* with 0a «1. The MP and AP for X, decline con- 


tinuously and are not equal for any value of xi: 
= 4 = 4 
AP r3 MP=a : 
The output elasticity for X, equals the constant a. 


t The values A «0.09 and B = 0.0001 were used for the construction of the curves in Figs. +1 
and 42. 
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Isoquants 


An isoquant is the firm's counterpart of the consumer's indifference curve. It 
is the locus of all combinations of xı and x; which yield a specified output 
level. For a given output level, (4-1) becomes 


q* = f(x, x) (4-6) 


where q? is a parameter. The locus of all the combinations of x, and x; which 
satisfy (4-6) forms an isoquant. Since the production function is continuous, 
an infinite number of input combinations lie on each isoquant. Three curves 
from a family of isoquants are shown in Fig. 4-3. All the input combinations 
which lie on an isoquant will result in the output indicated for that curve. 
Within the relevant range of operation an increase of both inputs will result in 
an increased output. The further an isoquant lies from the origin, the greater 
the output level which it represents: q? > q?>q”. 

The slope of the tangent to a point on an isoquant is the rate at which X, 
must be substituted for X; (or X; for X;) in order to maintain the correspond- 
ing output level. The negative of the slope is defined as the rate of technical 
substitution (RTS): F 


The RTS for the firm is analogous to the RCS for the consumer. The RTS at - 
any point is the same for movements in either direction. / 
The total differential of the production function is 


- dq = f, dx, + fz dx: "E 


where f, and f; are the partial derivatives of q with respect to x, and x: (the | 
MPs of X, and Xj). Since dq = 0 for movements along an isoquant, : 


07 f, dx, + f: dx, ) 


q” 


q” 
qu 
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2.dn.f 
and RTS dn fs (4-8) 
The RTS at a point equals the ratio of the MP of X, to the MP of X, at that 
point. 


Isoquants of the shape presented in Fig. 4-3 (rectangular hyperbolas 
which are negatively sloped throughout) can be derived for the production 
function given by (4-5). Let z = x:%2, and rewrite (4-5) as 


q? = Azi- Bz 
Form the cubic equation 
B? - Az?+q°=0 


which can be solved for z. Treat the smallest positive real root as the solution 
for z. The value of z depends upon the parameter q*: 


z= y(q*) or xy = Yq’) 


which defines the isoquants as a family of rectangular hyperbolas, since u(q^) 
is constant for any fixed value of q°. 

The MP of X; may become negative if the application of X, is sufficiently 
large. One can imagine a situation in which the quantity of labor employed 
relative to the quantities of the other inputs is so large that an increase of 
labor would result in congestion and inefficiency. The definition of the 
production function as giving the maximum output for every possible input 
combination does not rule out this possibility. If the MP of X; is negative and 
the MP of X; positive! the RTS is negative, as at point A in Fig. 4-4. A 
movement along the isoquant from A to B would result in a reduction of both 
x; and x;. Clearly, point B is preferable to A if the entrepreneur must pay 


. "This situation will never arise for the production function given by (4-5). If the MP of one of 
its inputs is negative, the MP of the other must also be negative. 


; Figure 44 
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positive prices for the inputs. A rational entrepreneur will never operate on à 
positively sloped section of an isoquant; ie., he will never use a factor 
combination which results in a negative MP for one of the inputs. The ridge 
lines OC and OD enclose the area of rational operation. 


{Shape of the Production Function 


Production functions are normally assumed to possess convex isoquants, 
bowed toward the origin with a decreasing RTS as X, is substituted for X; 
along an isoquant. The isoquants in Fig. 4-3 are of this shape, and those in 
Fig. 4-4 are of this shape within the area defined by the ridge lines. 

Consider an appropriate domain for the production function given by 
(4-5), q = Axix}—Bxix3}. Output is positive for 0< xix; < AJB. It is an in- 
creasing function (has positive MPs) for 0 < xix; < 2A/3B. The inequality for 
a regular strictly quasi-concave function as given by (2-5) is also satisfied for 
0< xix; <2A/3B. Thus, (4-5) is a positively valued, increasing, regular strictly 
quasi-concave function over this domain. 

In the two-dimensional case a production function is a strictly concave 
function (see Sec. A-3) if 


fun«0  fn«9 
and i fej = fufa- fh» 0 (4-9) 


The second direct partials of (4-5) are negative for xix; A/3B. The Hessian 
(4-9) is positive only for the domain 


2A 
$g mia (4-10) 
Thus, (4-5) is a positively valued, increasing, strictly concave function over 
this domain. 
Domains are more easily determined for the class of production functions 


given by q = Axîx$ with a, B0. Output and both MPs are positive for 
X1,%2>0. The convexity of isoquants for positive input values is easily 


verified 


ax, alat ve 
ai - eg (E) emo 


The isoquants will be of the desired shape for any positive values of a and £. 
Now consider conditions under which functions of the above class will be 

strictly concave. The second direct partials of the production function will be 

negative as required for its concavity if a and B are each less than one: 


fu a(a- 2 fa= B8 1), 
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_ An evaluation of (4-9) yields 


a(a-1) 4606-0 4- (384) -a-«- par 


which can be positive, negative, or zero depending upon the values of a and 
B. If «+B « 1, it is positive and the production function is strictly concave 
for all positive values of x, and xz. If a+B=1, it is zero and the production 
function is concave but not strictly concave. If a - 8 1, it is negative and 
the production function is neither concave nor convex. 


Elasticity of Substitution 


If a production function has convex isoquants, the RTS of X, for X; and the 
input ratio x,/x, will both decline as X, is substituted for X; along an isoquant. 
The elasticity of substitution (o) is a pure number that measures the rate at 
which substitution takes place. It is defined as the proportionate rate of 
Change of the input ratio divided by the proportionate rate of change of the 


RTS: 
- din (xxi). filfz doclx) 
77 din (ifo z xin (fif; 


Substituting d(;/xi) = (xı dx; — x; dxı)lxi 
affa = EID ay EID ae, and d= ufa dr 


from (4-8), 
N77 th RN 

c= 
pam [ E 5, 0] 


Xi 


and evaluating the bracketed term in the denominator from (4-8) 


o = lif feed (4-11) 
xu 

where 9 = 2f ff; — fifa- fifu is positive by the assumption of strict quasi- 
concavity. Since all of the terms in (4-11) are positive, the elasticity of 
substitution will be positive. Some production functions have constant elasti- 
cities of substitution, but in general g will vary from point to point on the 
production function. The value of 9 reflects the rate of change of the slope of an 
isoquant. As 2 becomes larger the isoquant becomes more highly curved. 

Consider the class of production functions given by q = Axfx$ with 
a, B 7 0. Evaluating (4-11), 

.aqBq(aq*Bq) xii 
7 Xi X2 X\X2 q af(a + B) A 

Production functions of this class have unit elasticity of substitution 
throughout. 
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4-2 OPTIMIZING BEHAVIOR 


The present analysis is limited to the case in which the entrepreneur pur- 
chases X, and X; in perfectly competitive markets at constant unit prices. His 
total cost of production (C) is given by the linear equation 


C-2rxitnuütb (4-12) 


where r; and r are the respective prices of X; and X», and b is the cost of any 
fixed inputs. An isocost line is defined as the locus of input combinations that 
may be purchased for a specified total cost: 


C? - rxiE rx b (4-13) 
where C" is a parameter. 
Solving (4-12) for x, 
F^ C= Le: 
am n ine 


The slopes of the isocost lines equal the negative of the input price ratio. The 
intercept of an isocost line on the x, axis [(C^— b)/r,] is the amount of X, that 
could be purchased if the entire outlay, exclusive of the cost of the fixed 
inputs, were expended upon X, and the intercept on the x; axis [(C° — b)/r;] is 
the amount of X; that could be purchased if this amount were expended upon 
X;. Three of a family of isocost lines are given in Fig. 4-5. The greater the 
total outlay to which an isocost line corresponds, the greater the intercepts on 
the x, and x; axes, and therefore the further it lies from the origin: C” > 


C? C", The family of isocost lines completely fil tive 
quadrant of the x,x, plane. a 


THE THEORY OF THE FIRM 75 


Constrained Output Maximization 


The consumer maximizes utility subject to his budget constraint. The analo- 
gous problem for the firm is the maximization of output (4-1) subject to a cost 
constraint (4-13). The entrepreneur would desire to obtain the greatest pos- 
sible output for a given cost outlay. Form the function 

V = f(x x) + n(C* — rii = r3; b) 


where 40 is an undetermined Lagrange multiplier, and set the partial 
derivatives of V with respect to xı, x2, and u equal to zero: 


OV Co px - r;- b =0 


Moving the price terms to the right of the first two equations and dividing the 
first by the second, 
fot (4-14) 
h n 
First-order conditions state that the ratio of the MPs of X; and X; must be 
equated with the ratio of their prices- À 
The first-order conditions may be stated in a number of equivalent forms. 
Solving the first two equations for p, 


hf: (4-15) 


The contribution to output of the last dollar expended upon each input must 
equal x. The multiplier yz is the derivative of output with respect to cost with 
prices constant and quantities variable.’ 


' Assuming that cost is variable, the differential of the cost equation (4-12) is 
dC = r, dx, * r; dx; 
Substituting r, = f,/ and r; = fau from the first-order conditions, 


4C - 1. dx, + f, dx) 


Dividing this expression into the differential of the production function (4-7), the derivative of 
output with respect to cost with prices constant is 


= p lodo fidu _ 
z Pf dx fd " 
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Finally, substituting RTS = filf2 from (4-8) into (4-14), 
RTS=^ (4-16) 


The first-order conditions may also be expressed as the equality of the RTS 
and the input price ratio. The three formulations of the first-order con. itions 
given by (4-14), (4-15), and (4-16) are equivalent alternatives. If one is 
satisfied, all three are satisfied. 

The formulation given by (4-16) has a clear geometric interpretation. The 
optimum input combination is given by the point of tangency between an 
isoquant and the relevant isocost line. If C® (see Fig. 4-5) is the predeter- 
mined level of cost, the maximum output is 4%, The Outputs corresponding to 
all other isoquants which have Points in common with the given isocost line, 
Such as q” and q®, are less than q”. 


Second-order conditions require that the relevant bordered Hessian 
determinant be positive: 


fu fn -n 
fa fa -n|»0 
m 0 


The second-order conditions may be utilized to demonstrate that the rate of 
change of the slope of the tangent to an i iti 


production function is regular strictly quasi-concave will ensure that the 
second-order condition is satisfied whe 


The argument is the same as that used 


Constrained Cost Minimization 


The entrepreneur may desire to minimize cost of i ibed 
level of output. In this case (4-12) is hah tpg «9 E. the 
à minimized U 


Z-rx nx;*b * Ma*— f(x, x] 


and set the partial derivatives of Z With respect to Xi, Xz, and A equal to zero: 


OZ 
dx, "~Af:=0 (4-17) 
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Since r, and f, are both positive, A is also positive. Moving the price terms of 
the first two equations to the right, and dividing the first by the second, 


hn l.hlh 2n 
ha as or a viene Dr o RIS 3 


The first-order conditions for the minimization of cost subject to an output 
constraint are similar to those for the maximization of output subject to a cost 
constraint. The multiplier A is the reciprocal of the multiplier u, or the 
derivative of cost with respect to output level (defined as marginal cost in Sec. 
4-4). In the present case, the entrepreneur finds the lowest isocost line which 
has at least one point in common with a selected isoquant. He could produce 
q” (see Fig. 4-5) at a cost of C? or C®, but C" is lower than either of these. 
His minimum cost is given by the isocost line which is tangent to the selected 
isoquant. 

The second-order condition requires that the relevant bordered Hessian 
determinant be negative: 


-Mu -Afm -fi 
—Afy -Afn -fi|«0 
Shins 


Substituting — f, = —r,/A and —f; — —r/A, multiplying the first two columns of 
the array by —1/A, and then multiplying the third row by —A? and the third 
column by A,f 


ri 
-Àfu —Afy m fa fn + 
r. | [fn TH "| 
-7Àfn —Afy =8 =A? |fu fn - maker fu fn -n|«0 
n j f La val J) ch 0 
» ark oe MI am 
^ fu fn -n 
Since A » 9, fn fa -n|»90 
-n -n 0 


the second-order condition is the same as that for the constrained-output- 
maximization case. , y 

If the production function is regular strictly quasi-concave, every point of 
tangency between an isoquant and an isocost line is the solution of both a 
Constrained-maximum and a constrained-minimum problem. If q'" (see Fig. 


t The multiplication of the first column by —1/A increases the value of the determinant by the 
Same multiple. The multiplication of both the first and second columns by — 1/A increases the value of 


As determinant by 1/A Its value is left unchanged if the entire array is now multiplied by A’ (see Sec. 
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4-5) is the maximum output which can be obtained from an outlay of C^? 
dollars, C™ dollars is the minimum cost for which the output q” can be 
produced. The locus of tangency points (OE in Fig. 4-5) gives the expansion 
path of the firm. The rational entrepreneur will select only input combinations 
which lie on his expansion path. Formally, the expansion path is an implicit 
function of x, and xX: 


B(x), x; =0 (418) 
for which the first- and second-order conditions for constrained maxima and 
minima are fulfilled. 


Consider the production function given by (4-5) as an example. Compute 
the ratio of the MPs of X; and X:: 


fy _ 2Axixi- 3Bxixi _ X(2Ax\x) - 3Bxix 
2Axix3-3Bxii xi(Q2Axix; - 3Bxix 


and set it equal to the ratio of the input prices 


xn 
x oh 
Putting this first-order condition in the form of an implicit function, the 
expansion path is given by the linear equation 
1X1 — nx = 0 
This corresponds to the expansion path OE in Fig. 4-5. 

The production function q = ax{x$ also has isoquants with the slope 
filf2 = xx. This production function appears quite different from (4-5). 
Nonetheless, it has the same family of isoquants. If we follow the analysis of 
Chap. 2, this indicates that the production functions are positive monotonic 
transformations of one another over the domain for which (4-5) is regular 
strictly quasi-concave: 0 < x,x,<2A/3B. Again let z — xix; so that q = az", 


and perform the positive monotonic transformation q* = (q/a)""* so that 
q* = z. Now differentiate (4-5) with respect to z: 


This derivative is Positive for 0 < z «2AJ3B, which establishes that (4-5) is a 
positive monotonic transformation of q*- z, which in turn is a positive 


monotonic transformation of the exponential production function. 


Profit Maximization 


The entrepreneur is usually free to vary the levels of both cost and output, 
and his ultimate aim is the maximization of profit rather than the solution of 
constrained-maximum and -minimum problems. The total revenue of an 
entrepreneur who sells his output in a perfectly competitive market is given 
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by the number of units he sells multiplied by the fixed unit price (p) he 
receives. His profit (7) is the difference between his total revenue and his 
total cost: r 
m -pq-C 
or substituting q = f(x, x2) from (4-1) and € 2 ry rix * b from (4-12), 
a = pfi, x) — ri - n: b 


Profit is a function of x, and x; and is maximized with respect to these 
variables. 
Setting the partial derivatives of m with respect to x, and x, equal to zero, 
oT 


ORI OS T 
x ax, Ph n=0 


Moving the input-price terms to the right, 
ph=n Phan (4-19) 


The partial derivatives of the production function with respect to the inputs 
are the MPs of the inputs. The value of the MP of X (pf) is the rate at which 
the entrepreneur's revenue would increase with further application of X;. The 
first-order conditions for profit maximization (4-19) require that each input be 
utilized up to a point at which the value of its MP equals its price. The 
entrepreneur can increase his profit as long as the addition to his revenue 
from the employment of an additional unit of X, exceeds its cost. The 
maximum profit-input combination lies on the expansion path, since (4-19) isa 
Special case of (4-14). 

Second-order conditions require that the principal minors of the relevant 
Hessian determinant alternate in sign: 


an Or pe 4-20) 
rii "xi pfa «0 ( 
an an 
* Wu amaa) ufu fn|so (4-21) 
an m fa fn 
9x,0x, — X 


Conditions (4-20) imply that profit must be decreasing with respect to further 
applications of either X, or Xa Condition (4-21) ensures profit is decreasing 
With respect to further applications of both X; and X» Since p > 0, conditions 
(4-20) require that the MPs of both inputs be decreasing. If the MP of one of the 
inputs were increasing, a small movement from the point at which the first-order 
Conditions are satisfied would result in an increase in the value of that MP. Since 
its price is constant, the entrepreneur could increase his profit by increasing its 
quantity. 

Conditions (4-20) and (4-21) require that the production function be 
Strictly concave in the neighborhood of a point at which the first-order 
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conditions are satisfied with x,,x.=0 if such a point exists. Solutions are 
limited to strictly concave regions of the production function with non- 
negative input and output levels. If the production function possesses no 
such region, competitive profit-maximization solutions of the type described 
here cannot be achieved. If the production function is strictly concave, a point 
at which the first-order conditions are satisfied is a unique profit-maximizing 
solution. 


4-3 INPUT DEMANDS 


Input Demand Functions 


3 by q= Axjx§ with 
shown in Sec. 4-1 to be Strictly concave for 


7T = pAxix§ — rix,— TX, 
and set its partial derivatives equal to zero: 


oT 
Ox, = POAT xf - s eg 


oT 
dx ^ PPBAxixf1 - s eg 


Solving these equations for X; and x, 


the Aes h 
functions are corresponding input demand 


s (5) (7 o 


n= () Y enm (Ap) = Ari, p.p) d 


where y=1~a-B. The demand for each input wi 
; / > will Á 
increases, and increase as p increases. decrease as r, or ry 
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As prices change the producer will alter his input levels to satisfy his 
first-order conditions (4-19). Differentiating (4-19) totally and rearranging 
terms, 


pfn dx) + pfi dxi = -fı dp + dr, 


(4-23) 
pfn dx, + pf dx; = -fı dp + dr, 
Solving (4-23) for dx, and dx; by Cramer's rule, 
dx,= - [fn dri — fn dri + (foa ffi) dp] 
(4-24) 


dx, = sip fn dri + fu dr; (afi fuf) dp] 


Where 3€ = (f\:f2. — fi) > 0 by assumption of strict concavity. iin 
Dividing both sides of the first equation of (4-24) by dr, and letting 
dr, = dp = 0, 


Oxy fa 
or, pH oe px 
Since p —0, and fn<0 by (4-20), the rate of change of the producer's 
Purchases of X, with respect to changes in its price with all other prices 
Constant is always negative, and the producer's input demand curves are 
always downward sloping. This is one of the few cases in economics in which 
the sign of a derivative is unambiguous. There is only a substitution effect. 
There is no counterpart for the income effect of the consumer in the theory of 
the profit-maximizing producer.’ ; 
Dividing both sides of the first equation of (4-24) by dr; and letting 


dr, = dp — 0, 
ax fu 
ory p% 


This derivative will have a sign the opposite of the second cross partial fı). In 

most cases considered by economists, an increase in the quantity of one input 

Will increase the marginal product of the other; that is, fi; > 0. Therefore, an 

Increase in one input price normally will reduce the usage of the other input. 
Dividing both sides of (4-23) by dp and letting dr; = dr, = 0, 


3x, n (nf — fuf) 
op px 
Normally an increase in output price will cause an increase in input demand, 


and this derivative is positive. For it to be negative it is necessary that fn « 0, 
Gnd that faf, be greater in absolute value than fzfi. 


"A counterpart of the Slutsky equation, of course, may be obtained for the entrepreneur who 
maximizes Output subject to a cost constraint. He will have a nonsymmetric “cost effect.” 


82 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


An Application of the Le Chatelier Principle 


The profit function for the n-input case is 
m = f (Xi Xa X) = 25 ri (4-26) 


The Le Chatelier principle states that 


6) G i=1,...,m (4-27) 


where the subscript outside the parentheses designates the number of additional 
constraints that have been appended to the maximization of (4-26). The subscript 
0 denotes unconstrained optimization, 1 denotes a case in which (4-26) is 
maximized subject to one constraint, 2 denotes a case in which it is maximized 
subject to the constraint of 1 and another constraint, and so on. The constraints 
are constructed so that the xf are optimal regardless of the number of 
constraints. 

In the unconstrained case, (4-25) shows that an increase in an input's price 
will result in a reduction in demand. This comes about through output 
reduction, and in most cases the substitution of other inputs for the input with 
the increased price. The introduction of new constraints cannot increase the 
opportunity to substitute other inputs, and may well decrease such oppor- 
tunity. The Le Chatelier principle as given by (4-27) reflects this by stating 
that the absolute value of demand reduction following a price increase cannot 
be increased as additional constraints are introduced, and may be decreased. 
A general proof of the Le Chatelier principle is based upon the special 
properties of the Hessian of the strictly concave production function. An 
illustration of the principle for the two-input case is given here. 

Let x, and x; be labor and capital respectively, and compare the effect of 
an increase in the wage rate, rı, upon the firm's demand for labor in the long 
run when the quantity of capital is variable with the effect in the short run 
when the quantity of capital is fixed. The long-run effect is given by (4-25). 
For the short-run effect maximize : 


7 = pfGxi, xf) — rix — xt 

by setting the labor derivative equal to zero, 
a 
= =pfi-rn=0 

It is clear that xf is still optimal. Totally differentiate the first-order condition: 
Pf dx,- dr, = 0 

and use this result together with (4-25) to evaluate (4-27): 

(221) - fa s 3... (x) 

ô [7m i 


or; Pi px or; 
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Since fi and fx are both negative, fuf2Z(fufz- 1), and the desired 


inequality follows. The long-run employment reduction will be greater than 
the short-run reduction unless fn=0, in which case they will be the same. 


4-4 COST FUNCTIONS Vc dli 


The economist frequently assumes that the problem of optimum input com- 
binations has been solved and conducts his analysis of the firm in terms of its 
"revenues and costs expressed as functions of output. The problem of the 
entrepreneur is then to select an output at which his profit is maximized. 


Short-Run Cost Functions 


Cost functions can be derived from the information contained in Secs. 4-1 and 
4-2.1 Consider the system of equations consisting of the production function 
(4-1), the cost equation (4-12), and the expansion path function (4-18): 


q = fen, x2 
C-2rx trit b 
0= g(x x) 


Assume that this system of equations can be reduced to a single equation in 
Which cost is stated as an explicit function of the level of output and input 
prices plus the cost of fixed inputs 

C 7» é(q, ri, r) * b (4-28) 
With regard to the input prices the cost function ¢ is (1) nondecreasing, (2) 
homogeneous of degree one, and (3) concave. Property (1) is clear from the 
indifference diagram. If one or more input prices increase and those inputs are 
used at positive levels, it is necessary to move to ^ higher socos: lipe to 
secure any specified output. Property (2) is obvious from the cost equation. 
For a specified output let (rf, r% x1, x2) and (r9, rP, xf, x) denote two 
cost-minimizing solutions. Let rf = Ari (1^ Apri? (i= 1,2). 

Now 


ola, rP, rP) = rPxP + rPx = pari (0-7 yr + ari O — Ayr? 
By cost minimization, 
xP + AxPz dq, rl. r3) 
prox rx? z (a, rP, rP) 
t The term cost function is used to denote cost expressed as a function of output and input 


pricei. The term cout equation is seed vo denote cost expressed in terms of input levels and input 
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Consequently, 
(a, rP, r£?) = Agla, rl, r) + (1— A) (q, rP, ri?) 


which establishes concavity. The general form of the cost function is con- 
sidered further in Sec. 5-4. Here it is now assumed that input prices are 
invariant so that cost may be stated simply as a function of output level plus 
the cost of the fixed inputs. 


C=4(q)+b (4-29) 


The cost of the fixed inputs, the fixed cost, must be paid regardless of how 
much the firm produces, or whether it produces at all. The cost function gives 
the minimum cost of producing each output and is derived on the assumption 
that the entrepreneur acts rationally. A cost-output combination for (4-29) can 
be obtained as follows: (1) select a point on the expansion path, (2) substitute 
the corresponding values of the input levels into the production function to 
obtain the corresponding output level, (3) multiply the input levels by the 
fixed input prices to obtain the total variable cost for this output level, and (4) 
add the fixed cost. 

A number of special cost relations which are also functions of the level of 
Output can be derived from (4-29), Average total (ATC), average variable 
(AVC), and average fixed (AFC) costs are defined as the respective total, 
variable, and fixed costs divided by the level of output: 


arc = $b Avc =#@) Arc =2 


ATC is the sum of AVC and AFC. Marginal cost (MC) is the derivative of 
total cost with respect to output: 


dC 
Mc - € . 4, 
dq $'(q) 
The derivatives of total and total variable Cost are identical since the fixed- 
cost term vanishes upon differentiation. 


_ Specific cost functions may assume many different 


and then increase as output is 
and AVC, and AVC reaches 


"Set the derivative of ATC (or AVC) equal to Zero, and put the i i 
states the equality between ATC (or AVC) and MC. Put the equation in a form which 
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C $ 
MC 
C=ġlg) +b gant 
AVC 
AFC 
Q q 0 q 
Figure 4-6 Figure 4-7 


between the ATC and AVC curves equals AFC and hence decreases as 
output is increased. , i 

The production function q = Ax?x§ with a, 8-0 yields the total cost 
functio; 

lon cs dq en (4-30) 


Wf) 
where a 7 (a B) G5) 


This cost function is convex, linear, or concave as (a + B) is respectively less 
than, equal to, or greater than one. AC and MC are 
1 
a -a-pa *8) — 
AC = agen MC = ERA qe e+e) B AC 
Figure 4-8a gives AC and MC for a case with a * 8 <1. The production 
function is strictly concave, the total cost function is strictly convex, - Ac 
MC are strictly increasing with AC < MC throughout. Figure 4-8b illus- 

trates æ 8 = 1. The total cost function is linear; AC and MC are constant 
and equal. Finally, Figure 4-8c illustrates æ + B > 1. The total cost function is 
ZI concave; AC and MC are strictly decreasing with AC» MC 

oughout. 1 

Figure 4-8q illustrates the general proposition that a strictly concave 
Production function generates a strictly convex total cost function. Totally 
differentiating the first-order conditions for cost minimization given by (4-17) 
and 


rearranging terms, 


Afu dx, My dx; + fı da = dr, 
Afu dy Afra dx; + fz dd = dr, 
fı dx, + fı dx; = dq 
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AC 
AC F^ MC 
MC MC : 
AC 
Ao AC=MC 
MC 
o o Cowon AK 
(a) (b) (c) 
Figure 4-8 
Using Cramer's rule to solve for dA, 
dh = ah- fof dr (ufi-fuf)dnkAXdq) — 430 
where X = fuf — fi; and 9 = Pfaff- fufi-— fofi. Letting dr, = dr, = 0, 
P WT. 
dat [7] 20 
Since A >0 is MC, this is the second derivative of the total cost function. It is 
strictly positive since the assumption of strict concavity dictates that both X and 
9) be positive. 


The revenue of an entrepreneur who sells his output at a fixed price is 
also a function of the level of his 


output. Therefore, his profit is a function of 
the level of his output: 


7 - pq —-ó(q)-b 
To maximize profit, set its derivative with respect to q equal to zero: 
d 
dq =~ $4) =0 
Moving the MC to the right, 


P7 '(q) (4-32) 


The entrepreneur must equate his MC With the constant selling price of his 

output. He can increase his profit by expanding his Output if the addition to 

his revenue (p) of selling another unit exceeds the addition to his cost (MC). 
The second-order condition for profit maximization requires that 

ar dc 

dq "aq <9 
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or multiplying by —1 and reversing the inequality, 


dic 
> 
ghee 


MC must be increasing at the profit-maximizing output. If MC were decreas- 
ing, the equality of price and MC would give a point of minimum profit. The 
second-order condition will be satisfied if the total cost function is strictly 
convex at a point at which the first-order condition is satisfied. This implies 
that the underlying production function.is strictly concave. If the total cost 
function is strictly convex over a domain, an output at which the first-order 
condition is satisfied is a unique profit-maximizing output over that domain. 

The level of the entrepreneur's fixed cost (b) generally has no effect upon 
his optimizing decisions during a short-run period. It must be paid regardless 
of the level of his output and merely adds a constant term to his profit 
equation. The fixed-cost term vanishes upon differentiation, and MC is 
independent of its level. Since the first- and second-order conditions for profit 
maximization are expressed in terms of MC, the equilibrium output level is 
unaffected by the level of fixed cost. The mathematical analyses of optimiza- 
tion in the present section and in Sec. 4-2 can generally be carried out on the 
basis of variable cost alone. 

The level of fixed cost has significance for the analysis of short-run profit 
maximization in one special case. The entrepreneur has an option not recog- 
nized by the calculus. He can discontinue production and accept a loss equal 
to his fixed cost. This option is optimal if his maximum profit from the 
production of a positive output level is a negative amount (a loss) with a 
greater absolute value than the level of his fixed cost. The entrepreneur need 
never lose more than the amount of his fixed cost. He will produce at a loss in 
the short run if his loss is less than the amount of his fixed cost, ie., if 
revenue exceeds total variable cost, and he is able to recover a portion of his 
outlay on the fixed inputs. ed pomara 

A geometric description of profit maximization is contained in Fig. 4-9. 
The optimum output (q^) is given by the intersection of a horizontal line 
drawn at the level of the going price (p^) and the rising portion of the MC 
Curve. The entrepreneur's revenue is given by the area of the rectangle 
Op" Bq’, total cost by OADq?", and profit by Ap? BD. j 

As an example consider the cubic total cost function 


C - 0.044 — 0.94" + 104 +5 (4-33) 
Assume that the price of q is 4 dollars per unit. Equating MC and price, 
0.129! - 1.8q * 1074 
Which yields the quadratic equation 
q'-15q* 50-0 s 


< 
aA 
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p 


"herd 


9? Figure 4.9 


the roots of which are 4 75 and q— 10. Two different outputs satisfy the 


first-order condition for Profit maximization, and the rate of change of MC 
must be calculated for both. The rate of change of MC. 


oS - 0240-18 


is negative for q — 5 and positive for 4 = 10. An output of 10 units yields a 
maximum profit, and an output of 5 a minimum. Profit at 10 units, however, is 
negative; 
7 = 4q - (0.044 — 0.99? + 10g + 5) 
3 740-55--15 
The entrepreneur's ATC curve lies above the price line for every output, and 
his maximum profit is a loss of 15 dollars 


i X . He should discontinue production, 
since his fixed cost (5 dollars) is less than the smallest loss which he can incur 
from a positive output level. 


Long-Run Cost Functions 


inputs be represented by a 
—the greater the value of k, 


: : depend upon his lant size. 
These are uniquely determined in the short run. In the long run he va choose 


shapes. The number of 
his alternatives equals the number of different values which k may assume. 
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Once he has selected the shapes of these functions, i.e., selected a value for k, 
he is faced with the conventional short-run optimization problems. 

As an illustration, consider the case of an entrepreneur operating a 
grocery store. The “size of his plant” is given by the number of square feet of 
selling space which he possesses. Assume that the only possible alternatives 
are 5000, 10,000, and 20,000 square feet and that he currently possesses 
10,000. His present plant size is the result of a long-run decision made in the 
past. When the time comes for the replacement of his store, he will be able to 
select his plant size anew. If conditions have not changed since his last 
decision, he will again select 10,000 square feet. If the store has been 
crowded and he anticipates a long-run increase in sales, he will build 20,000 
square feet. Under other conditions he may build a store with 5000 square 
feet. Once he has built a new store, his problems concern the optimal 
utilization of a selling area of given size. 

Assume that k is continuously variable and introduce it explicitly into the 
production function, cost equation, and expansion path function: 


q = foi, x k) 
C 9 rx n+ plk) 
0-7 g(xi, X» k) 


Fixed cost is an increasing function of plant size: y’(k) >0. The shapes of the 
families of isoquants and isocost lines and the shape of expansion path 
depend upon the value assigned to the parameter k. Generally, two of the 
above relations may be utilized to eliminate x, and x2, and total cost may be 
expressed as a function of output level and plant size: 


C= $(q, k) + Wk) (4-34) 


which describes a family of total cost curves generated by assigning different 
values to the parameter k. As soon as plant size is assigned a particular value 
k =k, (4-34) is equivalent to the particular total cost function given by 
(4-29), and the short-run analysis is applicable. r e 

The entrepreneur’s long-run total cost function gives the minimum cost of . 
Producing each output level if he is free to vary the size of his plant. For a 
given output level he computes the total cost for each possible plant size and 
selects the plant size for which total cost is a minimum. Figure 4-10 contains the 
total cost curves corresponding to three different plant sizes. The entrepreneur 
can produce the output OR in any of the plants. His total cost would be RS for 
Plant size k”, RT for k®, and RU for k”. The plant size k gives the minimum 
Production cost for the output OR. Therefore, the point S lies on the long-run 
total cost curve. This process is repeated for every output level, and the long-run 
total cost curve is defined as the locus of the minimum-cost points. 

The long-run cost curve is the envelope of the short-run curves; it touches 
each and intersects none. Write the equation for the family of short-run cost 
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[^] 
ym 


o R q Figure 4-10 


functions (4-34) in implicit form: 


C- 6(q, k) - Wk) = G(C, q, k) = 0 (4-35 
and set the partial derivative of (4-35) with respect to k equal to zero: 
GAC, q, k) =0 (4-36) 


The equation of the envelope curve (the long-run cost curve) is obtained by j/ 
eliminating k from (4-35) and (4-36) and solving for C as a function of q (see 
Sec. A-2): T 


C - (a) he 


Long-run total cost is a function of output level, given the condition that each. 
output level is produced in a plant of optimum size. The long-run cost curve is 
not something apart from the short-run cost curves. It is constructed from 
points on the short-run curves. Since k is assumed continuously variable, he 
long-run cost curve (see Fig. 4-10) has one and only one point in common 
each of the infinite number of short-run cost curves. b 
Since. AC equals total cost divided by output level, the minimum AC of 
producing a particular output level is attained at the same plant size as the 
minimum total cost of producing that output level. The long-run AC curve 
be derived by dividing long-run total cost by output level, or by constructi 
the envelope of the short-run AC curves. The two constructions 
equivalent. A d 
The long-run MC curve can be constructed by plotting the derivative 
long-run total cost with respect to output level, or can be derived from thx 
short-run MC curves. However, the long-run MC curve is not the envelope € 
the short-run MC curves. Short-run MC equals the rate of change of short-run 
variable cost with respect to output level; long-run MC is the rate of chi 


of total cost assuming that all costs are variable. Therefore, portions of 
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short-run MC curves may lie below the long-run MC curve. The long-run MC 
curve may be defined as the locus of those points on the short-run MC curves 
which correspond to the optimum plant size for each output.' The equivalence 
of the two methods of deriving the long-run MC curve is obvious in Fig. 4-10. 
The long-run total cost curve is tangent to each short-run curve at the output 
for which the short-run curve in question represents optimum plant size. 
Since the MCs are defined as the slopes of the tangents of these curves, the 
long-run and short-run MCs are equal at such points. 

Assume that the entrepreneur desires to construct a plant for use during a 
number of short-run periods and that he expects to receive the same price for 
his product during each of the short-run periods. Since conditions remain 
unchanged from one period to the next, he will produce the same level of 
output in each period. His profit during one of the periods is the difference 
between his revenue and cost with plant size variable: 


m - pq — o) 


Set the derivative of m equal to zero: 
dr Ps d 
di p-$(q)-0 
or p =(q) 


Profits are maximized by equating long-run MC to p ice, if long-run MC is 
increasing (second-order condition). Once the optimum output is determined, 
the optimum value for k can be determined from (4-35) and (4-30). 

Consider the family of short-run cost curves generated by 


C - 0.04q? - 0.99" + (11— k)q t 5k? (4-37) 
For the plant size k = 1, the short-run cost curve is the one given by (4-33). 


Setting the partial derivative of the implicit form of (4-37) with respect to k 
equal to zero, 


GAC, 4k) = 4- 10k =0 
which has the solution k = 0.14. Substituting into (4-37) gives the long-run 
cost function: 
C =0.04q° —0.9q°+ (11 -0.1q)q + 5(0.1q)° 


= 0.04q? — 0.954? + liq 
Long-run fixed cost equals zero. 
1 It is not correct to construct the long-run MC curve by selecting the points on the short-run 


MC curves which correspond to the optimum output (i.e., point of minimum AC) for each plant 
size. 
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Let the price of the entrepreneur's product be 4 dollars, as in the example 
for a short-run cost function. Setting price equal to long-run MC, z 
4=0.12q?-1.9q+11 

which yields the quadratic equation 
0.122?-194 47-0 ^ 


with the roots q 5.83 and q= 10. Profit is maximized at an output of 10 
units. Utilizing the relation k — 0.1q, the optimum-size plant is given by k — 1. 
The entrepreneur's profit per short-run period is i» 


7 = pq — (0.0495 — 0.950? + 11q) = 40 55 = -15 P 
As in the last example, the maximum operating profit is a loss of 15 dollars. In. 
the long run the entrepreneur is unable to earn a positive profit and will not 
The situation is quite different if price is increased to 6 dollars. Setting | 
long-run MC equal to price yields the quadratic equation 
0.124?- 1.94 5-9 


with the roots q ~ 3.3 and q = 12.5. Profit is maximized at an output of 12.5 
units. Profit is positive for this plant size: 


m = 75 — 67.1875 = 7.8125 ff 
and the entrepreneur will construct a plant of the optimum size (k = 1,25). 
i Us 


» 


4-5 JOINT PRODUCTS 


Some production processes will Yield more than one output. Sheep raising is 
the classic example of such a process, Two outputs, wool and mutton, can be 
produced in varying proportions by a single production process.! The case of 
joint products is distinguished on technical rather than organizational grounds 
and exists whenever the quantities of two or more outputs are technically 


Basic Concepts 


Consider the simplest case in which an entrepreneur uses a single input (X) 
for the production of two outputs (Q, and Qh). In implicit form his production 


single 
compound wit of output a0: ais of Q, and 1 walt of Qi witb peice of hp p md wen a ad i 
single output 
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function is 
H(q1, 42, x) - 0 (4-38) 


where qi, qa, and x are the respective quantities of Qi, Qz, and X. Assume that 
(4-38) can be solved explicitly for x: 


x =h(q1, 4) (4-39) 


The cost of production in terms of X is a function of the quantities of the two 
outputs. It is customary to assume that (4-39) is a positive-valued increasing 
function over a domain in which q, and q are positive or nonnegative. In 
addition it is normally assumed that (4-39) is regular strictly quasi-convex for 
constrained optimization, and strictly convex for profit maximization. 

A product transformation curve is defined as the locus of output com- 
binations that can be secured from a given input of X: 


x’ = h(qy, 42) 


Three of a family of product transformation curves are presented in Fig. 41 1. 
The further a curve lies from the origin, the greater the input of X to which it 
corresponds: 


OS x9» x0 
The slope of the tangent to a point on a product transformation curve is 


the rate at which Q; must be sacrificed to obtain more Q, without varying the - 
input of X. The negative of the slope is defined as the rate of product 


transformation (RPT): 


ep” 


LT R® 


[7 


E 


SS 


[^ 4, Figure 411 
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Taking the total differential of (4-39), 
dx = h, dq, + h, dq; 
Since dx = 0 for movements along a product transformation curve, 


RPT = -d4 .. (4-40) 
1 hı 
The RPT at a point on a product transformation curve equals the ratio of the 
marginal cost of Q, in terms of X to the marginal cost of Q; in terms of X at 
that point. 
„Alternatively, the RPT can be expressed in terms of the MPs. The 
inverse-function rule applies: 


Say l^ 4.1 
Ox hy ôx hz +4) 


Substituting into (4-40), 
= ~ 992 _ 2q ax 
eit dq; 4q,/ax yes 


The RPT equals the ratio of the MP of X in the production of Q, to the MP 
of X in the production of Q,. An assumption that (4-39) is increasing ensures 
that both MPs are positive, as rational operation requires; the slopes of the 
product transformation curves are negative; and the RPT is positive. 

Taking the total derivative of (4-42), the rate of change of the RPT is 


-FR = nd 2h hah (4-43) 


An assumption that (4-39) is regular strictly quasi-convex ensures that (4-43) 
is positive, i.e., that the RPT increases as a movement is made from left to 
right along a product transformation curve. As more Q, and less Q. is 
produced with a fixed input quantity, an increasing amount of Q; must be 
sacrificed per unit of Q,. Since (4-43) is positive, a product transformation 
curve gives q as a function of q, with negative second derivative, ie, q asa 
strictly concave function of q;. Such product transformation curves are bowed 
away from the origin as pictured in Fig. 4-11. 

The system of product transformation curves in Fig. 4-11 is generated by 
the implicit production function 


qi*qi-x-0 
The product transformation curves are concentric circles: 
= qi* qi 


with RPT = q//q;. For qı, q; ^0, the slopes of the product transformation 
curves are negative, and the RPT positive. The rate of change of the RPT as 
given by (4-43) equals (qj + q)/q} in this case. 


THE THEORY OF THE FIRM 95 


Constrained Revenue Maximization 


If the entrepreneur sells his outputs at fixed prices, his revenue is given by the 
linear equation 


R = pidit pid: (4-44) 


where p; and p; are the prices of Q, and Q: respectively. An isorevenue line is 
the revenue counterpart of an isocost line and is defined as the locus of output 
combinations that will earn a specified revenue. Three of a system of 
isorevenue lines are presented in Fig. 411. They are parallel straight lines 
with slopes equal to the negative of the ratio of the output prices (7 pilp3- 
To solve the constrained-maximization problem of an entrepreneur who 
desires to maximize revenue for a specified input of X, form the function 


W = pigi + Prat Hix? h(a, 421 


where is an undetermined Lagrange multiplier, and set its partial deriva- 
tives equal to zero: 


aW — p,- uh c 


di 
aw 
L—2p-— =0 
3q: P2 ph 
aW -ehl q) 70 
Op 


Moving the second terms of the first two equations to the right and dividing 
the first by the second, 


pi. hic gpT 
p In 
or substituting from (4-41), 


= 9ulox . 
B = es RPT (4-45) 


The RPT must be equated with the fixed price ratio. In geometric terms, the 
specified product transformation curve must be tangent to an isorevenue line. 
The first-order conditions may also be stated as 


OPI a E 
Beh oh 
or substituting from (4-41), 
a d 
a pP = 
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The value of the MP of X in the production of each output must equal yu, the 
derivative of R with respect to x with prices constant.' 

The second-order condition requires that the relevant bordered Hessian 
determinant be positive: 


—phy -ghn —h 
-yuhi -uh; —h,|>0 
-h -h 0 
Expanding, 
phi - 2hjhh; hh?) >0 
Since y >0, 


(ihid - 2hhih; + hnh?)>0 


With h; >0 as required by the first-order condition, it follows from (4-43) that 
the second-order condition requires that the product transformation curve 
have an increasing RPT at a point at which the first-order conditions are 
satisfied. If (4-39) is regular strictly quasi-convex over a domain, a point at 
which the first-order conditions are fulfilled is a unique constrained revenue 
maximum over that domain. 

An entrepreneur might desire to minimize the amount of X necessary to 
obtain a specified revenue. In this case he would minimize (4-39) subject to a 
revenue constraint. Geometrically, he desires to reach the lowest product 
transformation curve that has a common point with a specified isorevenue 
line. For constrained revenue maximization he desires to reach the highest 
isorevenue line possessing a common point with a specified product trans- 
formation curve. If the product transformation curves are strictly concave, 
every point of tangency between an isorevenue line and a product trans- 
formation curve represents the solution of both a constrained-revenue-max- 
imization and a constrained-input-minimization problem. The locus of all 
points of tangency (see OE in Fig. 4-11) is an output expansion path similar in 
interpretation to the input expansion path of the single-product firm. 


! The total differential of (4-44) in this case is 


dR = p, dq, + p; dq; 
or substituting p, = uh, and p: = uh» 


dR = u(h; dq, + hı dq;) 
Dividing this by the differential of (4-44), 


the total derivative of R with respect to x with prices 
constant is 


dR _ ylh dg, + h; 


dx hdq*hdq ^" 
and is called the marginal-revenue product of X. 
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Profit Maximization 
Express profit as a function of q, and q: 

7 = piq + pida HCG, q2) 
and set its partial derivatives equal to zero: 


Moving the price terms to the right and dividing by the marginal costs in 
terms of X, 


or substituting from (4-41), 


r-p E =p Ed (4-46) 
The value of the MP of X for the production of each output must be equated 
to the price of X.t The entrepreneur could increase profit by increasing his 
employment of X if its return in the production of either product exceeded its 
cost. 

Second-order conditions require that 
-rhn neal >0 
re o s cre 


Expanding the second determinant, 
P(huhn—hin)> 9 
Since r>0, the second-order conditions can be stated as 
hy, >0 huha — hi7 0 (4-47) 


Both together imply that hz > 0. The marginal cost of each output in terms of 
X must be increasing. Conditions (4-47) require that the production relation 
(4-39) be strictly convex in à neighborhood about a point at which the 
first-order conditions (4-46) are satisfied. If (4-39) is strictly convex 


K 
t Followi the derivations of (445) and the note on page 96, it is not surprising to leara ha 
profit port ay = rh requires that r = dR|dx. The rate at which the application of an additional 
unit of X would increase the entrepreneur's revenue must equal its price. 
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formation curves are given by a system of concentric circles. His profit is 
7 = pigi t+ pida r(qi + q3) 


Setting the partial derivatives equal to zero 

rd 
on 

TT n= Ore, =O 
aq: PT rA 


om 
£ = p,—2rq,=0 
óqi pi— 2rqdi 


The first-order conditions can be stated as 


pa wr 
2q. 24; 


Second-order conditions (4-47) are satisfied: 


22-0 4-0=4>0 


4-6 GENERALIZATION TO m VARIABLES 


The analysis of the firm is easily generalized to cover a production process 


with s outputs and n inputs. The production function is stated in implicit form 
as 


Flais ...,d5 Xy ...,X,) 20 (4-48) 


where (4-48) is assumed to possess continuous first- and second-order partial 
derivatives which are different from zero for all its nontrivial solutions. It is 
assumed that (4-48) is an increasing function of the q’s and a decreasing 
function of the x's. Thus, in implicit form (4-1) is written as q —fGQa, x) 7 0, 
and (4-39) as h(qi, q;) — x — 0. Finally, it is assumed that (4-48) is regular 
strictly quasi-convex over a relevant domain. 


Profit Maximization 


Profit is the difference between the total revenue from the sale of all outputs 
and the expenditure upon all inputs. 


7-Ea-X m (4-49) 


The entrepreneur desires to maximize profit subject to the technical rules 
given by the production function. Form the function 


I= pa.- $ r4 * FQ... x) 
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and set each of its (s +n + 1) partial derivatives equal to zero: 
ðJ 


ag PAREO E S ATT 

A -r+ AF =0 j=l,...,m (4-50) 
X 

as — 2 

Sx 7 Fis +++ Xn) 0 


where Fi(i=1,...,8 +n =m) is the partial derivative of (4-48) with respect 
to its ith argument. 
Select any two of the first s equations of (4-50), move the second terms to 


the right, and divide one by the other:' 


Pafado pk-i.. (4-51) 
pO; SMS NTS 


The RPT for every pair of outputs—holding the levels of all other outputs and 
all inputs constant—must equal the ratio of their prices. For the kth output 
and the jth input, (4-50) implies that 
n. Fa L9 Sit BS tol al 
Pk F, Ox; or n Pk ]* D. 
The value of the marginal product of each input with respect to each output is 
equated to the input price. Finally, consider two inputs. The first-order 
conditions become 
Lai Wind C vem 
Fosgate 
The RTS for every pair of inputs—holding the levels of all outputs and all 


other inputs constant—must equal the ratio of their prices. f 
The second-order conditions for the maximization of profit require that 


the relevant bordered Hessian determinants alternate in sign: 
AF AFim Fi 


AF, AF Fi xoci» DAN ewe sie. 
AFy, AFn Fi 20,...,0 D^ AF mi i AF Fn >0 (4-52) 
F E 0 1 0 


Multiplying the first two columns of the first array and the first m of the last 
by 1/A, and multiplying the last row of both arrays by A, 


Fu -Fim Fi 
Fy Fn F nent psc! CCG OMI 

Al Fy Fa Fi)>0,-5.5(-D"A DTE LE 20 
Fr F 0 ico en SR 0 


‘The implicit-function rule, FF; = — qj àq,, is utilized in (4-51) (see Sec. A-2). E 
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Since A <0 from (4-50), the second-order conditions require that 


Fu Fo Fi B aren $ os 
T pa " ichs Fut Fam Fn ce E 
1 2 FF. 0 


Conditions (4-53) are satisfied by the assumption that (4-48) is regular 
strictly quasi-convex. This assumption encompasses the assumptions that 
(4-1) is strictly concave and that (4-39) is strictly convex as special cases. 
Consider the one-output-two-input case of (4-1). The implicit product func- 
tion is q—f(xi,3;) ^ 0 with the partial derivatives Fi 1, F= -fı and 
F,= -fz In this case, conditions (4-53) are 


0 0 0 1 


o fu feo o ft cfe fleo 
buf ust la-la 


Expand each determinant by the last element in its first row, then by the last. 
element in its first column; multiply both columns of the second determi 
by —1, and finally multiply the second determinant by —1: 


f: "m f «| K 

fuso fu fn m0 
which imply the strict concavity of (4-1). This result is easily generalized to 
the one-output-n-input case. It also can be shown that conditions (4-53) for 
the implicit form of the s-output-one-input production relation is equivalent. 
to strict convexity for the explicit form of this relation. . 


satisfy the first-order conditions (4-50). By total differentiation of (4-50) 
AF, dqy+++*+AFim dx, + Fidà =—dp, 


AFmı dQ) ++ * ++ AF un dx, Fa dÀ = dr, (4 
Fy dqit++::+ Fa dx, =0 


Assume that the price changes are given and treat (4-54) as a system 
(m +1) linear equations in (m+1) variables: dq (i=1,...,s), dx, U= 
a n), and dÀ. Using Cramer's rule (see Sec. A-1) to solve (4-54) for 
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dq Ead dre ro eie: 


(4-55) 
dy -Pundo z tasuda irpo, 


where 2 is the determinant of the coefficients of (4-54) and Dy is the cofactor 
of the element in the ith row and jth column of the array. The determinant 2 
is the same as the highest-order determinant of (4-52). 

The rate of change of quantity with respect to a price is determined by 
dividing both sides of (4-55) by the price differential and letting the remaining 
price differentials equal zero: 


ôd; = 29% Pu ^ 
áp. ap) D bkal isss 
dy 0 Done jkl, 
an an D pisei ETEL 
y (4-56) 
Ogi _ OX Dua j=1,...,8 
on Op; D k=1,...,n 


Since D is a symmetric determinant, the partial derivatives (4-56) are also 
symmetric. There is no counterpart of the consumer’s nonsymmetric income 
effect in the theory of the profit-maximizing firm. The total effect for the firm is a 
symmetric substitution effect. ) 

Most of the derivatives of (4-56) may be of either sign depending upon the 
particular form pf the implicit production function. The signs of own-price 
effects, however, can be determined. It follows from (4-52) that 2; and 2 
must be of opposite sign for j = 1,. . ., m. Therefore, 


24, 0 =1 
3p, j=1, 
An increase of the jth output price, with other prices constant, will always 
increase the production of the jth output. An increase of the kth input price, 
with other prices constant, will always decrease the use of the kth input. 


m 


9-9 k21,...,n 
on 


4-7 SUMMARY 


The production function for the one-output-two-variable-inputs case gives the 
maximum output level that can be secured from each possible input com- 
bination. It is assumed to be positive valued and increasing over a relevant 
domain. For some purposes it is assumed to be regular strictly quasi-concave, 
and for others to be strictly concave. Product curves are obtained by 
treating the quantity of one of the variable inputs as a parameter and expressing 
output as a function of the quantity of the other. An output elasticity for an input 
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is the proportionate rate of change per 1 percent change of the input. An isoquant 
i$ the locus of all input combinations that yield a specified output level. A regular 
strictly quasi-concave production function generates convex isoquants. The 
elasticity of substitution relates proportionate changes in the input ratio to 
proportionate changes in the rate of technical substitution along an isoquant. 

The entrepreneur may desire to maximize his output level for a given — 
cost, or he may desire to minimize the cost of producing a given output level. 
The first-order conditions for both problems require that the rate of technical 
substitution between the inputs be equated to their price ratio. In diagram- 
matic terms, both require tangency between an isoquant and an isocost line. 
The locus of such tangency points is the expansion path of the firm. Second- 
order conditions require that the production function be regular strictly — 
quasi-concave in the neighborhood of a point at which the first-order con- 
ditions are satisfied. The entrepreneur may allow both output level and cost to 
vary and maximize his profit. First-order conditions require that the value of | 
the marginal physical product of each input be equated to its price. 
Second-order conditions require that the production function be strictly 
concave in the neighborhood of a point at which the first-order conditions are s 
satisfied. This means that the marginal products of both inputs must be - 
decreasing. 

The producer's demand for an input is derived from the underlying | 
demand for the commodity which he produces. His input demand functions. 
are obtained by solving his first-order conditions for his input levels as. 
functions of input and output prices. An input demand curve relates the - 
demand for an input to its own price; these curves are always downward 
sloping. An application of the Le Chatelier principle establishes that the - 
long-run reduction in the demand for an input following an increase of its _ 
price cannot be smaller than the short-run reduction. 1 

Given the entrepreneur's production function, cost equation, and expan- 
sion path function, his total cost can be expressed as a function of his output 
level. In the short run, the cost of his fixed inputs must be paid, regardless of 
his output level. The first-order condition for profit maximization requires the | 
entrepreneur to equate his marginal cost to the selling price of his output. The 
second-order condition requires that marginal cost be increasing. This strict 
convexity of the cost function will be achieved if the underlying production. 
function is strictly concave. The entrepreneur is able to vary the levels of his - 
fixed inputs in the long run and therefore is able to select a particular 
short-run cost function. His long-run total cost function is the envelope of his 
alternative short-run total cost functions. Long-run profit maximization 
requires that long-run marginal cost be equated to selling price and that - 
long-run marginal cost be increasing. j 

Two or more outputs are often produced jointly in a single production 
process. In the simplest case the quantities of two outputs can be expressed 
as a function of the quantity of a single input. A product transformation curve 
is the locus of all output combinations that can be secured from a given input 
level. The production relation normally is assumed to be regular strictly 
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quasi-convex and thus to have concave product transformation curves. The 
entrepreneur may desire to maximize the revenue he obtains from a given 
input level. First-order conditions require that he equate the rate of product 
transformation to the ratio of his output prices. In diagrammatic terms he will 
operate at a point at which an isorevenue line is tangent to a particular 
product transformation curve. Regular strict quasi-convexity of the produc- 
tion relation ensures satisfaction of the second-order condition. If he desires 
to maximize profit, he must equate the value of the marginal product of 
the input with respect to each output to its price. Second-order conditions 
require that the production relation be strictly convex in the neighborhood of 
a point at which the first-order conditions are satisfied. 

In the general case n inputs are used for the production of s outputs, and 
the production function is stated in implicit form. It is assumed to be 
increasing with respect to output levels, decreasing with respect to input 
levels, and regular strictly quasi-convex over a relevant domain. The first- 
order conditions for profit maximization require that: (1) the rate of product 
transformation between every pair of outputs equal their price ratio, (2) the 
value of the marginal product of each input with respect to each output 
equal the input price, and (3) the rate of technical substitution between every 
pair of inputs equal their price ratio. Substitution effects with respect to price 
variations can be computed, but there is no counterpart for the consumer’s 
nonsymmetric income effect. 


EXERCISES 


41 Construct the average and marginal product functions for X, which correspond to the 

production function q = xix; - 0.2x}—0.8x3. Let x; = 10. At what respective values of x, will the 

AP and MP of X, equal zero? 

42 Determine the domain over which the production function q= 100(x, + x;) + 20x; — 

12.5(x}+ x3) is increasing and strictly concave. 

4-3 Derive an input expansion path for the production function q = A(x; + G5 + D^ where 
a, B0. 

44 Assume that an entrepreneur's short-run total cost function is C = q' — 109 * 17q + 66. 
Determine the output level at which he maximizes profit if p = 5. Compute the output elasticity of 
cost at this output. 

45 A family of short-run total cost curves is generated by C = 0.04? — 0.94? + (10 — In k)q + 8k? 
Where k » 1 denotes plant size. Determine the firm's long-run total cost curve. 

4-6 An entrepreneur uses one input to produce two outputs subject to the production relation 
x= A(qt + q8) where a, B> 1. He buys the input and sells the outputs at fixed prices. Express 
his profit-maximizing outputs as functions of the prices. Prove that his production relation is 
strictly convex for qı, q; » 0. 

47 An entrepreneur produces one output with two inputs using the production function q= 
Axtx!-*. He buys the inputs and sells the outputs at fixed prices. He is subject to a quota which 
allows him to purchase no more than x? units of X,. He would have purchased more in the 
absence of the quota. Determine the entrepreneur's conditions for profit maximization, What is 
the optimal relation between the value of the marginal product of each input and its price? What 
is the optimal relation between the RTS and the input price ratio? 
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CHAPTER 


FIVE 
TOPICS IN THE THEORY OF THE FIRM 


The basic theory of the firm, perhaps even more than the theory of the 
consumer, has been extended and applied to a very wide range of problems. 
Some of these extensions and applications are discussed in this chapter. The 
properties of homogeneous production functions are the subject of Sec. 5-1, 
and the properties of constant-elasticity-of-substitution (CES) production 
functions are the subject of Sec. 5-2. The Kuhn-Tucker analysis is illustrated 
for two different types of production discontinuities in Sec. 5-3. The duality 
between production and cost functions is discussed in Sec. 5-4. Shephard's 
lemma is also covered there. In Sec. 5-5 the theory of the firm is extended to 
cover uncertain price and output situations by introducing profit into the 
entrepreneur’s utility function. Linear production functions are described in 
Sec. 5-6. The general concepts of linear programming are developed in Sec. 
5-7 with examples drawn from linear production theory. Yet a different type 
of duality is established for pairs of linear-programming systems. 


5-1 HOMOGENEOUS PRODUCTION FUNCTIONS 


"Returns to scale" describes the output response to a proportionate increase 
of all inputs. If output increases by the same proportion, returns to scale are 
constant for the range of input combinations under consideration. They are 
increasing if output increases by a greater proportion and decreasing if it 
increases by a smaller proportion. A single production function may exhibit 
all three types of returns. Some economists assume that production functions 
exhibit increasing returns for small amounts of the inputs, then pass through a 
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stage of constant returns, and finally exhibit decreasing returns to scale as the 
quantities of the inputs become greater and greater. | 


of 


Properties 


Returns to scale are easily defined for homogeneous production functions. A 
production function is homogeneous of degree k if i 


f(txi, tx) = tf(x1, x) (5- 1) 


-where k is a constant and t is any positive real number. If both inputs are 
increased by the factor t, output is increased by the factor t*. Returns to scale 
are increasing if k > 1, constant if k = 1, and decreasing if 0 <k < 1. Homo- 
geneity of degree one is often assumed for production functions.' 

Following the derivations of Sec. 3-3, the partial derivatives of a functio! 
homogeneous of degree k are homogeneous of degree k — 1. Homogeneity 
degree one is of particular interest in this regard. If a production function 
homogeneous of degree one, the marginal products-of-X; and X; are homo- 
geneous of degree zero; i.e., they remain unchanged for proportionate 


changes of both inputs. In particular 
; zy (f 
fie, x3) A(z, 1) 


FAX, x) = re. 1) 


where t = 1/x;. The MPs depend only upon the proportion in which X, and X 
are used. 

The isoquants for a homogeneous production function possess the sami 
properties as the indifference curves for a homogeneous utility function as 
described in Sec. 3-3. The RTS depends upon the ratios in which the input 
are used, not their absolute quantities. A straight line emanating from th 
origin in the positive quadrant connects input points with equal RTS. Co 
sequently, the expansion path which is the locus of points with RTS equal ! 
the fixed input price ratio is a straight line if the production function is 
homogeneous of any degree. Any production function that can be expresset 
as a monotonic increasing function of a homogeneous function is calle 
homothetic, and has the same isoquants as its underlying homogeneot 
functions although the quantities corresponding to each isoquant are genera 
different. The production function given by (4-5) is homothetic, but 
homogeneous. 


One of the most widely used homogeneous production functions is tht 
7 


A function which is homogeneous of degree one is said to be linearly homogencous. 
course. does not imply that the production function is linear. 
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Cobb-Douglas function: 
q = Axixb* (5-2) 
where 0 < a < 1. Increasing the levels of both inputs by the factor t, 
f(tx, tx) = A(tx)* (tx) = tAxtix E" 


The Cobb-Douglas function is homogeneous of degree one. The MPs of both 
inputs are homogeneous of degree zero: 


fixi, x2) = aAxt"!xY* 

fi, X) = (1 — a) Axixz* 
fi(txi, tx) = Atat tox? = aAxt x} * 
Sol tx), tx) = (1 —a)At xit "x3" = (1— a) Axtx2* 


In Sec. 4-1 it is shown that this production function is positively valued, 
increasing, and regular strictly quasi-concave over the domain x;, x.> 0. 

The expansion path generated by the Cobb-Douglas function is linear. 
The first-order conditions for a constrained optimum require that 


n fh. aAxt^xl* aprig 


n f (1—a@)Axixy? (1-a)xı 
Therefore, the expansion path is given by the implicit function 
(1 — a)rixi — ax, = 0 


Which describes a straight line emanating from the origin in the isoquant 
plane. 


Euler's Theorem and Distribution 


Euler's theorem states that the following condition is satisfied by a homo- 
geneous function:! 


xfi xfi = kf (Xi x) (5-3) 


This theorem yields a number of results of interest in economics. For 
example, dividing (5-3) by q, 


or +an=k 


The sum of the output elasticities [see (4-4)] for X, and X equals the degree 
of homogeneity, 


' Differentiating (5-1) partially with respect to f using the composite-function rule on the left, 
xf tx, tx5) + xaf At), tx;) = kt f(xy, x2) 
Equation (5-3) is obtained by substituting 1 = 1. 
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Assuming that the production function is homogeneous of degree one, 
and substituting q = f(xi, x2), 


xit xfi-4 (5-4) 


Total output equals the MP of X, multiplied by its quantity plus the MP of X; 
multiplied by its quantity. If the firm were to pay the suppliers of each input 
its marginal physical product, total output would be just exhausted. Total 
payments would exceed output if the degree of homogeneity were greater 
than one and would be less than output if it were less than one. 

Euler's theorem played a major rule in the development of the marginal- 
productivity theory of distribution. The basic postulates of this theory are: (1) 
each input is paid the value of its marginal product, and (2) total output ‘s just 
exhausted. Since these conditions are satisfied by production functions 
homogeneous of degree one, it was mistakenly assumed that all production 
functions must be of this type. 

The Cobb-Douglas function was utilized to attempt an empirical 
verification of the marginal-productivity theory of distribution. The variable q 
represented aggregate output, and x, and x; were aggregate inputs of labor 
and capital respectively. Euler's theorem is satisfied: 


q = xila Axt xY")  xi((1— a) Axtxz"] 
= aAxixy*+(1—a)Axix}? 
Substituting from (5-2), 
q=aq+(l—a)q 
If each factor is paid its marginal product, total output is distributed between 


labor and capital in the respective proportions a and (1— a). Paul Douglas 


estimated a from aggregate time-series data and compared his estimates with 
labor's share of total output.' 


The condition of product exhaustion is equivalent to the condition that 


maximum long-run profit equal zero. Multiplying (5-4) through by the price of 
the product 


xipfi) + xXpfz) = pq 
Substituting r;= pf, and r;- pf; from the first-order conditions for profit 
maximization, 
TX, nX% = pq (5-5) 


Long-run total outlay equals long-run total revenue. Following the assump- 
tions of the marginal-productivity theory, (5-5) leads to the startling con- 
clusion that long-run profit equals zero regardless of the level of the product 


price. 


' See the references listed at the end of this chapter. 
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The analysis of the marginal-productivity theory of distribution is 
misleading, if not erroneous. The conventional analysis of profit maximization 
breaks down if the entrepreneur sells her output at a constant price and 
possesses a production function which is homogeneous of degree one. The 
reader can verify that in this case her profit function is also homogeneous of 
degree one: 


tr = pf (tx, tx;) — ritxi — rik 


Three outcomes are possible. If the prices are such that some factor com- 
bination yields a positive profit, profit can be increased to any level by 
selecting a sufficiently large value for t. In this case the profit function has no 
finite maximum. If the prices are such that every factor combination yields a 
negative profit, the entrepreneur will go out of business. 

The third possibility, to which the marginal-productivity theorists 
generally limited their analysis, is the most interesting. In this case there is no 
factor combination which will yield a positive profit, but the combination 
(x3, x9) yields a zero profit, From the homogeneity of the profit function it 
follows that the factor combination (tx?, tx) will also yield a zero profit. 
Maximum long-run profit equals zero, but the size of the firm is indeterminate. 
If the entrepreneur can earn a zero profit for a particular factor combination, 
her profit remains unchanged if she doubles or halves her scale of operations. 
If an arbitrary scale of operations is imposed upon the entrepreneur, Euler's 
theorem holds, and her product is just exhausted. 

The assumption of a homogeneous production function is not necessary 
for the fulfillment of the postulates of the marginal-productivity theory. The 
postulates are fulfilled if (1) the production function is not homogeneous, (2) 
the first- and second-order conditions for profit maximization are fulfilled, and 
(3) the entrepreneur’s maximum profit equals zero. Conditions (1) and (2) have 
been assumed throughout the development of the theory of the firm in Secs. 


competing firms will result in the satisfaction of condition (3). Condition (3) 
requires that 
T = pq -rix - rx 70 
Substituting r, = pf, and r = pfs (the first-order conditions), and solving for q, 
q = xit xfi 


Here the result of (5-4) is attained without the use of Euler's theorem. 
Furthermore, since the production function is not homogeneous, the entre- 
preneur's optimum factor combination is generally determinate. 

The indeterminacy problem can be viewed in terms of the inability of the 
entrepreneur to satisfy her second-order conditions for profit maximization. 
Differentiate (5-4) totally, 


(fi xifin + xfa) dx + fa + xifu* xfz) dx; = dq 
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Alternately, let dx; — 0 and divide by dx, and let dx, — 0 and divide by dx;: 


fiexdutxfac Sd e f, 


fat xifat xfao $4 = fi 


Subtract fı from both sides of the first equation and solve for f,,, and subtract 
fz from both sides of the second and solve for fn: 


fiet fn= -Xf (5-6) 


Thus, fn = fx is positive if fi; and fn are negative as assumed. Evaluating the 
Hessian of the production function using (5-6), 


fufa-f= (-2 fa) xr -fh-0 


A production function homogeneous of degree one is concave, but it has 
linear subregions in which it is not strictly concave. 

." Production functions homogeneous of degree one are used often and 
meaningfully in economics despite the indeterminacy problems for the in- 
dividual firm. A number of assumptions are invoked to cope with this 
problem. Two possible assumptions are: (1) Firm size and firm numbers are 
determined by some arbitrary mechanism subject to the condition that in- 
dustry output satisfies industry demand. (2) An industry possesses a produc- 
tion function homogeneous of degree one even though the individual firms 
within the industry do not possess such production functions. In Chaps. 7 and 
8 it is shown that firm size may be determinate if firms operate under 

"conditions of imperfect competition. 


Long-Run Cost Functions 


It is possible to construct long-run cost functions with all inputs variable for 
homogeneous production functions with convex indifference curves. Let 
(x1, x3) be the optimum input combination for the production of one unit of Q. 
The corresponding production cost is a = r,x} + r;x3. Since the expansion path 
for a homogeneous production function is linear, all optimum input com- 
binations may be written as (tx, tx5). Therefore, the production function and 
cost equation may be written as 


q = f(txi, tx) = (* 
€ - (rix] * nxt = at 


Solving the first equation for £ and substituting into the second, the total cost 
function is 


C= aq 
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" dC _ 4 -kyk dC _a(i-k) aun 

o. da ks dik! 

Functions homogeneous of degree one have constant MC and ATC and a 

linear long-run total cost function. MC is increasing throughout for k < 1 and 

decreasing throughout for k>1. The second-order condition that MC be 

increasing can be satisfied only if the degree of homogeneity is less than one. 
The production function q = Axixé with a,B>0 is homogeneous of 


degree a + B: 


q = A(txiy (tea)? = t*'PAxixt 


Equation (4-30) gives long-run cost functions for production functions of this 
class, The cost function for the Cobb-Douglas production function with 
atB-lis 


C - aq 
where a- Lid. 
Aa*(1—-a) * 
5-2 CES PRODUCTION FUNCTIONS 5 


A production function which belongs to the CES class has two major 
characteristics: (1) it is homogeneous of degree one, and (2) it has a constant 
elasticity of substitution (see Sec. 4-1). Production functions which lack one 
or both of these characteristics do not belong to the CES class. In Sec. 4-1 it 


was shown that the production functions q= Axix? have constant unit 


elasticities of substitution. Thus, all production functions in this class satisfy 
criterion (2). However, criterion (1) is satisfied only for a + B = 1, that is, for 
the Cobb-Douglas function. The production function q = Axfxr* + x, is 
homogeneous of degree one, but does not have a constant elasticity of 
substitution and is not a member of the CES class. — 


Properties 
By advanced methods it has been shown that the class of CES production 
functions may be expressed in the form' à 
q= Alaxi? + (1 - a) "^ (5-7) 
where the parameters A>0 and 0a < 1. It is easily verified that (5-7) is 
homogeneous of degree one: 
Ala(tx))* +0- aXtx) "T^ = tA[axi* + (1 — a)x:"] ie 


! See K. Arrow, H. B. Chenery, B. Minhas, and R. M. Solow, “Capital-Labor Substitution and 
Economic Efficiency,” Review of Economics and Statistics, vol. 43 (August, 1961), pp. 228-232. 
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The marginal products of the inputs are 
dq a (qy"  $3q l-a(qY" 
ox; A? (2) Ox, AP’ (2) 1 
which are positive for the domain x;, x; 7 0. The rate of technical substitutio 
is aa 
x He xy" 
eps l~a (2) 


The RTS is decreasing and the isoquants convex for p>-—1. This alse 
establishes that a CES production function is regular strictly quasi-concave 
for the domain x), x; 0. up 

An expression for the elasticity of substitution for production function: 
homogeneous of degree one is obtained by substituting (5-6) into (4-11) — 


— Bifeafi t x 
T funt ae 


and invoking Euler’s theorem (5-3), 


For (5-7), 


m 


AE (i+ p)a(l waqin 
r A” (xx)? 
Evaluating (5-9) for (5-7), 


l-o 


1 
e$ pl p= v 


Thus, the parameter p is closely related to the constant elasticity of s ib- 

stitution. The inequality p >—1 is equivalent to ø >0. 
t 

Isoquants Í 

The particular shape of the convex isoquants generated by a CES functio 


depends upon the value of c. Two limits and three intermediate 
describe the possible isoquant configurations. 


Case 1 o +0, p++. The RTS (5-8) approaches zero if x, >x, or +2 
x, < xy, and in the limit substitution is impossible. The curvature of the 
isoquants approaches a right angle. 

Case 2 0 « v « 1, p >0. The isoquants for (5-7) can be written as 


axi’ * (1 — a)x;^ = (4) SP (5-1). 
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where K is a positive constant for any selected positive value of q. 
Neither term on the left-hand side of (5-11) can be negative. Therefore, 
neither term can exceed K in value. As x;>0, ax;^ — +. Since there is 
an upper limit K on the value of axi’, xi cannot equal zero. By similar 
reasoning, x; cannot equal zero. Thus, an isoquant neither cuts nor 
approaches the axes. It is asymptotic to xi -(Klay"^ and x= 
[K/(1 — a)". 


Case3 o = 1, p = 0. It has been observed that the CES production function 
becomes the Cobb-Douglas function for a = 1. The interpretation of this 
case is not obvious from (5-7). When the parameter p = 0, (5-11) becomes an 
identity and is not helpful in establishing the properties of this case. These 
properties may be examined by making use of L'Hópital's rule which states 
that! if 

lim h(z) =0 and lim g(z) ^ 0 

ib ib 


and if lim s ine 


i h@) _ E 
then lim IO a 


Write the natural logarithm of (5-7) as the quotient of two functions of p: 
= Te + (1 — ae h , 
y A = cine sax "mE 3°] _ h(p) 


ma = go) 


where h(p)>0 and g(p)>0 as p+0. Taking the derivative of the 
numerator, 
" axi? In xi * (1 — a)x;? In x2 
h'i) = — -axie + (1 - a)? 
which converges to a In x, * (l~ a) In x; as p 0. Finally, g'(p)= 1. By 
L'Hópital's rule the limiting case is 
Inq-inA-« In xi * (1 7 a) In x2 


and q = Ax1xk* which is the Cobb-Douglas function. 
Case4 o ^ 1,-1 < p <0. Theexponents of the terms on the left of (5-11) are 


positive. Isoquants will meet both axes. If x; — 0, x; = [K/(1 — a)T ^, and if 
x, 7 0, x, =(K/ay’. 


Case 5 g > +, p> - 1. In the limit the exponents of both terms on the left 
of (5-11) are one, and the isoquants are straight lines. The inputs are perfect 
substitutes in this limiting case. * 


! See T. M. Apostol, Calculus (2d ed., New York: Wiley, 1967), vol. I, pp. 292-295. 


114 MICROECONOMIC THEORY: A MATHEMATICAL. APPROACH 


The Equilibrium Condition 


The CES production function (5-7) is cumbersome and difficult to manipulate. 
Its RTS, however, is quite simple, and this is one of the reasons for its 
popularity and wide use. Substituting for o from (5-10), and letting the RTS . 
(5-8) equal the input price ratio, 


and Haa y (5-12) 


where a —[(1— a)/a]". The reader can verify from (5-12) that the constant 
elasticity of substitution is also the constant elasticity of the input use ratio 
(%2/x,) with respect to the input price ratio. 

Equation (5-12) states that the input use ratio is a simple power function 
of the input price ratio, Since this function is linear in the logarithms of the 
variables, the parameters 4 and c are amenable to estimation by linear 
regression analysis from time-series data. If X, and x; are labor and capital 
respectively, (5-12) shows how the capital-labor ratio for a particular good 
changes with changes in the wage-capital rental ratio. 


A Generalized CES Production Function 


The CES production function is defined to be homogeneous of degree one. It 


is here generalized to cover any degree of homogeneity. Consider the 
production function 


4 = B[axi* * (1— a)x;^]-v» (5-13) 


with the domain x;, x, 0 where B, a, and k are positive. This function is 
homogeneous of degree k: 


B[a(txi)^ + (1— atx”) = B[ax;? + (1— a)x;?] "e 


The MPs are 

ôa _ kaq **»» ôq ki l-a (hope 

Ox, Baio ac pen 
The function (5-13) can be expressed as a positive monotonic trans- 
formation of (5-7). Isoquants are unaltered by such transformations, Con- 
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5-3 THE KUHN-TUCKER CONDITIONS 


The Kuhn-Tucker conditions are useful for the analysis of a wide range of 
topics in the theory of the firm. Corner solutions such as those illustrated in 
Sec. 2-2 may occur for the firm as well as the consumer. Two examples are 
given here to suggest further situations that may be covered by Kuhn-Tucker. 
In the first the entrepreneur has the choice of either producing or purchasing 
an input. In the second she must determine how much, if any, overtime labor 
to purchase. 


An Input Option 
Assume that an entrepreneur has the following two-input production function: 


q = f(Xn + X12, X) 
where x; is the quantity of X, that the entrepreneur produces and x; is the 
quantity that she purchases in the market at a constant price of r, dollars per 
unit. The entire quantity, x» of the second input is purchased at the fixed 
Price r; dollars per unit. The entrepreneur's production function for the input 
is 
Xn gx) 

Where x; is the quantity of a third input used for the production of Xj. Its 
constant price is r,. It is assumed that xj, = 0 implies that »- 0. 

The appropriate Lagrange function for profit maximization is 


Z = pf (1) + Xi, X2) 7 riXi3 — r3 — ris + A[g G9) — Xu] 


Assuming that both production functions are concave, the Kuhn-Tucker 
conditions for profit maximization are 


£2. - pf,- A0 xn ep 

Z - pf- nio XE =0 
Zonas mic -0 — (544 
2 .. g(x) - x 20 A2. 


It is also required that the five variables be nonnegative. 
Three general outcomes are possible: ( 1) the input is purchased but not 
Produced; (2) it is produced but not purchased; and (3) it is both produced and 
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purchased. The prevailing case is determined by comparing the marginal 
production cost of X, with the value of its marginal product. From the first 
and fourth inequalities of (5-14) 


MC, = ga zoz Ef 


The input will be produced as long as MC, £ r;. If the input is purchased but 
not produced, x;; — 0, and x1; 0, the equilibrium relations of (5-14) yield 
pfi =r, SA. If it is produced but not purchased, xi, 7 0 and xn - 0, pfi» AS 
rı. Finally, if it is both produced and purchased, the equilibrium marginal- 
production cost equals the market price of the input. 


A Discontinuous Labor Contract 


Thus far, it has been assumed that an entrepreneur can purchase as much of 
an input as she desires at a constant price. One need not look far to find cases 
that violate this assumption. Assume that an entrepreneur has a labor contract 
whereby she may purchase up to L units of labor at the going wage rate w, 
but must pay an overtime premium to secure additional units of labor. 
Specifically, assume that she can obtain as much as 0.2L additional units at a 
wage of 1.5w—call this time-and-one-half labor— and get another 0.2L units 
at a wage of 2w—call this double-time labor. Let L4, L;, and L; be purchased 
quantities of regular, time-and-one-half, and double-time labor respectively. 
Labor use is subject to the following inequality restrictions: 


Teh noek -o2LzL; (5-15) 


Capital is the only other input, and production is governed by the concave 
production function q = f (L, + L, +L, K). 
The Lagrange function in this case is 
V =pf(Li + Li+ Ls, K) - wL,- lL5wL;-2wLs— rK uL — Li) 
*ux0.2L — Ly) + u0.2L — Ly) (5-16) 


where p and r are the fixed output and capital prices respectively. The 
Kuhn-Tucker conditions are: 


ôV av 


aL, Ph- w—-pus0 Lr 79 
aL. = Pf. 15-4250 Lp -0 
SL. = Pf. - 2w - uy 80 LT. =o 
dE pte -r s0 KK =0 
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OV um aV 
a o Fl oui. 
V F aV 
LT--202L- — = 
Em 0.2 L,20 baer 0 
av " av 
Im 0.2L—L;20 on, 0 


and the requirement that each of the seven variables be nonnegative. 

Recalling that u;- 3V*/aL'T where the * indicate optimal values, 
these variables may be interpreted as shadow profits for each of the three 
classes of labor, i.e., the amount by which the value of the marginal product 
of labor exceeds the wage payment for each. The following seven general 
cases are possible depending upon parameter values: 


Case 

l. L,= L,=0 L;=0 pfr=w 

2. 0cL,«L Eao L,-0 pfu-w 

3. Li=L L,=0 L,-0 w S pf, S l.5w 
4 L,-L 0-L,-02L  L,-0 pf. = 1.5w 

5. L= L,-02L L;=0 1.5w S pf, S2w 
6 L-L L;-02L 0c L,«02L pf, —-2w 

7. Li- L L,=0.2L L;=0.2L pf, =2w 


The entrepreneur equates the value of the marginal product of labor to 
the appropriate wage rate insofar as she can, No production is desirable in 
case 1. One of the three wage rates prevails in cases 2, 4, and 6. In cases 3 and 
5 the optimal value for the MP of labor lies between two wage rates; in case 
7, where all available labor is being used, it may exceed the double-time wage. 


5-4 DUALITY IN PRODUCTION 


The analysis of duality given in Sec. 3-4 can be applied with little modification 
to cover maximization of output subject to a cost constraint for the firm. 
However, minimization of cost subject to an output constraint is a more 
interesting problem for the firm, and duality for the firm is focused upon this 
problem. An important duality for the firm exists between the production and 
cost functions. The derivation of the cost function from the production 
function is covered in Sec. 4-4. The derivation of the production function 
from the cost function is considered here. 

Consider the firm's isoquant defined by q" = f(xi, x2), and the first-order 
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condition for cost minimization for this output: — dx,/dx, = ri/r.. Solve these 
equations for the input functions 


x = Varr, q^) 
Xi 7 eril rs, q’) 


where x, and x; are cost-minimizing values expressed as functions of the ratio 
of the input prices and the prescribed output level.' Now differentiate the cost 
equation C = r,x; + rx; given (5-17) and the first-order conditions r; = Af;: 

9C. ( 2h , p 2h) _ i 

ar rx Af 25 ef, 2) - x 0 (51,2 (5-18) 
where A is the Lagrange multiplier in the constrained-cost-minimization prob- 
lem. The bracketed term equals 4q°/dr; = 0 along the isoquant. Equation (5-18) 
is known as Shephard's lemma. The partial derivatives of the cost function 
(4-28) with respect to the input prices equal the cost-minimizing values for the 


(5-17) 


inputs. 
acqui n) mi 2014, re Nes (5-19) 
2 


Since the variable cost function is homogeneous of degree one in the input 
prices, its partial derivatives? are homogeneous of degree zero in the input 
prices, and depend upon the input price ratio rather than absolute input 
prices. Under appropriate conditions, the two equations (5-19) may be solved 
for the two variables q and rjr, with the solution for q providing the 
Ks ae. production function. In practice (5-19) may be very difficult to 
solve. 

Typical duality theorems state that (1) a concave production function yields 
a cost function homogeneous of degree one in input prices, given specified 
regularity conditions, (2) a cost function homogeneous of degree one in input 
prices yields a concave production function, given specified regularity con- 
ditions, and (3) the cost function derived from a particular production function 
will in turn yield that production function. 

As an example, consider the cost function (4-30), 


C = y(rirü)!e«m 
where y = (a + B(Aa*8^)-"**P which was derived for th ion function 
q = Axîx}. Equations (5-19) are or the production fun 
iP t 3) qr) pom = x, 


(2) yq Pp) p) onm = x, 


atf 


' These are not the same as the input demand functions (4-22) which are derived from profit 


maximization. 
? Remember that the partial derivatives of the variable and total cost functions are the same. 


lie A pille i — o c — —— 
Mc —  — À— ——————— ————————— 
— — 
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inthis case. These equations are most easily solved for q by raising both sides of 
the first equation to the power æ, both sides of the second to the power f, and 


‘multiplying. This yields the production function q = Ax? x$. 


5-5 PRODUCTION UNDER UNCERTAINTY 


The expected utility analysis developed in Secs. 3-8 and 3-9 may be applied 
when the firm is subject to uncertainty. It is assumed that the producer has a 
utility function for which profit is the argument, and that she obeys the von 
Neumann-Morgenstern axioms. Two examples are presented in this section. 
In the first, output is certain, and price is subject to uncertainty. In the 
second, price is certain, and output is subject to uncertainty. 

Assume that output price can realize one of n distinct values (pi, .... Pa) 
with the respective probabilities (vı, ..., Vn) where Zrv = 1. The firm's 
expected profit is 


Elsi X nipa -Ca 
=} 
Setting the derivative of output equal to zero, 
dE[z] $ nip, — C'(qg] =p- C (a) =9 5-20 
or X vip; - C'(a)) =P - Ca) (5-20) 


where p is the expected value of price. To maximize expected profit the 
entrepreneur simply equates expected price to marginal cost, and the analysis 
is little altered by the introduction of uncertainty. Bie 

Now consider a situation in which the entrepreneur desires to maximize 
the expected utility of profit 


EUG] = » viU lm) 


where 7, = piq — C(q). Output level is again the decision variable. 
dE[ vcn - $ nUan- cto - t (5-21) 


It d' Ujdz? = 0, the entrepreneur is risk neutral, U'(m) is a constant, and she 


equates marginal cost to expected price as in (5-20). , 
The result is different, however, if the entrepreneur is assumed to be risk 


averse. In this case d?U/dn* <0, and 
È ou'm- C «o om 


where q* is the output level that provides a solution for (5-20). Let the 
outcomes be numbered so that p, and 7 increase with i. Then the square- 
bracketed terms increase from most negative to most positive, and the Um) 
decrease with i. Consequently, (5-22) has a smaller value than (5-20). 
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Since MC is increasing, d, the equilibrium value for output, must be lower 
than q*. Thus, p > C'(q), and equilibrium MC is lower than expected price. 
Risk aversity leads to lower output levels than would be produced in its 
absence. An opposite conclusion is reached if the entrepreneur prefers risk, 
but this assumption is seldom made. 

For an example, assume that the possible price vector is (6, 7, 8, 9, 10) 
with the probability of each being 0.2. Let U(z) —In m and C = 0.05q?. The 
expected value for price is p =8 and solution of (5-20) provides q* — 80. 


Equation (5-21) is } 
dE[U(m)] _ ( ; —0.1 js 
dq fà? 5-005) ^? 
The reader may verify that à — 74.88 provides an approximate solution. 

Now consider the case of a farmer with a guaranteed price of p and a 
target output level of d. Her actual output may differ from d as a result of 
weather. Assume that there are n possible output levels (5,4,..., 5,2) with 
the respective probabilities (vj, . «+» Vn) where the vô; as well as the v; are 
nonnegative and sum to one. The farmer's target output level determines her 
costs and is the relevant decision variable. The expected utility of her profit is 


N 
E[U(z)] = È v,U[pàq — C(ä)) 


Setting its derivative equal to zero, 
dE| 


Ge = X vyU'(m) [5p -" C'(3)] s0 (5-23) 


Equation (5-23) may be treated as a special case of (5-21) with p; = Sp. 
Uncertainty with respect to output leads to the same general result as 
uncertainty with respect to price. Here, expected MC will be less than price. 

For an example, let the ô be (0.6,0.8, 1.0, 1.2,1.4) and the v; be 
(0.1, 0.2, 0.4, 02, 0.1). Let p = 5, C = 0.04q?+ d, and U(ar) « — e-?!* which has 
constant absolute risk aversion (see Sec. 3-9). Equating expected MC to price, 
q = 50. Expected utility is 

E[ U(m)) = -Š ye? ls, -0.04g2-4) 
et 


and the first-order condition is 
re = 0.01 2 vi(på;, -0.084 — 1)e-991054 0042-4 ... 0 


The reader may verify that d ~ 43.59 provides an approximate solution. 


5-6 LINEAR PRODUCTION FUNCTIONS 


A linear production activity is a process by which one or more outputs are 
produced in fixed proportions by the application of one or more inputs in 


iam ccc aaa aaa aa aaa iam a 
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fixed proportions. It is homogeneous of degree one and thus yields constant 
returns to scale. If all inputs are increased (or decreased) proportionately, all 
outputs will be increased (or decreased) by the same proportion. A linear 
production function is formed from a collection of linear production activities 
that may be utilized simultaneously. 


The One-Output Case 


Consider a linear production activity by which a single output is produced 
from m inputs. The activity is completely described by a set of coefficients a; 
(i=1,...,m) which give the quantities of the inputs necessary to produce 
one unit of the output. Requisite input levels are uniquely determined for any 
specified output level: 


x= aq i=1,...,m (5-24) 


The maximum output that can be secured from a specified set of input 
quantities is 

q=min(2) a>0 (5-25) 
Each input can become the factor that limits output. It follows from (5-24) 
that the quantity x, will support an output of xj/a; units, but all other inputs 
must be available in the appropriate amounts to achieve this output level. 
Therefore, the smallest x/a, determines the maximum producible output level. 
Portions of the quantities of some inputs may remain unused because of a 
relative dearth of a limiting input. 

Let the coefficients for a two-input activity be a;=2 and a)=5. An 
output of 1 unit requires x, —2 and x;- 5, an output of two units requires 
X; 7 4 and x; = 10, and so on. If an entrepreneur possessed 4 units of the first 
input and 20 units of the second, she could produce 2 units of output: 


q - min($, 3) -2 


The first input is limiting, and the entrepreneur must leave 10 of her 20 units 
of the second unused. Figure 5-1 contains an isoquant diagram for this 
activity. The expansion path OE is the locus of points with x, and x; in the 
ratio 2:5. Each isoquant makes a right angle at the expansion path. Starting 
from a point on the expansion path, an increment of one input without a 
Proportionate increment of the other will not allow an increase of output. 
Point A with the coordinates x, = 4 and x; = 20 lies on the isoquant q^ — 2. 

Now assume that the entrepreneur has n distinct linear production 
activities that she can utilize individually or jointly for the production of her 
Output. Let aj (i=1,...,m; j= 1,...,m) be the quantity of the ith input 
required to produce one unit of output using the jth activity. The outcomes of 
the activities are additive. Total output is 


«7X4 
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0. ^2 "4g Ug" 49 ee ee, 
Figure 5-1 


where q; is the quantity produced using the jth activity, and total input 
requirements are 


x= 3 aa, i=1,..:,m (5-26) 


Composite input requirements per unit output, a; (i = 1,... , m), are weighted 
averages of the coefficients for the individual activities: 


a = È day i=1,...,m (5-27) 
| 


with 05 A; 5 1 and 37., Aj = 1 where A, = q/q is the proportion of total output 
produced by the jth activity. Composite activities allow substitution among 
inputs that substantially changes the form of (5-25). The maximum output that 
can be secured from a specified set of input quantities is 


q = min (&) PEST (5-28) 
e 
The minimum ratio x/o; is limiting, but the A; are selected to maximize the 
minimum ratio. 
Assume that an entrepreneur can produce her output using two inputs and 
three activities with 
4,471 Qn=2  as5-4 
44578 an=5 ay=3 
Figure 5-2 is an isoquant diagram for this linear production function. Thé 
expansion paths for activities 1, 2, and 3 are OF,, OE,, and OE, respectively: 


Consider the isoquant for q° = 3. Points A, B, and C give input requirements 
if only one of the activities is used. The line segment AB gives the input 
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requirements for all composite activities formed from activities 1 and 2 that 
can be used to produce 3 units. This is a special case of (5-27) with 


xy = 3a, = 3[A € 2(1 — A)] 
n= 3a, = 3[8A +5(1- A)) 


as A varies from zero (point B) to one (point A). Similarly, the line segment 
BC gives input requirements for the composite activities formed from 2 and 
3. Input substitution with composite activities is not possible to the left of 
OE,, that is, for x,/x;>8. Only activity 1 will be employed, and some of X; 
will remain unused. To the right of OE;, that is, for x2/x; <3, only activity 3 
will be employed, and some of X, will remain unused. 

The isoquants derived in Chap. 4 give x; as strictly convex functions of 
xı, and have RTSs that are continuous and decreasing. The isoquants in Fig. 
5-2 give x; as convex (but not strictly convex) functions of xı, and have RTSs 
that are discontinuous and nonincreasing. Linear production functions will 
always generate isoquants of this general form. The isoquants provide a 
graphic solution for (5-28); i.e., they give the maximum output levels that can 
be secured from each input combination. Inefficient activities are eliminated. 
A simple or composite activity is inefficient if some other simple or composite 
activity requires no more of any input and less of at least one input. It is 
evident from Fig. 5-2 that combinations of activities 1 and 3 are inefficient. 
Input requirements for q°=3 are given by a line segment connecting A and C 
which lies above the line segments AB and BC. 


Multiple-Output Cases 


The concept of a linear production function is easily interpreted to accom- 
modate more than one output. Assume that each of s outputs is produced by 
à linear production activity using m inputs. A particular output still may be 
produced by more than one activity. Let ay be the quantity of the ith input 
required for the production of one unit of the jth output. The input require- 
ments for the production of a specified set of output levels is of the same 


form as (5-26): 
x=% n i=1,,...m (5-29) 


where q; is the specified quantity of the jth output. Now substitution among 
outputs as well as inputs is possible. 

Linear production activities may yield more than one output in the most 
general case. Assume that each of n linear activities yields s outputs and uses 
m inputs, Let z (j= 1,...,n) denote the level of the jth activity. The 
selection of a unit level for the activity is arbitrary as long as the outputs and 
inputs are in the appropriate proportions. Let a; be the quantity of the ith 
output produced and b, be the quantity of the ith input required by one unit 
of the jth activity. The outputs and inputs generated by a specified set of 


124 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 
activity levels are 


a= > az i2l...,s 
5 (5-30) 


^L i=1,...,m 


Composite activities again are defined as weighted averages of simple activi- 
ties. 


5-7 LINEAR PROGRAMMING 


Linear programming covers problems in which a linear function is maximized 
or minimized subject to a system of linear inequalities including the require- 
ment that the values of all variables be nonnegative. Since linear functions are 
concave, linear programming provides a special case for which the Kuhn- 
Tucker analysis may be used (see Exercise 5-8), However, the special 
properties of linear systems allow the use of a different, though equivalent, 
approach. 

A general format for linear programming is to find values for the variables 
qj G = 1,...,n) that maximize 


Y= Pidi + pig * - + Pan (5-31) 
subject to Qngit Gaq2++**+Ong,Sx$ i=, n (5-32) 
and qE0  j-1...,n (5-33) 


The familiar notation p, q, and x is convenient for discussion of programs 
formed with linear production activities. However, the programming frame- 
work covers a much wider range of problems. In general, the parameters 
Pr Aim and x, may be positive, negative, or zero with interpretations depending 
upon the problem under consideration. The format (5-31) to (5-33) is quite 
general. If a linear function is to be minimized, the problem may be written in 
the standard format by maximizing its negative. If a constraint is of the form 
=, the inequality may be reversed to conform to (5-32) by multiplying through 
by —1. If the ith constraint is a strict equality, it may be represented by two 
weak inequalities, S and =. The second inequality may then be reversed by 
multiplying through by —1. 

The particular linear-programming system considered here is one in which 
an entrepreneur selects n output levels, the q's, to maximize her revenue 
(5-31) with fixed output prices, the p's. She has fixed quantities, the xs, of m 
inputs.' The production technology is described by the input-output 


There are no purchased inputs in this example. This can be added without much difficulty. 
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coefficients, the aj, which give the fixed requirement of input i necessary to 
produce one unit of output j. The inequalities (5-32) state that the entre- 
preneur is limited by her input endowments. She can use less than her 
endowment of an input, but she cannot use more. Finally, (5-33) states that 
output levels cannot be negative. 


The Feasible Point Set 


Any set of real numbers that satisfies (5-32) and (5-33) is a feasible solution 
for the linear-programming system. The collection of all feasible points in 
n-dimensional space (R") forms the feasible point set for the system. 

It is useful to review some of the general properties of point sets in R" 
before deriving the specific properties of feasible point sets.' A convex set has 
the property that every point on a straight-line segment connecting any two 
points in the set is also in the set. A boundary point has adjacent points that 
are in the set and adjacent points that are not in the set. All points adjacent to 
an interior point are in the set. A set is closed if it contains all its boundary 
points, and open if it contains none. The null set with no points and a set with 
a single point are both defined to be convex and closed. The set of all points 
in R" is closed; it has no boundary points and includes them all. A linear 
equation such as the equality form of the ith constraint of (5-32) defines a 
hyperplane in R". A hyperplane is a line in R^, a plane in R°, and an 
(n — 1)-dimensional surface in R". If ay — 0, the hyperplane is parallel to the q; 
axis. If x? = 0, it includes the origin for R”. The hyperplane defined by the ith 
constraint separates R" into a closed half-space 


audi + Onda * ^i asd, S X1 
the points of which satisfy the ith constraint and an open-half space, 
audi + angat: + aud, > Xi 


the points of which violate the ith constraint. Half-spaces are convex sets, 
and closed half-spaces are closed convex sets. The point set which satisfies 
the jth nonnegativity constraint of (5-33) is also a closed half-space and 
therefore is closed and convex. 

The points that satisfy each of the constraints of (5-32) and (5-33) 
considered individually form a closed convex set. A feasible solution for the 
programming system must satisfy all (m +n) of the constraints. The feasible 
point set contains points that are in each of the (m + n) sets formed by the 
constraints; ie, it is the intersection of the (m+n) sets. A theorem in 
point-set theory states that the intersection of a finite number of closed 
convex sets is itself a closed convex set. The nonnegativity constraints, (5-33), 
place lower bounds on the values of the variables. It follows that the feasible 
Point set for a linear-programming system is always closed, convex, and 


' See also Sec. 10-1. The definitions of a closed set given here and in Sec. 10-1 are equivalent. 
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bounded from below.' This is important because the properties of such sets 
are well known. 

For illustration, assume that an entrepreneur can produce two outputs 
using three inputs with input endowments of x? = 18, x= 8, and x$ = 14. The 
entrepreneur's production opportunities are described by the following con- 
straints: 

41+ 3q25 18 


qtq458 
2qi+ 43:514 
91,4220 


Each of the constraints restricts solutions to a closed half-space. The non- 
negativity constraints limit solutions to the nonnegative quadrant. It is con- 
venient to limit consideration of the remaining constraints to this quadrant. 

The relevant hyperplanes, lines in R?, are plotted in Fig. 5-3. The first 
constraint of (5-34) limits solutions to points that lie on or below the line that 
contains points A and B, the second limits solutions to points that lie on or 
below the line that contains B and C, and the third limits solutions to points 
that lie on or below the line that contains C and D. The feasible point set is 
defined by the solid-line boundary OABCD. It is closed and convex, and in 
this example it is bounded from above as well as below. Every point in the set 
satisfies all the constraints given by (5-34), and every point not in the set 
violates one or more of the constraints. Point E (qı — 5, q; — 4) satisfies the 
first, third, and nonnegativity constraints of (5-34), but it is not feasible 
because it violates the second. 


(5-34) 


' This is not quite enough to establish that a programming system has a finite optimal solution. 
It also must be established that the feasible point set is not null. Then a sufficient condition for 
finiteness is that the feasible point set be bounded from above, i.e., that a vector (u, u,) exists 
such that w € q for all (qj, . . «x qa) in the feasible point set, 


= 


tó of aA aA AR 


0 1 2 94 8.6 7 g, pess 
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Optimal Solutions 


Once the feasible point set has been defined, the next task is to find a point in 
the set that maximizes the value of the objective function (5-31). Two 
additional concepts in point-set theory are useful for this purpose. An extreme 
point of a closed convex set is a boundary point that does not lie on a line 
connecting any pair of points in the set. Points O, A, B, C, and D in Fig. 5-3 
are extreme points. A hyperplane that contains a boundary point of a closed 
convex set is a supporting hyperplane for the set if the entire set is in one of 
the closed half-spaces defined by it. 

Assume that an optimal solution exists for the programming system given 
by (5-31) to (5-33). Let (q9, q3,---, q9) be any point in the feasible point set. 
Insert these values into (5-31) to obtain the corresponding value of the 
objective function y*: 


y! 7 pig pagi: + Prah 


Define a closed half-space which contains all points with objective function 
values no greater than y*: 


pidi pida * 5 Pd S y (5-35) 
and an open half-space which contains all points with values greater than y^: 
pigi + pido Pada > Y" (5-36) 


The selected point is optimal if (5-35) is a supporting hyperplane for the 
feasible point set, and the set defined by (5-36) is null. If (5-35) is not a 
supporting hyperplane, the selected point is not optimal. In this case the set 
defined by (5-36) contains at least one feasible point with a value of y greater 
than y°. Since a supporting hyperplane does not contain interior points of the 
feasible set, it follows that optimal points are always on the boundary of the 
feasible set. A theorem of particular importance for linear programming states 
that a closed convex set which is bounded from below has one or more extreme 
points in every supporting hyperplane. This means that if a programming 
system has an optimal solution, there will be at least one extreme point that is 
optimal. The search for an optimal solution may be limited to a finite number 
of points since the number of extreme points is finite. This means that at most 
m of the n q’s need have positive values in an optimal solution. 

Assume that the entrepreneur whose production opportunities are des- 
cribed by (5-34) and pictured in Fig. 5-3 sells her output at the fixed prices pi 
and p>, and desires to maximize her total revenue. The case in which 
Pi = 1, p3 = 2, and 4 
y=qit2an 


is pictured in Fig. 5-4a. The hyperplane defined by y* — 7 is the lowest broken 


1A proof is given by G. Hadley, Linear Programming (Reading, Mass.: Addison-Wesley, 
1962), pp. 62-63. 
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line. It contains the extreme point D (qi = 7, q = 0). The corresponding open 

half-space defined by (5-36) contains feasible points, A, B, and C, for exam- 
ple. Therefore, D is not optimal. Extreme point C (qı —6,q; 2) is in the 
hyperplane defined by y? — 10. The corresponding open half-space contains 
feasible points, and C is not optimal. Extreme point B (q, =3, q, = 5) is 
optimal. It is contained in the supporting hyperplane defined by y*— 13. The 
corresponding open half-space contains no feasible points. The optimal solu- 
tion occurs at an extreme point and is unique. 

Figure 5-4b depicts the same feasible point set with different output 
prices and a different objective function: Pi7 p37 1, and 

y74q*4q 
Extreme point A (q, = 0, q, = 6) is in the hyperplane defined by y^ 6. This 
point is clearly not optimal. Extreme points B and C, and all points on the 
intervening edge of the feasible set are contained in the optimal supporting 
hyperplane defined by y= 8. There is not a unique optimal solution in this 
case. There are optimal boundary points that are not extreme points. 
Nonetheless, there are extreme points that are optimal. 

The boundary of the feasible point set in Fig. 5-4 is the linear-program- 
ming counterpart of the product transformation curve defined for the con- 
tinuous case in Sec. 4-5. In the continuous case a product transformation 
curve gives X, as a strictly concave function of x, with a rate of product 
transformation (RPT) that is continuous and increasing. For the linear- 
programming counterpart, x; is a concave (but not strictly concave) function of 
x, with an RPT that is discontinuous and nondecreasing. An optimum point 
for revenue maximization depends upon the ratio of the output prices in both 


cases. 
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Duality 


Consider the following linear-programming system. Find values for r; (i = 
1,..., m) that maximize 


C = rx + Xt ++ IX (5-37) 
subject to anti + AF. ++ ++ + dy EDI 
anhi + Ayr. ++ + Amm = Pr (5-38) 
pime barp es 
and n2=0 i-1...m (5-39) 


Linear-programming systems always come in pairs. The system (5-37) to 
(5-39) is the dual of the system (5-31) to (5-33). The initial system has m 
constraints and n variables; its dual system has n constraints and m variables. 
The initial objective function is maximized, and the dual objective function is 
minimized. The objective function coefficients and constraint constants are 
interchanged in the two systems, and the direction of the inequalities is 
reversed. The coefficient ay is in the ith row and jth column of the array for 
(5-32) and in the jth row and ith column of the array for (5-38). Duality is a 
symmetric relation. The reader may verify that the initial system is the dual of 
its dual.' 

A system and its dual are related in a number of ways. Some of the more 
important duality theorems are stated here. If a finite optimal solution exists 
for one of the systems, a finite optimal solution exists for the other. If feasible 
solutions exist for both systems, finite optimal solutions exist for both. 

Assume that optimal solutions exist and have been found for both 
systems. Let these be denoted by qf. . .., q% and rt,..., rz. A major duality 
theorem states that the optimal value of a variable in one system is zero if the 
corresponding constraint in the other system is satisfied as a strict inequality, 
and nonnegative if the corresponding constraint is satisfied as an equality: 


anqt+++*+anqi<x? implies. 71-70 


ajqt4--a,q$- x) implies — rf=0 (5-40) 
i=1,...,m 
and ayrt t: + dah Pi implies — 47-0 
ayw yrs Pi implies q}=0 (5-41) 
j=1, n 


* Multiply (5-37) and (5-39) by +1 to put this system in the standard format, apply the rules 
given above to find its dual, and then multiply its dual objective function and constraints by — 1. 
The resultant system is the same as that given by (5-31) and (5-32). 
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An allied theorem states that if the optimal value of a variable in one system is 
positive, the optimal values of the variables for the other system satisfy the 
corresponding constraint as an equality: 


ri>0 implies  ajyqt+++++danq* =x? (5-42) 
i=1,...,m 
q1»0 implies |— ayrf*-::* amr = pj (5-43) 
j*1,...,n 
Insert the optimal q* into (5-31) and (5-32), multiply the ith constraint by 
rt (i — 1,..., m), and sum the resultant m constraints: 


>» " » aq; = >» ri x? (5-44) 
The equality follows from (5-42).+ Insert the optimal r* into (5-37) and (5-38), 


multiply the jth constraint by qf (j/=1,...,n), and sum the resultant n 
constraints: 


X a$ » apt -à ap, (5-45) 


The equality follows from (5-43). The left-hand sides of (5-44) and (5-45) are 
the same. Substituting from (5-37) into (5-44) and from (5-31) into (5-45), 


R=Š pai =Š vrt =C (5-46) 


The optimal values of the objective functions for the two programming 
systems are equal. 

The optimal value of the dual variable, r*, gives the rate at which the 
optimal value of (5-31) would increase per unit increase of x? with the 
other input endowments unchanged. Its interpretation is the same as that for a 
multiplier in a Kuhn-Tucker analysis (see Exercise 5-8). The dual variables 
are interpreted as imputed input prices for the system considered here. For 
some systems they may be interpreted as competitive market prices. The 
left-hand side of the jth constraint of (5-38) gives the unit production cost for 
the jth output in terms of the imputed input prices. The dual constraints state 
that unit cost equals or exceeds price (unit revenue) for each output. From 
(5-43) it follows that unit cost equals price for each output that is produced. 
The imputed input prices lead to efficiency in the sense that it is not possible 
for the entrepreneur to increase her profit by changing her output levels. 

The dual objective function gives the value of the entrepreneur's input 


t If r? 7 0, the corresponding constraint is an equality and remains an equality after multi- 
plication. If 7 =0, the corresponding constraint reduces to the trivial equality 0=0 after 
multiplication. Thus, (5-4) is a sum of equalities, 
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stocks in terms of the imputed input prices. By (5-40) the optimal value of her 
input stock equals her maximum revenue. If the owners of the input stocks 
were paid the imputed input prices, total revenue would be exhausted, and 
total profit would equal zero. If the optimal outputs satisfy the ith input 
constraint as a strict inequality, the entrepreneur will have an unused quantity 
of the ith input, and (5-46) states that its imputed price will be zero. Only 
scarce, i.e., fully utilized, inputs can have positive prices. 
The dual system for the case shown in Fig. 5-4a is: minimize 


C = 18r, + 8r; 4 Mr, 
subject to rntnt2ngzl 
Arn ntnz2 
ry, tr 320 


The optimal solution for the initial system is qf =3, qł = 5, y* — 13. The 
equality holds for the first and second input constraints in the initial system, 
and the strict inequality holds for the third. An optimal solution for the dual 
system follows easily from (5-40) and (5-41). By (5-40), r* — 0, and from (5-41) 


rttrízl 
3rt4 r$-2 


These equations have the solution rf = 0.5, rf = 0.5. An evaluation of the dual 
objective function confirms that C* — 13 as stated by (5-46). 


5-8 SUMMARY 


Extensions of the basic theory of the firm, and the properties of particular 
production and cost functions are considered. A number of interesting results 
arise if the entrepreneur's production function is homogeneous of degree one. 
^ proportionate variation of all input levels results in a proportionate change 
of output level and leaves the marginal products of the inputs un- 
changed. The sum of the output elasticities for the inputs equals one. Euler's 
theorem has been utilized to demonstrate that total output is just exhausted if 
each input is paid its marginal physical product. However, the assumptions of 
competitive profit maximization break down if the entrepreneur's long-run 
production function is homogeneous of degree one. 

A CES production function is homogeneous of degree one and has a 
Constant elasticity of substitution throughout. The isoquants for CES func- 
lions range from right angles to straight lines as the elasticity of substitution 
ranges from its limits of zero to +œ. The Cobb-Douglas production function 
has a constant elasticity of substitution of unity and is a member of the CES 
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class. The first-order conditions for a CES function state the input use ratio as 
a function, linear in logarithms, of the input price ratio. 

The Kuhn-Tucker analysis is useful for a wide range of problems in the 
theory of the firm. Two problems involving major discontinuities are con- 
sidered here. Duality between production and cost functions allows the 
derivation of production functions from cost functions as well as the con- 
verse. Shephard’s lemma states that the derivative of the cost function with 
respect to an input price equals the cost-minimizing use level for that input. 

Uncertainty is introduced into the theory of the firm by assuming that the 
entrepreneur's utility is a function of the profit that she earns from produc- 
tion. If the entrepreneur is risk averse, under the usual assumptions she will 
select an output at which expected price exceeds expected MC. A risk-neutral 
entrepreneur will produce more to equate the two, and a risk lover will 
produce even more. 

A linear production activity is characterized by fixed proportions for input 
and output levels. A linear production function is formed from a number of 
linear activities that may be used simultaneously. Input substitution is pos- 
sible if two or more linear activities are available for an output. 

Linear programming covers the maximization of a linear function of n 
nonnegative variables subject to m linear inequality constraints. The non- 
negative points in n-dimensional space that satisfy the constraints of a 
linear-programming system form its feasible point set. The set is closed, 
convex, and bounded from below. If a finite maximum value for the objective 
function exists, it will occur at one or more extreme points of the feasible 
point set. A linear-programming system with n variables and m constraints 
has a dual system with m variables and n constraints. The variables of one 
system give the marginal values of the constraints of the other. The optimal 
values of the objective functions of the two systems are equal. 


EXERCISES 


5-1 Each of the following production functions is homogeneous of degree one. In each case, 
deriva the: marginal producta fori end Xy sid demonstrate that they aro homogeneous of 
legree zero: 


(a) q = (axix; - bx} — exi) (ax, + Bx.) 
(b) q = Axtx}* + bx, + ex; 


5-2 An entrepreneur uses two distinct production processes to produce two distinct goods, Qi 
and Q. The production function for each good is CES, and the entrepreneur obeys the 
equilibrium condition for each. Assume that Q, has a higher elasticity of substitution and à lower 
value for the parameter a than Q; [see (5-12)]. Determine the input price ratio at which the input Use 
ratio would be the same for both goods. Which good would have the higher input use ratio if the input 
price ratio were lower? Which would have the higher use ratio if the price ratio were higher? 

5-3 An entrepreneur has the production function q = AxTxl-*. She buys inputs and sells the 
output at fixed prices, but is subject to a quota which allows her to purchase no more than x 


| 


M 
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units of X;. She would have purchased more in the absence of the quota. Use the Kuhn- 
Tucker analysis to determine the entrepreneur's conditions for profit maximization. What is the 
optimal relation between the value of the marginal product of each input and its price? What is 
the optimal relation between the RTS and the input price ratio? 

5-4 Use Shephard's lemma to find the production function that corresponds to the cost function 
C=(r,+2V rir. + rq, and demonstrate that it is CES. 

5-5 A farmer, who sells at a fixed price of 5 dollars per unit and has the cost function 
C=3.5+0.5q’, plants to maximize profit under certainty. After planting she discovers that she 
can have a fertilizer applied that will increase her yield 40 percent with a probability of 0.25, 60 
percent with a probability of 0.5, and 88 percent with a probability of 0.25. Her utility function is 
U = V/z. Determine the maximum amount that she is willing to pay for the fertilizer application. 
Contrast this amount with the expected value of the increase in her profit as a result of fertilizer 
application. 

5-6 A linear production function contains four activities for the production of one output using 
two inputs. The input requirements per unit output are 


a4,271 4372 4573  au-75 
4476  an-7$ 4573  ay=2 


Are any of the activities inefficient in the sense that there is no input price ratio at which they 
would be used? 

5-7 Each of n linear activities yields s outputs and uses m inputs as described by (5-30). An 
entrepreneur possesses fixed quantities of each of the inputs. She desires to maximize her total 
revenue from the sale of the outputs at constant market prices. Formulate her optimization 
problem as a linear-programming system, and derive its dual programming system. 

5-8 Consider the basic linear-programming problem given in (5-31) to (5-33). Use the 
Kuhn-Tucker conditions to establish that the dual system constraints (5-39) and the equilibrium 
conditions (5-40) to (5-43) are satisfied. 
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CHAPTER 


SIX 
MARKET EQUILIBRIUM 


The behavior of consumers and entrepreneurs has been analyzed on the 
assumption that they are unable to affect the prices at which they buy and 
sell. The isolated consumer is confronted with given prices, and he purchases 
the commodity combination that maximizes his utility. The entrepreneur faces 
given output and input prices and decides to produce an output level for 
which his profit is maximized. Each must solve a maximum problem. The 
individual actions of all consumers and entrepreneurs together determine the 
Prices which are considered parameters by each one alone. Prices are deter- 
mined in the market where consumers and entrepreneurs meet and exchange 
commodities. The consumer is the buyer and the entrepreneur the seller in the 
market for a final good, Their roles are reversed in a market for a primary 
input such as labor, Some inputs are outputs of other firms. Wheat is an input 
for the milling industry, but an output of agriculture. Both buyers and sellers 
are entrepreneurs in the markets for such intermediate goods. The analysis of 
market equilibrium seeks to describe the determination of the market price 
and the quantity bought and sold. The present chapter is focused upon 
behavior in individual markets. 

The basic assumptions and characteristics of a perfectly competitive 
market are outlined in Sec. 6-1. Market demand functions are derived in Sec. 
6-2. Market supply functions are derived for short-run and long-run periods in 
Sec. 6-3, which also contains a discussion of external economies and dis- 
economies, Demand and supply functions are used for the determination of 
commodity-market equilibria in Sec. 6-4. The analysis is applied to a problem 
In taxation in Sec. 6.5. The market equilibrium analysis is extended to factor 
markets in Sec. 6-6. The existence and uniqueness of market equilibrium are 
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discussed in Sec. 6-7; stability is discussed in Sec. 6-8. The properties of 
equilibrium in markets with lagged supply reactions are the subject of Sec. 
6-9. A simple futures market is considered in Sec. 6-10. 


6-1 THE ASSUMPTIONS OF PERFECT COMPETITION 


A perfectly competitive commodity market satisfies the following conditions: 
(1) firms produce a homogeneous commodity, and consumers are identical 
from the sellers’ point of view in that there are no advantages or disad- 
vantages associated with selling to a particular consumer; (2) both firms and 
consumers are numerous, and the sales or purchases of each individual unit 
are small in relation to the aggregate volume of transactions; (3) both firms 
and consumers possess perfect information about the prevailing price and 
current bids, and they take advantage of every opportunity to increase profits 
and utility respectively; (4) entry into and exit from the market is free for 
firms and consumers in the long run. 

Condition (1) ensures the anonymity of firms and consumers. With regard 
to the firm, it is equivalent to the statement that the product of the firm is 
indistinguishable from products of others: trademarks, patents, special brand 
labels, etc., do not exist. Consumers have no reason to prefer the product of 
one firm to that of another. The uniformity of consumers ensures that an 
entrepreneur will sell to the highest bidder. Custom and other institutional 
rules of thumb (such as the "'first-come-first-served" rule) for distributing 
output among consumers are nonexistent. 

Condition (2) ensures that many sellers face many buyers. If firms are 
numerous, an individual entrepreneur can increase or reduce his output level 
without noticeably altering the market price. An individual consumer may 
raise or lower his demand for the commodity without any perceptible 
influence on the price. The individual buyer or seller acts as if he had no 
influence on price and merely adjusts to what he considers a given market 
situation. Thus, buyers are "price takers" in that they adjust the quantities 
purchased so that these quantities are optimal for them given the prevailing 
price, without ever considering that their purchases may, in turn, further 
affect the price. Sellers observe a market price and adjust quantities sold so 
that these quantities are optimal from their point of view without considering 
that their sales may affect the price. 

Condition (3) guarantees perfect information on both sides of the market. 
Buyers and sellers possess complete information with respect to the quality 
and nature of the product and the prevailing price. Since there are no 
uninformed buyers, entrepreneurs cannot attempt to charge more than the 
prevailing price. Consumers cannot buy from some entrepreneurs at less than 
the prevailing price for analogous reasons. Since the product is homogeneous 
and everybody possesses perfect information, a single price must prevail in à 
perfectly competitive market. This can be proved by assuming on the com- 
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trary that the commodity is sold at two different prices. By hypothesis, 
consumers are aware of the facts that (1) the commodity can be bought at two 
different prices, (2) one unit of the commodity is exactly the same as any 
other. Since consumers are utility maximizers, they will not buy the com- 
modity at the higher price. Therefore a single price must prevail. 

The last condition ensures the unimpeded flow of resources between 
alternative occupations in the long run. It assumes that resources are mobile 
and always move into occupations from which they derive the greatest 
advantage. Firms move into markets in which they can make profits and leave 
those in which they incur losses. Resources such as labor tend to be attracted 
to industries the products of which are in great demand. Inefficient firms are 
eliminated from the market and are replaced by efficient ones. 

Perfect competition among sellers prevails if an individual seller has only 
an imperceptible influence on the market price and on the actions of others. 
Each seller acts as if he had no influence. Analogous conditions must hold for 
perfect competition among buyers. A market is perfectly competitive if 
perfect competition prevails on both the sellers’ and the buyers’ sides of the 
market. The market price which was considered a parameter in previous 
chapters is now a variable, and its magnitude is determined jointly by the 
actions of buyers and sellers. 


6-2 DEMAND FUNCTIONS 


The market demand function for a commodity is obtained by summing the 
demand functions of individual consumers. An individual producer, however, 
because of his small size relative to the market does not face the market 
demand function. His demand function reflects his assumption that he can sell 
all that he desires at a going market price. 


Market Demand 


Following the derivation of Sec. 2-3 as generalized in Sec. 2-6, the ith 
consumer's demand for Q, depends upon the price of Q, the prices of all 
other commodities, and his income: 


Dy = Di(pyu Pry + Pu Y) 


The consumer's demand functions are obtained from his first-order conditions 
for utility maximization, assuming that his second-order conditions are 
fulfilled. He will react to price and income changes by changing his com- 
modity demands so as to maintain the equality of his RCS and the price ratio 
for every pair of commodities and, at the same time, to satisfy his budget 
constraint. 

The consumer's demand for Q; may vary as a result of a change in p. 
(k# j), even though p, remains unchanged, or in response to changes in his 
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income, all prices remaining constant. All other prices and the consumer's 
income are assumed constant in order to isolate behavior in the jth market. 
His demand for Q, is then a function of p; alone: 


D, = Dip) (6-1) 


The quantity demanded still depends upon the prices of other commodities 

and the consumer's income, but these variables are now treated as 

parameters. To satisfy his first-order conditions the consumer will vary his 

demands for commodities other than Q; as p; changes. These variations 

generally are ignored in an analysis centered upon the market for Q;. 
Omitting the commodity subscript j in (6-1), 


D-D(p  i-V42,...,n 


The aggregate demand for Q at any price is the sum of the quantities 
demanded by the n individual consumers at that price: 


D -$ Dp) - Dp) (6-2) 
= 


where D is the aggregate demand. The form of (6-2) is the result of the 
assumptions that all other prices and the incomes of all n consumers are 
constant. The demands of individual consumers normally are assumed to be 
monotonically decreasing functions of price, but the possibility of an increas- 
ing function of price exists for a Giffen good (see Sec. 2-5). Clearly, if the 
individual demand functions are monotonically decreasing, the aggregate 
demand function is also monotonically decreasing. If some individual demand 
functions are decreasing and others increasing, the net effect upon the 
aggregate demand function is ambiguous in general. 

The aggregate demand curve for a commodity is obtained by plotting 
(6-2). The shape and position of the aggregate demand curve may change as 
the parameters of (6-2) change, i.e., as the prices of other commodities and 
consumers' incomes change. In fact, the aggregate demand curve may shift 
with changes in the distribution of income without any variation in aggregate 
income. If one consumer's income is reduced and another's increased by 
exactly the same amount, the corresponding individual demand curves are 
likely to shift, and the aggregate demand curve will be affected unless the 
shifts exactly compensate each other. 

In terms of the conventional diagrams the aggregate demand curve is the 
horizontal sum of the individual demand curves. Parts (a) and (b) of Fig. 6-! 
represent the demand curves of the only two consumers in a hypothetical 
competitive market. Part (c) is their aggregate demand curve which is 
constructed by letting the distance OL equal the sum of the distances ON and 
OM. 


Two consumers do not constitute the large number necessary for perfect competition. They 
are simply used to illustrate the behavior of a large number. 
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Figure 6-1 


Producer Demand 


The aggregate or market demand function confronts the aggregate of all 
sellers. The individual entrepreneur considers himself incapable of influencing 
market price. A change in his output results in an imperceptible movement 
along the market demand curve, and he believes that he can sell any quantity 
that he is able to produce at the prevailing price. The demand curve for the 
output of an individual entrepreneur appears to him as a horizontal line given 
by 
p =constant 
The market demand curve is not the horizontal sum of the demand curves 
faced by individual firms. 
The firm’s total revenue is 


R=pq 
Marginal revenue is the rate at which total revenue increases as a result of a 
small increase in sales. In mathematical terms, 


dR 


do^? 
since P is a constant. The marginal revenue curve faced by the individual firm 
is identical with its demand curve. 


6-3 SUPPLY FUNCTIONS 


The supply functions of individual firms can be defined for (1) a very short 
Period during which output level cannot vary, (2) a short run during which 
Output level can be varied but plant size cannot, and (3) a long run in which all 
inputs are variable. 
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The Very Short Period 


Assume that the entrepreneur decides every morning how much to produce 
that day. His output decision is instantly implemented, and he spends the rest 
of the day trying to sell his output at the highest possible price. He cannot 
increase his output during the day and sells a given stock of the commodity.' 
Since an output q^ has already been produced, the marginal cost of any output 
less than q° is zero. Output cannot be increased beyond this point in the very 
short period, and the marginal cost of higher outputs may be considered 
infinite. The marginal cost curve is represented by a vertical line at this point. 

The firm maximizes profit by selling a quantity for which MC = p. Since 
the MC of any output less than q° is zero and the MC of any output greater 
than q’ is infinite, the equality MC = p cannot be satisfied, and the firm will 
expand sales to the point at which price ceases to exceed MC. Therefore, it ' 
will sell its entire output (ie., its entire stock of the commodity) at the 
prevailing price.’ This maximizes profit, because the prevailing price is the 
highest price at which the output can be sold. Quantity sold does not respond 
to price changes. In general, the aggregate supply function states the quantity 
that will be supplied by all producers as a function of the price. Since the 
output of each firm is fixed, the aggregate supply of the commodity is also 
given and does not depend upon the price. The supply curve is a vertical line, 
and its distance from the price axis is equal to the sum of the outputs of the 
individual firms. 


The Short Run 


The supply function of a perfectly competitive firm states the quantity that it 
will produce as a function of market price and can be derived from the 
first-order condition for profit maximization. The horizontal coordinate of a 
point on the rising portion of the MC curve corresponding to a given price 
measures the quantity that the firm would supply at that price. The firm's 
short-run supply curve is identical with that portion of its short-run MC curve 
which lies above its AVC curve. Its supply function is not defined for outputs 
less than the abscissa of the intersection of its MC and AVC curves. Quantity 
supplied would be zero at all prices less than the ordinate of this point. The 
firm's supply curve consists of the segments OA and BC in Fig. 6-2. 
The ith firm's short-run MC is a function of its output: 


MC, = bila) (6-3) 


' The present analysis is simplified by assuming that production and all other adjustments 
occur instantaneously. It may be more realistic to assume that output is produced as a continuous 
ind steady stream. If production is a time-consuming process, a change in the level of output 
annot be realized immediately, The very short period is then any length of time shorter than the 
period which elapses between the change in the level of inputs and the c Jing change in 
the output level. Á 

Since the present analysis is static, it is not possible to hold the commodity for sale at a later 
date 
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AVC 


d q Figure 6-2 


The supply function of the ith firm is obtained from its first-order condition 
for profit maximization by letting p = MC and solving (6-3) for q; = S;: 


S, = Sp) for p = min AVC 
$,20 for p < min AVC 


The aggregate supply function for Q is obtained by summing the n individual 
supply functions. The aggregate supply is 


S-$ se - so) 


The aggregate supply curve is the horizontal sum of the individual supply 
curves. 

The second-order condition for maximum profit requires the MC curve to 
be rising. The firm's supply function is therefore monotonically increasing for 
Prices at or above minimum AVC. The horizontal sum of monotonically 
increasing functions is itself monotonically increasing, and thus the short-run 
aggregate supply function has positive slope.' 

Let the total cost curve be 


C, = 0.191 - 241^ 15q, + 10 
Then MC, = 0.341 — 4q, + 15 


' The aggregate curve will coincide with the price axis for prices below the minimum 
AVC ofall fra. For hà segnent supply i 4 ondecicadig function of price; La., o OM 
Seid MEE E i ne ME 
negatively sloped portions in the relevant range where MC > AVC. The individual firm's 
Curve will then be discontinuous. In an exceptional case the aggregate supply curve could be 
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Setting MC, = p and solving for qat 


(6-4) 


c 4* VI2p-2 
Qo SPUR 


The individual supply function is relevant for all prices greater than, or equal 
to, minimum AVC. The AVC function is 
AVC; = 0.1q1 - 2q; + 15 


The minimum point on the AVC function is located by setting the derivative 
with respect to q; equal to zero and solving for q;:t 


v 
AAYO - 03a, -2- 0 qi = 10 


Substituting q; = 10 in the AVC function gives the value 5. When the price is 
less than 5 dollars, the firm will find it most profitable to produce no output. 
The firm’s supply function is 


s=- ax c2 p ES 


5, =0 if p<5 


Assuming that the industry consists of 100 identical firms, the aggregate 
supply function is 


if p25 
S=0 if p<5 
At a price of 22.50 dollars the aggregate supply will be 1500 units. 


wi Nees 


The Long Run 


The firm’s long-run optimal output is determined by the equality of price and 
long-run MC. Zero output is produced at prices less than AC, and the firm's 
long-run supply function consists of that portion of its long-run MC function 
for which MC exceeds AC. The mathematical derivation of the long-run 
aggregate supply function is similar to the derivation of the short-run supply 
function. The MC function of the ith firm is 


MC,-0(q)  i-z1,...,n 
Setting p = MC; and solving for q; = S, 
S-S(p  iz1...,n (6-5) 


+ The mathematical solution (6-4) describes a curve with two branches corresponding to the + 
and — signs before the square root. The branch corresponding to the — sign has a negative slope 
and can be disregarded, since the second-order condition requires MC to be rising. ` 

t The reader may verify that the second-order condition for a minimum is satisfied. 
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The aggregate supply function is then obtained by adding the n individual 
supply functions in (6-5). In the absence of external effects the long-run supply 
function is positively sloped for the same reason as the short-run supply 
function. 


External Economies and Diseconomies 


The individual firm’s total costs have been assumed to be a function of only 
its output level. However, the firm's total costs may frequently depend upon 
the output level of the industry as a whole. External economies are realized if 
an expansion of industry output lowers the total cost curve of each firm in the 
industry, External diseconomies are realized if an expansion of industry 
output raises the total cost curve of each firm.' External economies or 
diseconomies may be caused by many factors. An expansion of the industry's 
output may lead to a better trained and more efficient labor force, with a 
consequent reduction in the costs of the ith firm without any diminution of its 
own output; a reduction of the industry's output may lead to less training and 
a consequent increase in the costs of the ith firm. External diseconomies 
could occur if an increase in the industry's output drove up the prices of raw 
materials and thus increased the total costs of the ith firm. 

Assume in general that the long-run costs of the ith firm depend upon the 
industry output level as well as its own output level? 


Ci = $/(q; 4) TET Tene 


where q, is the output of the ith firm and q= 2/14: Each entrepreneur 
provides a small part of industry output and maximizes profit with respect to 
his own output on the assumption that this output level does not affect the 
industry output level The profit functions are 


m; =R - Ci iz24,2,...,n 


where R, = pq; Differentiate m, with respect to di (considering q constant), 7, 
with respect to qn, etc., and set the resulting partial derivatives equal to zero: 


am.» 99 ded) 9 §=1,2,...40 (6-6) 
ôq; 9di 


The second-order conditions require that 4°0,(q, q)/àq17 0 for all i=1, 
2,...,n. Substituting q = 27-14, solving the system of n equations given by 


t 


External effects need not be unambiguously economies or diseconomies. It is possible that 
an increase in industry output will raise the total cost curves of some firms and lower the total 
cost curves of others. i 

yet: Aaron al formulation would make the cost function an explicit function of the 
individual output levels: C; = (qi. d» -- +» In) ` 

173 
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(6-6) for the q;, and writing S; = qi, 


$,- Si(p) 
S= Sp) 

PE (6-7) 
S, = Sn(p) 


Each entrepreneur bases his behavior on his own MC function. Each obser- 
ves or anticipates industry output and selects his output to equate price and 
marginal cost. If all entrepreneurs anticipate the same industry output and if 
this industry output is consistent with their individual output levels, no further 
adjustment is necessary. Otherwise some or all individual MC curves will 
shift from their anticipated positions, and entrepreneurs will adjust their 
output levels correspondingly. This sequence will continue until no further 
adjustments are necessary. The supply functions (6-7) state each firm's 
optimal supply as a function of the price after all these adjustments have 
taken place. The aggregate supply function is obtained as before by adding 
the individual supply functions (6-7): 


S- $ Sip)= Sp) 


The aggregate supply function may have negative slope in the presence of 
external economies. The second-order conditions require that the individual 
MC curves be rising when the output of the industry is assumed to be a given 
parameter. 


Consider a simplified example in which the industry is represented by two 
competitive firms with the total cost functions 


Ci = adit (a * B'qi* Baq C= aq (a + BYq; Bara 


LK 
where q7qi* q (The coefficient a must be positive; otherwise, marginal 
cost would become negative for sufficiently high values of qı or qz. The 
coefficient 8 may have either sign. If 8 <0 there are external economies, and 
if B 70 there are external diseconomies) The first-order conditions cor- 
responding to (6-6) are 


p -2aq, - (a + BY +Bq=0 p -2aq;- (a + BY — Bq - 0 
Solving these equations for q, —'S, and q= S;, 


p A p _lat+ 
$0528 73 


Therefore, the aggregate supply function is linear in this case: 
$-$ ST Eg» - 


Irrespective of the sign of (a +), the intercept of the supply curve is 
p = (a + BY >0. If there are external diseconomies (B > 0), the supply curve 
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will have a positive slope, and the supply will increase less rapidly with price 
than in the absence of such diseconomies. If there are external economies 
(8 <0), the supply curve will have positive or negative slope as the 
denominator (a + B) is positive or negative.’ The long-run supply curve will 
be negatively sloped only if the cost reductions due to expanding industry 
output are sufficiently large to offset the cost increases due to expanding firm 
outputs. 


6-4 COMMODITY-MARKET EQUILIBRIUM 


Short-Run Equilibrium 


The market forces which determine the price and the quantity sold can be 
regarded as manifesting themselves through the aggregate demand and supply 
functions. The slope of the demand function [D'(p)] is normally negative. The 
slope of the supply function [S'(p)] is positive in the absence of external 
economies. S'(p) will be assumed to be positive, unless otherwise specified. 

Imagine that buyers and sellers arrive in the market without any fore- 
knowledge as to what will become the going price. Since the commodity is 
homogeneous, a single price must prevail. The quantity demanded must equal 
the quantity supplied at the equilibrium price: 


D(p) - S(p) - 0 (6-8) 


If the equality does not hold for some p = Pe buyers’ and sellers’ desires are 
inconsistent: either buyers want to purchase more than sellers are supplying, 
or sellers are supplying more than buyers wish to purchase. The equality in 
(6-8) ensures that the buyers’ and sellers’ desires are consistent. — 
Assume that production is instantaneous and producers arrive in the 
market without any actual output. Buyers and sellers attempt to enter into 
contracts that are favorable to them. Whenever a buyer and seller enter into a 
contract, they both reserve the right to recontract with any person who makes 
a more favorable offer. Assume that some consumer makes an initial bid and 
offers a price of p° dollars for the commodity. This price is recorded and 
made public by an auctioneer who is an impartial observer of the trading 
process. Buyers and sellers will attempt to enter into contracts with each 
other at the price p°. If p" is lower than the equilibrium price pe, consumers 
who are willing to buy at this price find that the quantity offered is not 
sufficient to satisfy their desires. Some of the consumers who have not been 
able to satisfy their demand will be induced to raise their bids in the hope of 
tempting sellers away from other consumers. As soon as this higher price p" 
is recorded and made public by the auctioneer, sellers break their old 
contracts and recontract at the higher price. As higher prices are offered, the 


! The supply function is not defined if (a + 8) ^ 0. However, as (a + 8) «0, S=% for any 
positive price. 
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quantity demanded declines, since marginal consumers are driven out of the 
market and each consumer demands less. Simultaneously the quantity offered 
by sellers increases. The process of recontracting continues as long as the 
price announced by the auctioneer is below the equilibrium price, i.e., as long 
as the quantity demanded exceeds the quantity supplied. When the equili- 
brium price is reached, neither consumers nor producers have an incentive to 
recontract any further. Recontracting is discontinued, entrepreneurs in- 
stantaneously produce and deliver the output for which they have contracted, 
and the exchange is completed. If the arbitrary initial price p^ happens to 
exceed p,, some producers will be unable to sell the quantity which is the 
optimal quantity for them at that price. They cannot find consumers who want 
to enter into contracts with them. In order to avoid such an outcome, the 
sellers who have been unable to find buyers at the initial price will reduce the 
price. Consumers who have contracted at the higher price will find it ad- 
vantageous to recontract. The process of recontracting continues until the 
equilibrium price is reached. When p, is established, both buyers’ and sellers’ 
desires are satisfied, and no one can benefit from further recontracting. 

An equilibrium price-quantity combination must satisfy both the demand 
and supply functions. It is a price-quantity combination for which the desires 
of buyers and sellers are consistent with each other. An equilibrium price is 
determined by solving the equilibrium condition (6-8) for p. An equilibrium 
quantity is determined by substituting an equilibrium price in either the 
demand or the supply function. Since an equilibrium price-quantity com- 
bination satisfies both the demand curve and the supply curve, the above 
operation is equivalent to finding the coordinates of an intersection point of 
the demand and supply curves. 

Assume that the demand and supply curves are 


D=-50p +250  S-!W 
Setting D- S =0, 
—50p 250—995 =0 
and therefore 
p=3 D=S=100 
These functions are illustrated in Fig. 6-3. 


Long-Run Equilibrium 


If the plant size is variable, the equilibrium of the existing firms in the market 
is given by the intersection of the long-run supply curve with the correspond- 
ing demand curve. The long-run cost and supply curves include “normal 
profit," i.e., the minimum remuneration necessary for the firm to remain in 
existence. It is the profit that accrues to the entrepreneur as payment for 
managerial services, for providing organization, for risk-bearing, etc. If the 


— —Á— — NS ee egg. aa ale —Á —— Hu" 
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q Figure 6-3 


intersection of the demand curve and the long-run supply curve occurs at a 
price at which firms in the industry earn more than normal profit, new 
entrepreneurs may be induced to enter. The assumption of free entry guaran- 
tees that they are able to enter the industry, produce the same homogeneous 
product, and possess the same complete information as the old firms. The new 
producers will add their supplies to the already existing supply, and as a result 
the long-run supply curve will shift to the right. New producers will continue 
to enter as long as they can make positive profits, and the supply curve will 
continue to shift to the right until its intersection with the demand curve 
determines a price at which new entrants would earn zero profits. 

The converse argument can be made for the case in which existing firms 
make losses. Some firms will withdraw from the industry, and the aggregate 
supply will diminish; the supply curve will shift to the left. Firms will 
continue to leave the industry until the intersection of the demand curve with 
the supply curve determines a price for which losses (and therefore profits) 
are zero for the highest cost firm in the industry. 

Demand must equal supply, and the potential profits of new entrants 
must equal zero for long-run equilibrium. The supply function of the ith firm 
is S, = S(p). Let n be the number of firms in the industry. Assuming that all 
firms are identical with respect to their cost functions, the aggregate supply 
function is 


S(p) = nS(p) (6-9) 
As before, the aggregate demand function is 
D = Dp) (6-10) 


In addition to the equality of demand and supply, long-run equilibrium 
requires that profit equal zero for each firm: 


m = pS; - 4(S) - 0 (6-11) 
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where ®(S;) is the long-run total cost of the ith firm for an output q; = S; = 
S/n. Equation (6-11) requires the equality of price and AC: p = 4(S)/S. 
Equations (6-8) to (6-11) can generally be solved for the variables (D, S, p, n). 
In the long run the forces of perfect competition determine not only the price 
and the quantity, but the number of firms within the industry as well. 

The argument is illustrated in Fig. 6-4. The left-hand side of the diagram 
shows the cost curves of a typical or "representative" firm. The right-hand 
side shows the market demand and supply curves with the horizontal scale 
compressed. The final equilibrium from the industry's point of view is at the 
intersection of the demand and supply curves, provided that profits are zero. 
From the entrepreneur's point of view, equilibrium is attained when price 
equals MC and AC. Optimality is ensured by p = MC, and zero profits by 
p — AC. Every firm operates at the minimum point of its AC curve in long-run 
equilibrium, since MC = AC at the minimum point of the AC curve. 

The long-run supply curve S is defined to include the supplies offered by 
firms already in the market, but not the supplies of potential producers. Firms 
are making positive profits in the situation characterized by the supply curve 
S (Fig. 6-4b). New firms enter, and the supply curve shifts to S'. If the supply 
curve had been defined to include all supplies (by actual and potential 
producers, as in S*), the intersection of the demand and supply curves would 
have determined the final equilibrium without any shifting. The supply curve 
S is given for fixed n in (6-9). S* is obtained from (6-11) by letting p equal 
minimum AC. The horizontal long-run industry supply curve S* is also the 
industry's long-run AC curve and its long-run MC curve in the present case. 
In Sec. 5-1 it was shown that production functions homogeneous of degree 
one generate constant AC = MC for fixed factor prices and generate zero 
profit levels by Euler's theorem if inputs are paid the values of their marginal 
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products. These conditions are the same as those for the industry as a whole 
in the situation pictured in Fig. 6-4. Therefore, it is often assumed that the 
industry has a long-run production function homogeneous of degree one even 
though the firms within the industry do not. 

Long-run supply curves are not always horizontal. The supply curve will 
be upward sloping if firms do not have identical cost functions and there are 
no offsetting external economies. External economies (diseconomies) can 
generate downward (upward) sloping long-run supply curves in the identical- 
cost-function case. 


Differential Cost Conditions and Rent 


The symmetry assumption is convenient for purposes of exposition, but is not 
necessary for the attainment of equilibrium. Firms may choose their own 
technology, entrepreneurs may differ with respect to organizing ability, and 
they may have built plants of different size as a result of divergent price 
expectations. Some entrepreneurs may possess scarce factors such as fertile 
land that are not available to others. Under any of these conditions the cost 
functions of all firms may not be identical. 

Assume that there are two distinct types of firms. Their long-run AC and 
MC curves are shown in parts (a) and (b) of Fig. 6-5. Part (c) shows the 
industry supply curve and five hypothetical demand curves. The supply curve 
is based on the assumption that there are fifty firms in each category. Assume 
that the number of firms in each category cannot be increased. For example, 
the number of low-cost producers (category I) may be unalterably given by 
the quantity of some scarce resource such as fertile land. New firms are 
unable to enter category I even though the firms in this category are making 
profits. 

Consider the demand curve D,. Each low-cost firm produces an output of 
16 units, and each of the other firms produces an output of 10 units. The latter 
Operate at the minimum point of their AC curves and earn normal profits. 


^s 
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Each low-cost firm earns a unit of profit NM above normal. If the demand 
curve shifted to D», all high-cost firms (category II) would leave the industry, 
but each low-cost firm would still earn the same positive profit. They would 
earn positive profits even if the demand curve were D,. With D; some, but not 
all, of the high-cost firms would leave the industry. Those remaining would 
earn a normal profit. If the demand curve were D,, all firms in the industry 
would earn profits in excess of normal, and a third group of firms (not shown 
in Fig. 6-5) might find it profitable to enter the industry. The low-cost firms 
would still be in the most favorable position. 

Assume that the total cost functions of representative firms in the two 
categories are 


Cy 70.0401, — 0.8q1,-- 10g, Cu = 0.043; — 0.895 + 20q:; 
The corresponding average and marginal cost functions are 


MC; = 0.124}; — 1.6qu +10 MC =0.12q3,— 1.6; + 20 
AC; = 0.044}; —0.8qu +10 ACz =0.04q3,—0.8q2; +20 


The minimum points of the respective average cost curves are at the points 
qi —10, p=6, and q; = 10, p —16. The supply curve of an individual 
low-cost firm is derived by setting MC, = p: 


p — 0.1241; — 1.60, +10 
Solving this quadratic equation for qi» 


qu = 162 V256 - 048110 — p) 
k 0.24 


The minus sign preceding the square root must be disregarded because it 
corresponds to the situation in which the individual firm's second-order 
condition for maximization is not fulfilled. Substituting Sı; for qı, the supply 
curve is 
S$ =0 if p <6 
.L6* V2.56-04810-p)  . 
Si 024 if p=6 


By analogous reasoning the supply curve of the representative high-cost firm 
is 


S$, =0 if p — 16 
_ 1.6 + V2.56 — 0.48(20 — p 4 


Maintaining the assumption that there are fifty firms in each category, the 
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aggregate supply function is described by the following set of three equations: 


$-0 if0sp«6 
- wu n 
gm go 16t V256— 04008 p) ie eii 


-160 , 50 |/7.56 0.48 (10 — p) + V/2,56 — 0.4820 — p) i 
S = 94 * 924 [V 2.56 - 048(10 — p) + 256-0480 pP) if p= 16 


Assume that the relevant demand curve is D which has the equation 
D = -100p +2050 
The relevant segment of the supply curve is given by 


«164 V2.56- 04810 — p) 
s-= SMe 


Setting D = S and solving for p and S gives p = 13, S = 750.t If p = 13, each 
low-cost firm will produce 15 units at an average cost of 7 dollars. The 
high-cost firms produce nothing. The total quantity is, as determined by 
solving the demand and supply relations, (5015) = 750 units. Each low-cost 
firm earns a 90-dollar profit. 

Low-cost firms can produce at a lower AC than the others because they 
possess some scarce factor, such as fertile land, which is not available to the 
latter. If the demand curve intersects the supply curve at à point at which 
some firms earn more than normal profit, a considerable profit advantage is 
enjoyed by those who possess the scarce resource. Some (potential) 
producers, seeing the large profits made by the low-cost firms, would want to 
persuade the owners of the fertile land (landlords) to hire it out to them rather 
than to the firms currently employing it. They would try to accomplish this by 
offering to pay more for the use of the land than existing firms are paying. The 
present users would match these offers until competition drove up the amount 
paid for the use of fertile land to the point where no differential profit 
advantage could be derived from employing it. The owners will thus be able 
to exact from the firms using the scarce resource their entire profit in excess 
of normal. The sums thus exacted are the rent paid by the entrepreneur for 
the use of the scarce resource. One may conclude that no advantage can be 
derived from being a more efficient (low-cost) producer: the differential profit 
advantage is wiped out by the extra rent that the low-cost producer must pay. 
In the present example, the scarce resources employed by each low-cost firm 
earn a rent of 90 dollars. If an entrepreneur happened to own the scarce 
resource himself, no actual payment would take place, and the rent would 
accrue to him. Rent is thus defined to be that part of a person's or firm's 


+ If it is not obvious by inspection which supply-curve segment is the relevant one, let D = S for 
each of the three supply-curve segments separately and solve for the price. Only one of the three 
prices calculated will be in the range that is appropriate for the particular supply-curve segment used. 
This segment is the relevant one. 
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income which is above the minimum amount necessary to keep that person or 
firm in its given occupation. Whether it is actually paid to the owner of the 
scarce resource is immaterial. Distributive shares are distinguished by func- 
tion, and not by the individual to whom they accrue. 


6-5 AN APPLICATION TO TAXATION 


A sales tax generally changes the individual entrepreneur's optimum output 
level. It shifts the individual supply curves and therefore also the aggregate 
supply curve. This alters the equilibrium price-quantity combination. Sales 
taxes are either specific or ad valorem. A specific tax is stated in terms of the 
number of dollars which the entrepreneur has to pay per unit sold. An ad 
valorem tax is stated in terms of a percentage of the sales price. d 
Assume that the sales tax is a specific tax of t dollars per unit. The total 
costs of the representative entrepreneur are 


C, = (qi) + bi + tq, 


The first-order condition for profit maximization requires him to produce the 
output level for which MC = p: 


$'(q)*t-p 
or $'(q) * p -t (6-12) 
The entrepreneur equates the marginal cost of production plus the unit tax to 
the price. The second-order condition requires that the MC curve be rising, 
The entrepreneur's supply function is obtained by solving (6-12) for q, and 
setting q; = S, for all prices greater than, or equal to, minimum AVC: 

S, = S(p - t) 


The aggregate supply function is obtained by summing the individual supply 
functions: 


S-$50-0-Sp-n 


The aggregate supply is a function of the net price (p — t) received by sellers. 
If, in the absence of a sales tax, aggregate supply is S? units at the price of 
p? dollars, entrepreneurs will supply the same quantity S? with a sales tax of 
1 dollar if the price paid by consumers is p*-- 1 dollars. This is equivalent to 
a vertical upward shift of the supply curve by 1 dollar. Entrepreneurs are 
willing to supply less than before at every price. In order to determine the 
equilibrium price-quantity combination, set demand equal to supply, 


D(p)- S(p - t) 20 


and solve for p. 


— a mn e 
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Let an ad valorem tax rate be 100v percent of the sales price. Total costs 
are 
C; = (qi) + b + upg 


Setting MC plus unit tax equal to price, 


$'(q) + vp =P 
or $'(q) = p(1— v) 
Therefore the individual supply function is 

S, = Sp(1— v)] 


and the aggregate supply function is 
S= à S[p(1— v)] = S(p(1 — »)] 


Aggregate supply is a function of the net price, and the sales tax involves an 
upward shift of the supply curve which is proportional to the height of the 
original supply curve above the quantity axis. The equilibrium price-quantity 
combination is again determined by setting demand equal to supply. 

Let the industry consist of 100 firms with identical cost functions 


C, =0.1g? + q; * 10 
Setting MC equal to price, solving for q; and setting q; = Si, 
$,-0 if p «l 
S,=5p—5 if p21 
The aggregate supply function is 
S=0 if p<! 
S-500p-500  ifpzl 
Assume that the demand function is 
D = —400p + 4000 
Setting demand equal to supply, the equilibrium price-quantity combination is 
p=5 D = S = 2000 
Assume now that a specific tax of t dollars is imposed. The representative 
total cost function becomes 
C, 2 0.101 (1 t)q, +10 
Setting MC equal to price and solving for q = Si, 
S -0 ifp<it+t 
S,=5(p-t)-5 if p=i+t 
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Hence the aggregate supply function is 

S=0 ifp<1+t 

S=S00p—t)-500 ifp2zi+t 
Setting demand equal to supply and solving for p, 

p=S+it 
If the tax rate is 90 cents per unit of sales, the equilibrium price-quantity 
combination is 
p=550 D=S=1800 
The price rises and the quantity sold diminishes as a result of the tax. The 

price rise is less than the amount of the unit tax. The 50-cent increase in the 
price represents that portion of the unit tax that is passed on to the consumer; 
the remainder of 40 cents is the burden on the entrepreneur. The example is 
pictured in Fig. 6-6. The supply curve is S before and S' after the tax is 
imposed. The tax is 90 cents, the vertical distance between S and S'. The 
price paid rises from 5 dollars to 5.50, and the price received by entrepreneurs 
falls to 4.60. The reader may verify that the proportion of the unit tax passed on 
to the consumer is the greater, the smaller are the slopes (algebraically) of the 
demand and supply curves. Ceteris paribus, the price varies directly, and the 
quantity inversely with the tax rate.' 


6-6 FACTOR-MARKET EQUILIBRIUM 


The foregoing sections are limited to perfectly competitive commodity mar- 
kets. Analogous conclusions can be reached with respect to markets for 


' The analysis can be used to show the effects of subsidies by treating a subsidy as a negative 
tax 
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inputs which are nonproduced factors of production. A factor market is 
perfectly competitive if (1) the factor is homogeneous and different buyers are 
indistinguishable from the sellers’ point of view, (2) buyers and sellers are 
numerous, (3) both buyers and sellers possess perfect information, and (4) 
buyers and sellers are free to enter or leave in the long ren. Consumers 
purchase commodities because they derive satisfaction from them. Inputs are 
purchased for the sake of the contribution they make to production. The 
demand curves for final products are derived from the consumers' utility 
functions on the assumption of utility maximization. The demand curves for 
inputs are derived from production functions on the assumption of profit 


maximization. 


Demand Functions 
A rational entrepreneur's optimum input combination satisfies the condition 
of its MP. The first-order 


that the price of each input equals the value 
conditions for profit maximization were solved in Sec. 4-3 to obtain the firm's 


input demands as functions of input prices and the product price. For the 
one-output-two-input case: 

Da = Dari rs P) 

Da = Din rs P) 
where Dj is the ith firm's demand for the jth input. Assuming that all other 
prices are constant, and neglecting the input subscripts, the ith firm's demand 
function for a particular input is 


D, = Dr) 


The aggregate demand function is obtained 


where r is the price of the input. i 
by summing the individual demand functions. If there are m firms demanding 


the input, 
D -$ D= D) 


idual input demand curves are always 


In Sec. 4-3 it was shown that indiv 
mand curves also are always 


negatively sloped. Therefore, aggregate input de 
negatively sloped; that is, àD/àr <9. 


Supply Functions 

Inputs are either primary or produced. Produced inputs are the outputs of 
some other firms. The supply function of a produced input is the aggregate 
supply function of the firms that produce it. Such functions are derived in 
Sec. 4-3. Different procedures are employed for nonproduced factors such as 
labor, which normally are assumed to be in the possession of consumers who 
sell them to producers in order to obtain income to purchase commodities. 
Sometimes it is assumed that the consumers will sell their entire stock at 


156 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


whatever market price may prevail. In this circumstance the factor supply 
function is a vertical straight line with abscissa equal to the aggregate factor 
stock. A more interesting case is one in which consumers gain utility from 
retaining some of or all their factor stocks. 

For the case of labor it was assumed in Sec. 2-4 that utility is a function 
of leisure and income: 


U - g(T - W, y) 


where T is the total amount of available time (the length of the period for 
which the utility function is defined) and W the amount of work performed in 
terms of hours. It was shown that the utility-maximizing individual allocates 
his time between work and leisure in such fashion that 


Br (6-13) 


where r is the wage rate and g, is the partial derivative of the utility function 
with respect to its ith argument. The &’s depend upon income and the amount 
of work performed. Since y = rW, (6-13) contains only the variables r and W. 
Solving (6-13) for W and setting W = S, the labor supply function of the ith 
individual is 

S; = S(r) 


The supply function states the amounts of work that the individual is willing 
to perform as a function of the wage rate. The aggregate supply function is 
obtained by summing the individual supply functions. If there are m in- 
dividuals who are willing to supply labor at some wage rate, the aggregate 
supply function is 


S= X S») = S(r) 


The supply curve may have negative slope, positive slope, or both. If 
individuals value leisure highly and are more concerned with increasing their 
time for leisure than raising their incomes, the supply curve of labor may be 
negatively sloped: the higher the wage, the less work is performed. 


Market Equilibrium 


Given the demand and supply functions for an input the equilibrium price- 
quantity combination is determined by invoking the equilibrium condition 


supplied. As in product markets, no participant can improve his position by 
recontracting after equilibrium has been reached. 

Since the equilibrium price-quantity combination must lie on both the 
demand and supply curves, it must also satisfy the producer's equilibrium 
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conditions from which the demand curve is derived. The equilibrium price of 
an input is always equal to the value of its marginal product; i.e., the value of 
the marginal dollar spent on inputs is the same in every use.' This equality is a , 
necessary condition for profit maximization, and every entrepreneur can 
reach his optimum point in a perfectly competitive market if his second-order 
conditions for maximization are fulfilled. 


6-7 THE EXISTENCE AND UNIQUENESS OF EQUILIBRIUM 


Thus far, the analysis of market equilibrium has been based upon the 
assumption that a unique price-quantity equilibrium exists for each isolated 
market under investigation. It is not difficult to construct examples for which 
this existence assumption is violated: supply and demand are not equal at any 
nonnegative price-quantity combination. Likewise, examples exist for which 
the assumption of uniqueness is violated: supply and demand are equal at 
more than one nonnegative price-quantity combination. This section is limited 
to general observations and the discussion of some specific cases. The 
problems of existence and uniqueness are considered more deeply within a 
multimarket framework in Chap. 10. 


Existence 


A competitive market equilibrium will exist if there is one or more non- 
negative prices at which demand and supply are equal and nonnegative. In 
terms of the conventional diagram, equilibrium will exist if the demand and 
supply curves have at least one point in common in the nonnegative quadrant. 

Three situations in which the supply and demand curves have no point in 
common are pictured in Fig. 6-7. Supply exceeds demand at every non- 
negative price for the case pictured in Fig. 6-7a. No equilibrium exists 
according to the definition given above. The definition of equilibrium is easily 
broadened to cover this case. Let p = 0 if S(0) > DO. A free good has a price 
of zero and is characterized by an excess of supply over demand. Consumers 
can get all they want for nothing. Air and water may be considered free 
goods. Up to some critical point water may be there for the taking. Beyond 
this point purification and transportation may become necessary and lead to a 
positive supply price. 

Fig. 6-7b covers a case in which the demand price is less than the supply 
price at each nonnegative output. The amounts that consumers are willing to 


This has an analog in the theory of consumer behavior. Recall that f, = Ap, is one of the 
equilibrium conditions for the consumer, where fı is the marginal utility of the first good and A is 
the marginal utility of money. Then f,(1/A) = py, or the price of the commodity must equal its 
margiasl utility maltiplied by the additional amount of money that has to be paid per unit of 
additional utility (1/4). 
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Demand exceeds supply for every price, 
pretation that can be placed upon this situation. 


Uniqueness 


supply are equal at more than one nonnegative price-quantity combination. 
ria. The demand curve is 


that a “backward-bending” supply 
developing countries. The supply curve is positivel 
low wage rates, and an increase in the 
supply of labor. However, as the wage 
income of each worker increases, 
prefer leisure to yet more income. 


Let ô be the difference in the slopes of the demand and supply curves: 
6 = D'(p) — S'(p). If the demand curve is negatively sloped throughout and 


> Fate continues to increase and the 
a point is reached at which the workers 
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Figure 6-8 


the supply curve is positively sloped throughout, à <0 for all prices and there 
cannot be more than one equilibrium point. If 8 <0 at an equilibrium price pe, 
demand will be less than supply at a price slightly higher than p? and will be 
greater than supply at a price slightly lower than p’. As long as 6<0 the 
demand curve will remain to the left of the supply curve at prices above p° 
and to the right at prices below p°. Hence, there cannot be a second 
equilibrium point. A similar argument can be utilized to prove that there 
cannot be more than one equilibrium point if à 7 0 throughout. 

In Fig. 6-8a 5 <0 for equilibrium point A. At B the demand and supply 
curves are both negatively sloped. The demand curve is more steeply sloped 
than the supply curve and 8 7 0 at B. Four equilibrium points are shown in 
Fig. 6-8b. The supply curve has negative slope throughout, reflecting external 
economies. The values of 6 are negative at equilibrium point A, positive at B, 
zero at C, and negative at E. In general, ignoring equilibrium points at which 
8 —0, ô must alternate in sign at adjacent equilibrium points. Equilibrium 
points with 5=0 may lie between or on either side of the points with 
alternating sigh. 

There will be a range of equilibrium points with 8 =0 if the demand and 
supply curves are coincident for all or a portion of their lengths. Such a case 
is shown in Fig. 6-8c. Here, the equilibrium quantity is unique, but any price 
from p through p'" is an equilibrium price. 


6-8 THE STABILITY OF EQUILIBRIUM 


Equilibrium price and quantity are determined by the equality of demand and 
supply. Equilibrium is characterized by the acquiescence of buyers and sellers 
in the status quo: no participant in the market has an incentive to modify his 
behavior. However, the existence of an equilibrium point does not guarantee 


+ The derivati Dip) and S'(p) are functions of price. Hence, a steeper downward slope for 
the demand curve means that D'(p) > S'(). 
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that it will be attained. There is no guarantee that the equilibrium price will be 
established if the market is not in equilibrium when the contracting begins. 
There is also no reason to assume that the initial price will happen to be the 
equilibrium price. Moreover, changes in consumer preferences will generally 
shift the demand curve, and innovations will shift the supply curve. Both 
factors tend to disturb an established equilibrium situation. The change 
defines a new equilibrium, but there is again no guarantee that it will be 
attained. 

In general, a disturbance denotes a situation in which the actual price is 
different from the equilibrium price. An equilibrium is stable if a disturbance 
results in a return to equilibrium and unstable if it does not.' It was implicitly 
assumed in the discussion of equilibrium in Sec. 6-4 that the market equili- 
brium was stable. 


Static Stability 


A disturbance usually creates an adjustment process in the market. For 
example, if the actual price is less than the equilibrium price, the adjustment 
may consist of some buyers raising their bids for the commodity. Static 
analysis abstracts from the time path of the adjustment process and considers 
only the nature of the change, i.e., whether it is toward, or away from, 
equilibrium. 

Define 


E(p) = D(p)- S(p) 


as the excess demand at price p. In Fig. 6-9 excess demand is positive at the 
price p, negative at the price p™, Stability conditions are derived from 


dE 
TP- Ep) - D()- (9) «0 6-14) 


' This is not a rigorous definition of stability and is one of Iternati iti 
See P. A. Samuelson, Foundations of Economic Phe (Cambridge, do corset 
versity Press, 1948, pp. 260-262. 1 

? Rewrite the demand and supply functions in inverse form P, = D- -$! 
define excess demand price F(q) = p, — p, = D-'(q)— S-'(q). The Menos aen 
states that producers will raise their output when F(q)>0 and lower it when F(q) <0. Thus 
equilibrium is stable in the Marshallian sense if dF(q)/dq = F'(q) = D^*(q) — Siq) « 0. If the 
demand curve has negative slope and the supply curve positive slope, an equilibrium is stable 
according to both definitions. If the demand and supply curves have slopes of the same sign, an 
equilibrium will be stable according to one definition and unstable according to the other. 
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9 q° [x q Figure 6-9 


This condition is satisfied automatically if the demand curve has negative 
slope and the supply curve has positive slope. If both are positively sloped, 
the supply curve must be flatter than the demand curve [S-"(q)< D^'(q)] to 
satisfy (6-14). If both are negatively sloped, the supply curve must be steeper 


The negatively sloped supply curve depicted in Fig. 6-8b yields four 
equilibrium points. The successive equilibrium points A, B, and E are 
alternately stable and unstable by the Walrasian behavior assumption (6-14). 
The supply curve is steeper than the demand curve at A, and the equilibrium 
is stable at this point. Another intersection B can exist only if the supply 
curve becomes less steep than the demand curve; B is therefore unstable. By 
similar reasoning, D is again stable. The. stability condition (6-14) is not 
sufficient to cover equilibrium point C. Excess demand is positive at prices 


less than p, and also at prices higher than pe The price will tend to rise for 


downward or upward deviations from equilibrium. Point C is classed as 
semistable. 


Dynamic Stability: Lagged Adjustment 


The static stability condition (6-14) is stated in terms of the rate of change of 
excess demand with respect to price. Nothing is said about the time path of 
adjustment. One might not expect instantaneous adjustments in the present 
model. If the initial price is not equal to the equilibrium price, it changes, and 
recontracting takes place. If the new price is still different from the i 

brium price, it is again forced to change. The dynamic nature of the recon- 
tracting may be formalized in a model in which recontracting takes place 
during periods of fixed length, say, one hour, with the auctioneer announcing 
the new price at the beginning of each period. The analysis of dynamic 
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stability investigates the course of price over time, i.e., from period to period. 
Equilibrium is stable in the dynamic sense if the price converges to (or 
approaches) the equilibrium price over time; it is unstable if the price change 
is away from equilibrium. 

The assumption that a positive excess demand tends to raise price can be 
modeled in many different ways. A commonly used mathematical model is 


Pi — Pii = KE(p,) (6-15) 


where p, is the price in period t and k is a positive constant. Equation (6-15) 
expresses one possible type of behavior for buyers and sellers. Assuming that 
there is a positive excess demand E(p,-)) in period (t — 1), it expresses the 
assumption that an excess demand of E(p,-1) induces buyers to bid a price 
P: = Dii kE(p:-1) > p,., in the following period. Assume that the demand and 
supply functions are 

D, = ap, *b (6-16) 


S, = Ap, +B (6-17) 
Excess demand in period (t — 1) is 
E(p,-1) =(a — A)pi-i +b-B 


Substituting this into (6-15), 
Pr— pia = k[(a — A)p,_, +b — B] 
and P: — [1+ k(a — A)]p,_,+k(b — B) (6-18) 


The first-order difference equation (6-18) describes the time path of price on 
the basis of the behavior assumption contained in (6-15). Given the initial 
condition p = p, when t = 0, its solution is 


P: (Po pl k(a A)] + Pe (6-19) 
where Pe = 
A-a 


is the equilibrium price determined from (6-16) and (6-17) by setting D, — S, — 
0 and solving for p, = Pi- The equilibrium is stable if the actual price level 
approaches the equilibrium level as t increases. The price level converges to p, 
without oscillations if 0 < 1 + k(a — A) <1. The right-hand side of this inequality 
holds if 

a<A (6-20) 
The left-hand side holds if 


A-a 


' The prices which are recorded from period to Period are potential, rather than realized, until 
equilibrium is reached. As long as D# S, none of the Contracts is executed, and recontracting 
continues. 
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Condition (6-20) is automatically fulfilled if the supply curve has positive 
slope (A> 0). The price level moves upward over time if the initial price is 
less than the equilibrium price and downward if it is greater. If the slope of 
the supply curve is negative, stability requires that the slope of the demand 
curve (1/a) be algebraically greater than the slope of the supply curve (1/A); 
i.e., the supply curve must cut the demand curve from above. Equilibrium is 
unstable if the supply curve cuts the demand curve from below, and any 
deviation from equilibrium is followed by increasing deviations from it. If k is 
sufficiently large and a — A is negative, 1-- k(a — A) is also negative, and the 
price level must oscillate over time.' 

Both static and dynamic stability depend upon the slopes of the demand 
and supply curves. Dynamic stability depends in addition on the magnitude of 
the parameter k which indicates the extent to which the market adjusts to a 
discrepancy between the quantities demanded and supplied per unit of time. 
A large k indicates that buyers and sellers tend to “overadjust”: if excess 
demand is positive, bidding by buyers is sufficiently active to raise the price 
above the equilibrium level. Each adjustment is in the right direction, but is 
exaggerated in magnitude. Dynamic analysis thus takes into account the 
strength of reactions to disturbances. 

The dynamic stability of equilibrium can be analyzed diagrammatically in 
the following fashion. Plotting price along the horizontal axis, the dotted line 
in Fig. 6-19a represents the excess demand function. Assuming that k <1, the 
solid line represents kE(p,-1). The 45-degree line in Fig. 6-10b represents the 
locus of points defined by p, = p,-i. The function 


Pe = pea + KE(pi-) = f(pi-9 
is obtained by adding the ordinates (corresponding to the same abscissa) of 


‘If 1--k(a — A) is greater than —1 (but less than zero), the amplitude of the oscillations 
decreases over time, and the time path approaches the equilibrium level. If it is less than —1, the 
market is subject to increasing price fluctuations. 


B., ORRA Roy 
(a) (0) [7 
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the solid lines in Figs. 6-10a and 6-10b. The result is shown in Fig. 6-10c. 
Assume that the initial price is po. The price in the following period, p,, is 
given by the ordinate of the point on f(p,-;) directly above po. In order to 
calculate the price in the following period, p, is transferred to the horizontal 
axis by drawing a horizontal line from K to L. L lies on a 45-degree line, and 
the abscissa of each point on it equals its ordinate. The price p; is found by 
moving vertically to M on f(p,-;). All subsequent prices are found in this 
manner. The price level converges in the present example to the equilibrium 
price given by the intersection of f(p,-;) and the 45-degree line.' The stability 
of equilibrium depends upon the slope of the excess demand function and the 
magnitude of k. If the excess demand function in Fig. 6-10a were positively 
sloped, the function f(p,-;) would cut the 45-degree line from below, and the 
equilibrium would be unstable. If the excess demand function had negative 
slope, as in Fig. 6-10a, but k were very large, f(p,-;) would have negative 
slope, and the price level would oscillate. 

The static and dynamic approaches to stability are fundamentally 
different. Static stability need not imply dynamic stability, but dynamic 
stability implies static stability. The reason for this discrepancy is that 
dynamic analysis is a more inclusive tool for investigating the properties of 
equilibrium. Static analysis concerns itself only with the direction of the 
adjustment and neglects the magnitude of the adjustment from period to 
period. 

Let 

D, = —0,5p, + 100 


S, = —0.1p, +50 


and let k —6. The equilibrium is stable in the static Walrasian sense if 
D'(p) — S'(p) <0. Substituting from the demand and supply functions, —0.5 — 
(-0.1)2 -04 «0. Dynamic stability requires —1—1--k(a- A) «1. Sub- 
stituting the appropriate values gives 


It k(a - A) = -1.4 


and the required left-hand inequality does not hold. The market will exhibit 
explosive oscillations. 


Dynamic Stability: Continuous Adjustment 


Equation (6-15) describes a price adjustment ptocess that occurs over discrete 
intervals of time. An alternative approach is based on the assumption that 


‘It can be easily verified that point N is the equilibrium point. At N, p, = p,., (for the 
45-degree line) and p, = p,., + kE(p,.,). Substituting p,., for p, 


Pia = Pi- + kE(pi-i) 
or kE(p,-;) = 0. Excess demand equals zero at point N. 
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adjustment takes place continuously. Equation (6-15) is then replaced by 


dp = 

dt kE(p) (6-21) 
where k and E(p) have the same meaning as before.' Substituting the demand 
and supply functions (6-16) and (6-17), (6-21) becomes 


g = k(a — Ap + k(b — B) (6-22) 


which is a first-order differential equation. Its solution (see Sec. A-6) is 
p (po— petta +De 


where po is the initial price at t — 0 and e=2.71828...is the base of the 
system of natural logarithms. 

The equilibrium price p, is dynamically stable, that is, p > p. as t —^o, if 
(a — A) « 0, which will be the case if the demand function is negatively and 
the supply function positively sloped. The magnitude of the adjustment 
coefficient influences the speed with which convergence or divergence takes 
place, but in contrast to the lagged adjustment model it plays no role in 
determining whether an equilibrium is stable or not. The static and dynamic 
stability conditions are identical in this case. 

An equilibrium point is locally stable if the system returns to it, given a 
small initial deviation from equilibrium. It is globally stable if the system 
returns to it for any initial deviation from equilibrium. Linear models such as 
(6-22) have unique equilibrium points in general, and if they are locally stable, 
they are also globally stable. Nonlinear models may have several equilibrium 
points, and, in any event, the local stability of an equilibrium point does not 
guarantee its global stability. 

A linear approximation is useful in determining the local stability of 
nonlinear models. Assume that the excess demand function E(p) is some 
complicated function of p so that the differential equation (6-21) is difficult or 
impossible to solve directly. The approximate equality 


E-E) 2 EP) Ep) (623) 
e 

where p, is an equilibrium price, follows from the definition of a derivative. In 

the limit, as p >p, (6-23) holds exactly, and for small deviations of p from pe 

the approximation may be expected to be good. Substituting E(p,)=0, 

solving (6-23) for E(p), and substituting the result on the right-hand side of 

(6-21), 


dp _ " -— 
di kE'(p.Xp — Pe) 


! The value of p is defined for all values of t. It is customary in this case to omit the subscript 
t. The dependence of p on t may be indicated explicitly by writing p(t). 
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which is a linear equation since E'(p.), the derivative of excess demand 
evaluated at p,, is a constant. The root of the characteristic equation (valid in 
the neighborhood of p.) is kE'(p,). Thus, if the excess demand function is 
negatively sloped in the neighborhood of p,, the equilibrium is locally stable. 
The static and dynamic conditions again are identical. 

The existence of global stability can often be ascertained by a technique 
known as Liapunov's direct method. First find a Liapunov function, V(p), 
such that V(p)>0 if ps p. and V(p.) - 0. If dV/dt is negative whenever 
p * Pea the equilibrium solution is globally stable.' An appropriate Liapunov 
function is often provided by 


V(p) 7 (p =- p. 


the squared distance of the actual point p at time t from the equilibrium point. 
For illustration, consider the nonlinear excess demand function E = 
b/p — a where p, = bla with a, b >0, and 


Differentiating V(p), 


Substituting for p, and dp/dt, 


dV | 2k(ap - b} 

dt ap 
which is negative for all p# p, since k, a, and P are positive. Thus, an 
equilibrium for this model is globally stable. 


6-9 DYNAMIC EQUILIBRIUM WITH LAGGED ADJUSTMENT 


Producers’ supply functions show how they adjust their outputs to the 
prevailing price. Since production takes time, the adjustment may not be 
instantaneous, but may become perceptible in the market only after a period 
of time. Agricultural commodities often provide good examples of lagged 
supply. Production plans are made after the harvest. The output correspond- 


ing to these production plans appears on the market a year later. Assume that 
the demand and supply functions are 


D -ap*b (6-24) 
S = Ap. +B (6-25) 
More advanced treatises distinguish between stability and asymptotic stability. Sec J. La 


Salle and S. Lefschetz, Stability by Liapunov's Direct Method (New York: Academic, 1961). pp. 
3-12 
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The market is in dynamic equilibrium if the price remains unchanged from 
period to period, i.e., if p, = p.i. Equating (6-24) and (6-25) yields the unique 
equilibrium price p, = (B — b)/(a — A). The quantity demanded in any period 
depends upon the price in that period, but the quantity supplied depends upon 
the price in the previous period. It is assumed that the quantity supplied in period 
t is always equal to the quantity demanded in that period; that is, p, adjusts to 
bring about the equality of D, and S, as soon as S, appears on the market. This 
implies that no producer is left with unsold stocks and no consumer with an 
unsatisfied demand. Therefore 
D,-S,20 
Substituting from (6-24) and (6-25), 
ap, + b - Ap-i- B - 0 
Solving for pn 
B-b 


P: = Ap, + ag si (6-26) 


Assuming that the initial condition is given by p = Po when t — 0, the solution 
of the first-order difference equation (6-26) is 


P: = (Po~ »X(4) +Pe (6-27) 


The solution (6-27) describes the path of the price as a function of time. Some 
of the possible time paths are illustrated in Figs. 6-11a and 6-115. 

Assume that the initial supply does not equal the equilibrium amount as a 
result of a disturbance such as a drought. Let the initial supply equal qo in Fig. 


Figure 6-11 
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6-11a. The corresponding initial price is pọ. Consumers demand pọMo, and this 
quantity equals the initial supply. The price po induces entrepreneurs to 
supply the quantity poN in the next period. The price falls instantaneously to 
pı- The quantity demanded is then p,M; (which equals poN,, the quantity 
supplied in that period). In the following period the price p, induces a supply 
of p, N». This process continues indefinitely, producing a cobweb pattern. The 
price level fluctuates, but converges to the equilibrium level indicated by the 
intersection of the demand and supply curves. The same mechanism operates 
in Fig. 6-11b, but the price fluctuations tend to become larger and larger: the 
market is subject to explosive oscillations. 

The market is dynamically stable if p,— p, as t —o. If the absolute value 
of the quotient (A/a) is less than one, the first term on the right of (6-27) will 
vanish as £ >%, and the market will be dynamically stable. If the slopes of the 
demand (1/a) and supply curves (1/A) have opposite sign, price will oscillate 
about the equilibrium price level. If the slope of the demand curve has smaller 
absolute value than the slope of the supply curve, 1/|a| < 1/|A|, the oscillations 
will decrease in amplitude, and the market is dynamically stable as shown in 
Fig. 6-11a. If the slope of the demand curve has greater absolute value than 
the slope of the supply curve, 1/[a|; I/[A|, the oscillations will increase in 
amplitude, and the market is dynamically unstable as shown in Fig. 6-115. 
Finally, if the slopes of the demand and supply curves are equal in absolute 
value, 1/|a| - 1/JA|, the oscillations will have constant amplitude, and the 
market is dynamically unstable. 

If the demand and supply curves slope in the same direction, A/a is 
positive, and the price level will not oscillate, but will either increase or 
decrease continually.' The same conditions hold as above: price will converge 


'The price may remain constant if the demand and supply curves coincide. No unique 
equilibrium is defined in this case. See Sec. 6-7. 


0 q, 9 = Figure 6-12 
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to its equilibrium value if the demand curve has smaller absolute slope than the 
supply curve (Fig. 6-12), and will diverge in either an upward or downward 
direction if the demand curve has greater absolute slope. 

The conditions for dynamic stability are not the same as in the simple 
dynamic case. Buyers and sellers react to excess demand in the simple 
dynamic case. Excess demand is zero in cobweb situations. Buyers react to 
given supplies in terms of the prices they offer. Sellers respond to given 
supplies in terms of the prices they offer. Sellers respond to given prices in 
terms of the quantities they supply in the following period. 


6-10 A FUTURES MARKET 


Futures markets have been instituted for some commodities with uncertain 
future prices. Buyers and sellers agree to transact at a specified price at a 
future date. Thereby, the future price for such ‘transactions is known with 
certainty. Futures markets are common for agricultural commodities. A 
risk-averse farmer who sells for future delivery can avoid price uncertainty. A 
processor of agricultural products who buys for future delivery can contract 
for sale of his output, given a certain input cost. People who buy and sell for 
these reasons are said to hedge against price uncertainty. Others who have no 
direct interest in the commodity may also buy and sell in a futures market. A 
buyer (seller) can sell (buy) at the actual market price at the future date in 
order to cover his contract. Such a person will participate in a futures market 
if he can increase his expected utility by buying or selling the lottery offered 
by the market. 

Differing expectations as to future price can lead to futures-market 
transactions. It is assumed here that expectations are identical in the sense 
that everyone expects that future price will be one of the n values (pi... Pn) 
with the respective probabilities (v), ..., Va). In order to emphasize that a 
futures market does not require some participants who prefer risk, an exam- 
ple is given for which all buyers and sellers are risk averse, though not to the 
same degree, and all obey the von Neumann-Morgenstern axioms (see Sec. 
3-8). 


Hedging 

Consider a farmer who produces the commodity under investigation. Let his 
cost function C(q) be strictly convex, and his utility function U(7) be strictly 
concave. If the farmer sells in the futures market at the going price p*, he 
maximizes utility by equating this price to his MC. If he does not sell in the 
futures market, his first-order condition for expected utility maximization [see 
(5-21)] is 


ceo). X v,U'Grp; - C'l) = 0 (6-28) 
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Let U, be the maximum utility value determined from (6-28). The utility level 
from futures-market participation is 
U* = Ulp*a* - C(q*)) - V(p*) 
where q* is a solution for p* = C'(q*). Clearly, dU*/dp* — 0. Let pł be the 
solution of U= V(p*). For p* — př the farmer will not sell in the futures 
market; he prefers price uncertainty to the certainty provided by the futures 
market. For p* > p$ he will sell his entire output as determined by his N.C 
function; he then prefers the certainty of the futures market. 
For illustration let U = In (z + 10) and C =0.5q? with p; — 4, p; — 8, and 
v, = v; — 0.5. An approximate solution for (6-28) is qo = 5.246 and U’ = 3.245. 
Also, 
V(pf)) = tn (0.5pt? + 10) = 3.245 
has the solution pf ~ 5.598. The farmer's futures-market supply function! is 
S=0 if —p*«5.598 
S=p* if p*>5.598 
The construction of a futures-market demand function for a processor of 
agricultural output is left for the reader (see Exercise 6-13). 


Risk Assumption 


A person without a direct interest in a commodity may buy or sell in its 
futures market if he can increase his utility. He avoids taking delivery of or 
having to provide the commodity through an Offsetting transaction at the 
prescribed future date. Let his utility be a function of his asset position 
U = U(A) with an initial position of Uy = U(A9. Let D denote his excess 
demand in the futures market such that D>0 means that he is buying for 


future delivery at p*, and D — 0 means that he is selling. His expected utility 
is 


E[U(A)] = » viU[Ao* (p; — p*)D] (6-29) 
The first-order condition for his expected utility maximization is 


dE[U 
ERA- $ qU(AYp, - p*) -0 (6-30) 


The participant’s excess demand function is obtained by solving (6-30) for 
D = D(p*). Let pf be a solution for D(pt) = 0. If p* > pt, the participant will 
sell in the futures market, and if p* — p$, he will buy. 


' Each farmer's overall supply function has a discontinuity since output jumps from 5.246 to 
5.598 at p}. 


N 
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For example, let U (A) = In (A). Substituting into (6-30) gives 


6- * 

(8-p9p*—4) ^ 

For any given 4< p* <8, futures-market purchases will equal a fixed propor- 
tion of the participant's assets. Assume that this proportion cannot exceed 1, 
which occurs at p ~ 4.44. Assume that there are 10,000 identical participants 
each with Ao = 9056.25 who serve as buyers in the futures market, and 1000 
identical farmers as described above who serve as sellers. Equating aggregate 
demand to aggregate supply 


(6 — p*) 
(8— p*)(p* —4) 
which has the solution p* = 5.75 and q = 5750. 


D= 


90,562.5 = 1000p* 


6-11 SUMMARY 


The theory of perfect competition analyzes the factors that determine price 
and quantity in markets in which (1) the product is homogeneous and buyers 
are uniform, (2) buyers and sellers are numerous, (3) buyers and sellers 
possess perfect information, (4) there are free entry and exit for both buyers 
and sellers in the long run. The participants in the market act as if they had no 
influence on the price, and each individual regards it as a given parameter. 

The price and the quantity bought and sold are determined by supply and 
demand. The aggregate demand function is derived from the demand func- 
tions of individual consumers, which, in turn, are derived from the individual 
consumers’ first-order conditions for utility maximization. The aggregate 
supply function is derived from individual supply functions which are based 
on the individual firms’ first-order conditions for profit maximization. Equili- 
brium is attained when demand equals supply. The equality of demand and 
supply guarantees that buyers’ and sellers’ desires are consistent. The analysis 
of a perfectly competitive market is extended to specific and ad valorem sales 
taxes. 

The analysis of perfectly competitive factor markets is similar to the 
analysis of commodity markets. The equilibrium price-quantity combination is 
determined by demand and supply, and the equality of demand and supply 
ensures the consistency of buyers’ and sellers’ desires. The demand function 
for a factor is derived from the individual firms’ first-order conditions for 
profit maximization. The supply function for a primary input such as labor is 
derived from the individual laborers’ first-order conditions for utility maxi- 
mization. Equilibrium in a factor market ensures that the price of a factor 
equals the value of its marginal product. 

The existence of demand and supply functions does not necessarily imply 
that demand and supply are equal at one or more nonnegative price-quantity 
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combinations. The concept of market equilibrium is extended to cover two 
situations in which demand and supply are not equal. A free-good equilibrium 
is characterized by an excess of supply over demand at a zero price. A 
zero-production equilibrium is characterized by supply price exceeding 

demand price for all nonnegative outputs. It is possible that more than cre 
price-quantity equilibrium may exist for a market. Multiple equilibria cari:.ot 
occur if the difference in the slopes of the demand and supply curves is 
negative for all prices, or if the difference is positive for all prices. 

The existence of an equilibrium point does not guarantee its attainment. 
The analysis of the stability of equilibrium is concerned with the effects of 
disturbances. Equilibrium is stable if a disturbance is followed by a return to 
equilibrium and unstable if it is not. The static analysis of stability considers 
merely the direction of the adjustment which follows the disturbance; 
dynamic analysis considers the time sequence of the adjustment process as 
well. A dynamic model with lagged adjustment demonstrates that a market 
which is stable according to the static analysis may be dynamically unstable. 
A dynamic model with continuous adjustment enriches the static model by 
describing the path of price over time following a disturbance. Both static and 
dynamic analyses contain assumptions about the behavior of buyers and 
sellers. According to the assumption of the Walrasian stability condition, 
buyers and sellers react to excess demand. 

Special dynamic problems arise in markets in which supply reactions are 
lagged. In markets of this type both buyers and sellers are assumed to react to 
price. The time path of the market price oscillates and produces a cobweb-like 
path pattern if the demand and supply curves have slopes of opposite sign; an 
equilibrium is stable if the absolute value of the slope of the demand curve is 
less than the absolute value of the slope of the supply curve. 

Competitive-market analysis is extended to cover contracts for the future 
purchase and sale of a commodity at a fixed price that may differ from the 
market price at that date. Each participant buys or sells a quantity that 
maximizes his expected utility. People who hedge use a futures market to 
convert an uncertain price prospect into a certain one. Others use futures 
markets to purchase lotteries that increase their expected utility. 


EXERCISES 


6-1 Two hundred consumers derive utility from the consumption of two Each has the 
utility function U = 109) +5q2+ qıqz. Each has a fixed income of 100 rimi that the 
price of Q; is 4 dollars per unit. Express the aggregate demand for Q; as a function of p,. Is the 
aggregate demand curve downward sloping? ? 

/ 6-2 Construct a short-run supply function for an entrepreneur whose ion i 
C 004g! URP TINTA short-run cost function is 
6-3 A good Q is produced using only one input X. The market for Q is supplied by 100 identical 
competitive firms each of which has the production function q =x” where 0<  — 1. Each firm 
behaves as if the price of X were constant. However, the industry as a whole faces an upward 
sloping supply curve for X : r = b(100x) where b > 0. Derive the industry's long-run supply curve. 
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6-4 The long-run cost function for each firm that supplies Q is C = q’—4q? + 8q. Firms will enter 
the industry if profits are positive and leave the industry if profits are negative. Describe the 
industry's long-run supply function. Assume that the corresponding demand function is D = 
2000 — 100p. Determine equilibrium price, aggregate quantity, and number of firms. 

6-5 Consider an industry with m identical firms in which the ith firm's total cost function is 
C, = aq? + bqq (i=1,...,m), where q = qi * q+: -+ qq Derive the industry's supply function. 

76-6 Construct an effective supply curve for an industry which has two sources of supply: 
domestic production with the supply curve S = 20+8p, and (2) an unlimited supply of imports at 
a fixed price of 20. 

6-7 Determine equilibrium price and quantity for a market with the following demand and supply 
functions: D = 20 — 2p and S = 40 — 6p. Assume that a specific tax of 1 dollar per unit is imposed. 
Compute the changes in equilibrium price and quantity. 

6-8 Assume fifty firms supply commodity Q at location I and fifty at location II. The cost of 
producing output q; for the ith firm (in either location) is 0.597. The cost of transporting the 
commodity to the market from location I is 6 dollars per unit and from location II, 10 dollars per 
unit. Determine the aggregate supply function. 

6-9 A consumer allocates a fixed amount of time to labor and leisure. He derives satisfaction 
from the time he retains as leisure, L, and the income, y, that he secures by selling his labor at a 
fixed wage rate. His utility function is U = Ly * aL where a is a positive parameter. Derive the 
consumer's supply function for labor. Is his labor supply curve upward sloping? 

6-10 Assume that aggregate demand and supply functions are given by D = 25/p and S = V5p. Is 
the dynamic process defined by (6-21) locally stable? 

6-11 Determine whether equilibrium solutions exist for markets with the following demand and 
supply functions: 


(a) D=12—3p; S=—10+2p. 

(b) D=16—2p; S=20-2p. 

(c) D=50—4p; S = 10+ 10p —p*. 

(d) D-50—4p; S=2+10p -p°. 

6-12 Consider the following markets which are characterized by lagged supply response: 


(a) D, — 40— 10p,; S, =2+ 9p... 

(b) D, = 30- 5p; $, = 20- p.i. 

Determine equilibrium price and quantity for each market, Assume an initial price 20 percent 
below the equilibrium price for each market, and determine the number of periods necessary for 
each price to adjust to within 1 percent of equilibrium. 

6-13 A sugar refiner has a strictly concave production function for which labor and raw sugar cane 
are the only inputs. His production of refined sugar and purchase of inputs will take place next spring, 
but he must determine his future production level today. The future prices of refined sugar and labor 
are known with certainty, but the price of raw sugar will assume one of the values (r, . . - , r,) with the 
respective probabilities (vı, ... , vy). Show how you would determine his futures-market raw sugar 
demand. . 
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CHAPTER 


SEVEN 


MONOPOLY, MONOPSONY, AND 
MONOPOLISTIC COMPETITION 


Thus far, conditions of perfect competition have been assumed to prevail in 
all markets. A perfectly competitive industry contains a large number of firms 
selling a homogeneous product. Each firm faces a horizontal demand curve 
and maximizes profit by selecting an output level at which marginal cost 
equals market price. 

Now attention is turned to markets in which firms have noticeable 
influence upon price. Monopoly is a situation in which a market contains a 
single seller. A monopolist's demand curve is the same as the corresponding 
market demand curve. She cannot assume that price is unaffected by her 
actions. She recognizes that (except for the rare case of a Giffen good) the 
price she receives declines as her output expands. She is a price setter rather 
than a price taker. 

Buyers as well as sellers may have influence upon price. Monopsony 
describes a market with a single buyer. A monopsonist is not a price taker. 
She recognizes that the price she pays generally will increase as she increases 
her purchases. 

The theory of monopolistic competition blends elements of both mono- 
poly and perfect competition. It covers an industry with a large number of 
firms selling closely related, but differentiated, products. Each firm, though 
small in relation to the market as a whole, possesses some control over the 
price at which it sells. 

The traditional theory of monopoly is developed in Sec. 7-1, extended to 
cover price discrimination in Sec. 7-2, and applied to special situations in Sec. 
7-3. Monopsony is the subject of Sec. 7-4. Monopolistic competition is 
described in Sec. 7-5. 
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There is no distinction between the industry and the firm in a monopolistic 
market. The monopolistic firm is the industry; it has no competitors. A 
monopolist's individual demand curve possesses the same general properties 
as the industry demand curve for a perfectly competitive market. It is an 
aggregate of the demand curves of individual consumers and is assumed to be 
negatively sloped. The quantity of her sales is a single-valued function of the 
price which she charges: 


4 7 f(p) (7-1) 


where dq/dp <0. The demand curve is assumed to have a unique inverse, and 
price may be expressed as a single-valued function of quantity: 


- p = F(q) (7-2) 


where dp/dq<0. A major difference between a monopolist and a perfect 
competitor is that the monopolist's price decreases as she increases her sales. 
A perfect competitor accepts price as a parameter and maximizes profit with 
respect to variations of her output level; à monopolist may maximize profit 
with respect to variations of either output or price. Of course, she cannot set 
both independently since her price (output level) is uniquely determined by 
her demand curve once she has selected her output level (price). The 
price-quantity combination which maximizes profit is invariant with respect to 
her choice of the independent variable, 


SM and Marginal Revenue _ 
monopolist's total revenue (R) is price multiplied by quantity sold: 
R=pq (7-3) 


Her marginal revenue (MR) is the derivative of her total revenue with respect 
to her output level. Differentiating (7-3) with respect to q. 


dR 
MR = ——= p+ 
q tih ” p 
Since dp/dq <0, MR is less than price. The MR of a perfect competitor is also 
defined by (7-4). Her MR equals price since dpldq = 0. The monopolist's MR 


equals price less the rate of change of price with to quantity multi- 
plied by quantity. If the perfect competitor ex | her sales by 1 unit, her 
in a broad sense all products compete for the limited i of consumers. The term 
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revenue will increase by the market value of the additional unit. The mono- 
polist must decrease the price she receives for every unit in order to sell an 
additional unit. 

Linear demand and MR curves are pictured in Fig. 7-1. Demand is 
monotonically decreasing, and MR is less than price for every output greater 
than zero. The rate of decline of MR is twice the rate of decline of price: 


p-a-bq , R=aq-bq@ MR = $F = a -2bq 


Since dp/dq =-b is a constant, the distance between the two curves 
[a(dpldq) = bq) is a linear function of output. Total revenue for the price- 
quantity combination (p°, q?) equals the area of the rectangle Op°Tq°. The 
area OASq" which lies under the MR curve also equals total revenue: 


[ a - 22) da = aq bq = R 
This result is applicable to demand curves which are not linear. In general 
x dp 
Í (p +a £) ag pq-R 


since the integration constant equals zero. Total revenue is given by the area 
lying under the MR curve. . 

The elasticity of demand (e) at a point on a demand curve is defined as 
the absolute value of the rate of proportionate change of output divided by 
the rate of proportionate change of price:' 


. .dünq). pdq x 
*^^dünp  adp Mn) 


' Since attention is limited to negatively sloped demand curves, it is convenient to define the 
elasticity of demand as a positive number. This is in contrast to Sec. 2-3 where elasticities of 
demand take the signs of the slopes of the demand curves to which they refer. 
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R 


TE ——Ó— —Ó— ———————— 


MR as given by (7-4) can be expressed in terms of price and demand 
elasticity: 


| MR- (1 +42) = o(t -1 (1-6) 


MR is positive if e>1, zero if e — 1, and negative if e — 1. The difference 
between MR and price decreases as demand elasticity increases, and MR 
approaches price as demand elasticity approaches infinity. 

A parabolic total revenue curve which corresponds to the linear demand 
curve of Fig. 7-1 is presented in Fig. 7-2. The first derivative of total revenue 
(MR) is monotonically decreasing and reaches zero at the output level q^. 
Total revenue is increasing and e 1 for q € q^, is at a maximum and e = 1 
for q = q°, and is declining and e <1 for q >q’. 


Profit Maximization: Cost Function 


The monopolist's total revenue and total cost can both be expressed as 
functions of output: 


R-R(q  C-C(q) 
Her profit is the difference between her total revenue and total cost: 
--R(q-C(q - (7-7) 
To maximize profit set the derivative of (7-7) with respect to q equal to zero: 
TZ = R(q)-C(q)=0 


" R'() - C'a) (1-8) 
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MR must equal MC for profit maximization. The monopolist can increase her 
profit by expanding (or contracting) her output, as long as the addition to her 
revenue (MR) exceeds (or is less than) the addition to her cost (MC). Since 
MR is positive for a profit-maximizing output, it follows from (7-6) that the 
monopolist will always select an elastic point on her demand curve, i.e., a 
point at which e > 1. There is no similar restriction upon the equilibrium value 
of e for a competitive market. 
The second-order condition for profit maximization requires that 
LE EN t 
de! ^. R'(q)- C"(q) «0 


or adding C"(q) to both sides of the inequality, 
R'(q) < C'(q) l (7-9) 


The rate of increase of MR must be less than the rate of increase of MC. The 
second-order condition is a fortiori satisfied if MR is decreasing and MC 
increasing, as is generally assumed. If MC is decreasing, (7-9) requires that 
MR be decreasing at a more rapid rate. If both conditions for profit maxi- 
mization are satisfied for more than one output level, the one which yields the 
greatest profit can be selected by inspection. 

The first-order condition can be satisfied in each of the three cases 
presented in Fig. 7-3. The equalization of MR and MC for (a) determines a 
quantity of q° and a price of p”. The monopolist can set the price p" and allow 
the consumers to purchase q^, or she can offer q^ for sale and allow the 
consumers to determine a price of p". The second-order condition requires 
that the algebraic value of the slope of the MC curve exceed that of the MR 
curve, i.e., the MC curve must cut the MR curve from below. This condition 
is satisfied at the intersection points in (a) and (b). MR — MC does not yield a 
point of maximum profit in (c) since the MC curve cuts the MR curve from 
above at their only point of intersection. The first-order condition can be 
satisfied, but the second-order condition cannot. 
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If a monopolist followed the rule of a perfect competitor and equated MC 
to price, she would produce a greater output and charge a lower price. This is 
obvious by Fig. 7-3a. The coordinates of the intersection point of the MC and 
demand curves give a price less than p° and a quantity greater than q°. 

Consider a monopolist who faces a linear demand curve: 

p-100-4q = R-pq-100q—4q' (7-10) 


and produces at a constant MC of 20 dollars. Her total cost is a linear 
function of her output level: 


C =50+20q (7-11) 
Her profit is 
7 = (100q — 44°) — (50 + 20) 
Setting MR equal to MC, 
100 —8q = 20 
q=10 p-60 m —350 


The second-order condition is satisfied: the rate of change of MC (zero) 
exceeds the rate of change of MR (-8). If the monopolist were to follow the 
rule of the perfect competitor and set price equal to MC: 


100—4q = 20 
q-20 p=20 r= -50 


she would sell a larger quantity at a lower price and earn a smaller profit. In 
ftus example the monopolist’s 350 dollar profit would be reduced to a 50 dollar 
oss. 


v Profit Maximization: Production Function 


The analysis of monopoly is usually conducted in terms of cost functions. 
There are situations, however, in which it is desirable to consider a mono- 
polist’s production function and input purchases explicitly. Assume that a 


monopolist uses two inputs which she purchases in competitive markets to 
produce her output. Her profit is 


7 = R(q) - rii - rx; 
Setting the partial derivatives of profit with respect to inputs equal to zero, 
oT j ; 
ax ^ Rh -n-0 i=1,2 (7-12) 


where q = h(x, X) and h; = dq/ax;. Rearranging terms, 
Righ=r i=1,2 
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Profit maximization requires that the monopolist set the value of the mar- 
ginal-revenue product of each input equal to its price. In monopoly marginal 
revenue times marginal product equals input price; in perfect competition 
output price times marginal product equals input price. 
The second-order conditions for profit maximization require that 
mua «0 12 <0 Tung- 13, >0 (7-13) 
where ma = ó^r[àxóx. By further differentiation of (7-12), 
m;7R'(q)h-R'qhic0  i-12 


or by rearranging terms and substituting from (7-12),' 


R<- Qh- ecu) ien (7-14) 
The rate of increase of MC attributable to varying either of the inputs must 
exceed the rate of increase of MR. The third inequality of (7-13) requires that 
the rate of increase of MC obtained by varying both of the inputs must 
exceed the rate of increase of MR. 

Since R'(q)-0 for a perfect competitor, C'(q) must be positive, or 
equivalently, her production function must be strictly concave in the neigh- 
borhood of an equilibrium point. Since R'(g) is normally negative for a 
monopolist, her C"(q) may also be negative and still satisfy (7-14). Thus, it is 
possible to have a monopoly equilibrium at a point at which the production 
function is not strictly concave, i.e., a point at which h; > 0. Strict concavity of 
the production function at a point at which (7-12) is satisfied is sufficient for 
monopoly equilibrium, but not necessary. 


7-2 MONOPOLY: PRICE DISCRIMINATION 

The monopolist need not always sell her entire output in a single market for a 
uniform price. In some cases she can increase her profit by selling at more 
than one price. Two such cases are presented here. In the first she is able to 


! Let F(q, xi, x) = q— h(xy, x), and 


and by further differentiation, 
LE ha(x/09) _ hy 
a TUUM TI CA) 
The last equality of (7-14) is derived using the composite-function rule: 


2E (2%) aC x n 
OM = BM hi 
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set a different price in each of two distinct markets. In the second she is able 
to set a continuum of prices. 


Market Discrimination v 


Consider a situation in which a monopolist sells in two markets and ask 
whether she will charge the same price in both. Price discrimination is 
feasible only if buyers are unable to purchase the product in one market and 
resell it in another. Otherwise, arbitrageurs would buy in a low-price market 
and resell in a high-price market at a profit, and thereby equalize price in all 
markets. Personal services are seldom transferable, and their sale frequently 
provides an opportunity for price discrimination. The resale of such com- 
modities as electricity, gas, and water, which require physical connections 
between the facilities of the producer and consumer, is extremely difficult, 
and price discrimination is widely followed in setting utility rates. Price 
discrimination is often possible in spatially separated markets such as the 
"home" and “foreign” markets of a monopolist who sells abroad; resale can 
be prevented by a sufficiently high tariff. 

If a monopolist practices price discrimination in two distinct markets, her 
profit is the difference between her total revenue from both markets and her 
total cost of production: 


7 = Rí(q) + RXq3- C(qi* q) (7-15) 


where q, and q, are the quantities which she sells in the two markets, R,(q,) 
and R,(q2) are her revenue functions, and C(q;-- q;) is her cost function. 
Setting the partial derivatives of (7-15) equal to zero, 


ŽE = Rig) -Clq +q) - 0 
à Hu i 
34, - Ra) - C(q* q) - 0 


or l Ri(q) = Rq) = C'(qu* q) 


The MR in each market must equal the MC of the output as a whole, If the 
MRs were not equal, the monopolist could increase total revenue without 
affecting total cost by shifting sales from the low MR market to the high one. 
The equality of the MRs does not necessarily imply the equality of prices in 
the two markets. Denoting the prices and the demand elasticities in the two 
markets by pj, ps, €,, and e; and utilizing (7-6), the equality of the MR« implies 


P(1-2)- (1-2) 
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Price will be lower in the market with the greater demand elasticity. The 
prices will be equal if and only if the demand elasticities are equal. 

Second-order conditions require that the principal minors of the relevant 
Hessian determinant 

Rae -E 
=C" Riac 
alternate in sign beginning with the negative sign. Expanding the. principal 
minors, 
Ri-C"<0 (Ry- C'(RE- C) - (C? 0 
These imply that RZ — C" <0. The MR in each market must be increasing less 
rapidly than the MC for the output as a whole. 

Assume that the monopolist whose demand and cost functions are given 
by (7-10) and (7-11) is able to separate her consumers into two distinct 
markets:' 

pi780—5q, R, = 80q, — 5q} 
p= 180 — 20q; R- 180q; — 2002 
C = 50 + 20(q, + q) 
Setting the MR in each market equal to the MC of the output as a whole, 
80—10qı=20 . 180—40q;-—-20 
Solving for q, and q; and substituting into the demand, profit, and elasticity 
equations, 
q-76 pi 50 e; = 1.67 
n=4 p;-10 — @ = 1,25 
m = 450 
Second-order conditions are satisfied: 


-10 J- 
-10<0 | 0 -40 400 > 0 


ang Det Stprepiie demand curve remains Unchanged. Solving the demand equation for qi 
a 


qı = 16-02p, q: = 9-0.05p, 
The total demand at any price (p) is the sum of the demands in the two markets: 
q= q+ 42 = 16 -0.2p +9-0.05p = 25 -0.25p 
Solving for p, 
p = 100~4q 
which is the demand function (7-10). 
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The monopolist has increased her profit from 350 to 450 dollars through 
discrimination. Price is lower in the market with the greater demand elasticity. 
Further discrimination would be profitable if the monopolist were able to 
subdivide her consumers into a larger number of groups with different 
demand elasticities. 


Perfect Discrimination \,/ 


Each point on the demand curve gives the highest single price that consumers 
are willing to pay for the corresponding quantity of output. Some consumers 
would be willing to pay more rather than forego consumption of the com- 
modity. They gain a consumers’ surplus (see Sec. 3-7) from a single price 
system. For simplicity assume that income effects are zero so that the 
ordinary and compensated demand curves coincide (see Sec. 2-5). Consumers’ 
surplus then equals the area under the demand curve less the amount that 
consumers pay for the commodity. 

The perfectly discriminating monopolist is able to subdivide her market to 
such a degree that she sells each successive unit of her commodity for the 
maximum amount that consumers are willing to pay. The monopolist, thereby, 
extracts all the consumers’ surplus. Her total revenue is the area under her 
demand curve and her profit is 


4 
T= f F(q) dq - C(q) 


Setting the derivative of profit with respect to output equal to zero, 
da 
zT = F(q)- - 
dq ~ F(4-C(q)-0 


and F(q)- C'(q). Profit is maximized by equating marginal price and mar- 
ginal cost. In diagrammatic terms the perfectly discriminating monopolist 


operates at a point at which her MC curve intersects her demand curve. The 
second-order condition for profit maximization: 


d. 
dq! ^ F()- C'(q) «0 
requires that the slope of her MC curve be greater than the slope of her 


demand curve. 


Assuming perfect discrimination for the example given by (7-10) and 
(7-11), profit is 


s = |’ 100-44) dq - (50:4 204) 


and setting marginal price equal to MC, 
100-49 -20 q=20 7-750 


2 
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The perfectly discriminating monopolist produces more than the 10 units 
produced by the simple monopolist and earns a higher profit than the 350 
earned by the simple monopolist. Her marginal price is 20, and her average 
revenue per unit sold is 60, contrasted with a uniform price of 60 for the 
simple monopolist. 


7-3 MONOPOLY: APPLICATIONS er 


The basic theory of monopoly may be modified to cover a wide variety of 
situations. Four applications are considered in this section. 

The Multiple-Plant Monopolist jd 

Consider a monopolist selling in a single market, who can produce her output 


in two separate plants. Her profit is the difference between her total revenue 
and her total production costs for both plants: à 


7 = R(qi + q) - C(q) - Cq) (7-16) 


where q, and q are the quantities which she produces in the two plants, 
R(qı + q) is her revenue function, and Ci(qı) and CXq; are her cost func- 
tions. Setting the partial derivatives of (7-16) equal to zero, 


= = R'(qv* 4) - C(q) =0 


oT 
£T = R'(qi + 42) — Cq) = 9 
aq: R'(qi* 4) - CAQ) 


= R'(qi* q) = Cila) = CX) 
The MC in each plant must equal the MR of the output as a whole. 
Second-order conditions require that the principal minors of the relevant 
Hessian determinant * 
R'-Cc R" 

ROR = O 
alternate in sign beginning with the negative sign. The reader can verify that 
(7-17) requires that the MC in each plant must be increasing more rapidly than 
the MR of the output as a whole. 


(7-17) 


The Multiple-Product Monopolist v 
Consider a producer who acts as a monopolist for two distinct but interrelated 
Products with the demand functions 


q-f(p,p) %=fAPwPDd 
9 
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If the cross derivatives, the àg/óp; (i* j), are positive, the goods are gross 
substitutes. If they are negative, the goods are gross complements. Assume 
that single-valued inverse demand functions exist 


Pi = Fí(quq) p= Fq 42) 


Here positive cross derivatives denote complements, and negative derivatives 
denote substitutes.' Finally define revenue functions 


Ri=pigi= R41, 42)  Ri-pi7 Rq, q) 


Here àR//q; (i* j) is positive for complements and negative for substitutes. 
The monopolist's profit is 


7 = Riu, q) + Ri, 42) - C((q) — Cq) 
Setting the partial derivatives equal to zero 


Om QR, , AR: _ - 
aq, oq, aq; Cila) =0 
Om OR, aR: _ ot 
ôq ðq w ðq: Cha) - 0 
ôR, ôR: ôR, OR; i 
and rd Iai Cia) at Fie Cq) (7-18) 


The monopolist again equates MC and MR. In (7-18) MR explicitly accounts 
for the demand interrelation.? 

Consider a case in which the goods are substitutes with ARI dq; <0 (i j). 
An example is a local brewer who produces both premium and ordinary beer. 
The MC for a beer will be lower than the MR for that beer considered apart 

. from the other beer. An increase in the output of the premium beer is 
achieved through a reduction of its price which causes a reduction in the sales 
of the ordinary beer. The first-order conditions (7-18) dictate an optimal price 
differential for the two beers. 

If the goods are complements with AR dq; >0 (i# j), the MC for each 
good will be higher than the MR for that good considered alone. Let one good 
be razor blades and the other razors. An expansion in the output of razors 
through a reduction in their price will cause an expansion in the revenue from 
the sale of blades at a given price. An optimal solution might require the sale 
of razors at a loss because of the favorable effects of their sale on 
razor-blade profits. 


Taxation and Monopoly Output 
A lump-sum or a profit tax (with a did rate less than 100 percent) will 
reduce the profit after taxes of a profit-maximizing monopolist, but will not 


' This follows from the assumption that the àq/àp, <0. 
? Second-order conditions are henceforth assumed to be satisfied unless otherwise stated. 


Eee eee 
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affect her optimum price-quantity combination. A sales tax, whether based 
upon quantity sold or value of sales, will reduce her profit and output level 
and increase her price. 

The monopolist cannot avoid a lump-sum tax. It must be paid regardless 
of the physical quantity or value of her sales or the amount of her profit. Her 
profit becomes 


a = R(q)—C(q)-T (7-19) 


where T is the amount of the lump-sum tax and 7 is her profit after the tax 
payment. Setting the derivative of (7-19) equal to zero, 
-RADCA ROCO 

Since T is a constant, it vanishes upon differentiation, and the monopolist's 
output level and price are determined by the equality of MR and MC as would 
be the case if no tax were imposed. p 

A profit tax requires that the monopolist pay the government a specified 
proportion of the difference between her total revenue and total cost. If the 
tax is a flat rate (constant proportion), her profit after tax payment is 


a = R(q) - C(q) - t(R(q) - C(4)] = (1— DERC) - CKa)] (7-20) 


where 0 < t < 1. Setting the derivative of (7-20) equal to zero, f 
the 
dr 
£7. =(1—1)[R'(q)— C'a) - 0 
dg = (- DIR) - CI d 
Since 1 —1« 0, 
R(q)-C'(q)-0  R'(q)- Ca) 


Since the first-order condition is the same as (7-8), output level and price are 
unaffected. The only way a monopolist can avoid a profit tax is to reduce her 
profit before taxes. If she is able to keep a fraction of an increase of profit 
before taxes, she will maximize her profit after taxes by equating MR and 
MC.” 

If a specific sales tax of a dollars per unit of output is imposed, 


7 = R(q) - C(q) - aq 


and T- R(q)-C(q)-a-0  R'(q)=C'(q)+a (7-21) 


The monopolist maximizes profit after tax payment by equating MR with MC 
plus the unit tax. Taking the total differential of (7-21), 


R'(q) dq = C"(q) dq + da 


gar n] 5 
ang da RO- C) 
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Since R'(q) - C'(q) <0 by the assumption that the second-order condition is 
fulfilled, dq/da <0, and the optimum output level declines as the tax rate 
increases. The imposition of a specific sales tax results in a smaller quantity 
sold and a higher price. 

Return to the example given by (7-10) and (7-11) and assume that the 
government imposes a tax of 8 dollars per unit upon the monopolist’s output: 


7 = (100g — 4q*) — (50 + 209) — 8q 


dE 72-8q -0 q=9 p-64 «-74 
Sales diminish by 1 unit, price increases by 4 dollars, and the monopolist's 
profit diminishes by 76 dollars as a result of the imposition of the tax. Price 
increases by less than the unit tax, but the monopolist's profit decreases by 
more than the 72 dollar tax revenue. If the government imposed a 72 dollar 
lump-sum tax upon the monopolist, it would receive the same revenue, the 
monopolist's profit would be decreased by 4 dollars less, and the consumers 
would not have to pay a higher price for the product. As a result it is 
frequently argued that a lump-sum tax is preferable to a sales tax. 

The results are similar if the sales tax is a proportion of the value of sales 
(total revenue), 


7 = R(q)— C(q) - sR(q) = (1— s)R(q) — C(q) 
dr 


dg (- 9R(4)-C'(q)-0 — (1—s)R'(q) = C'(q) (7-22) 


where 0< s <1. Profits are maximized by equating MC to the portion of the 
MR that the monopolist is allowed to retain. Taking the total differential of 
(7-22), 
(1 — s) R"(q) dq — R'(q) ds = C"(q) dq 

dq _ R'(q) 

ds “OSR C ee 


Since the first-order condition requires that MR be positive and the second- 
order condition implies that the denominator of (7-23) is negative, dq/ds <0. 
The imposition of an ad valorem sales tax also results in a reduced output 
level and an increased price. 


and 


The Revenue-Maximizing Monopolist 


It has been suggested that many large firms do not maximize profit, but rather 
maximize sales revenue subject to the constraint that profit equal or exceed 
some minimum acceptable level.! The monopolist desires to maximize R(q) 


‘See William J. Baumol, Business Behavior, Value and Growth (rev. ed., New York: 
Harcourt, Brace & World, 1967), chap. 6. 


"3... 
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subject to a = R(q) - Clq) = 7? (7-24) 


where 7° is the minimum acceptable profit. 

The revenue function is concave. If the cost function is convex, the 
profit function is concave, and the Kuhn-Tucker analysis is applicable for 
the monopolist’s maximization problem. The appropriate Lagrange function 
is 


L = R(q) * A[R(q) - C(a) - 7°] 
and the Kuhn-Tucker conditions are 


aL ; ; aL _ 
ag 7 R() * MR'()—- C'a) 30 qzg0 ag? 
(7-25) 
aL aL 
x = R()- C(q) - 2° 20 Az0 ^3 0 


Assume that a unique unrestricted maximum profit, z*, exists at the 
output q* with R'(q*) 0, C'(q) »0 for qz q*, and R'(q) «0 for q>0. If 
7° > *, (7-24) cannot be satisfied and the maximum-revenue problem has no 
solution. A solution will exist if 7^5 7*. If 7^— *, q* is the maximum- 


‘revenue solution since it is the only output that satisfies (7-24). If 7°<7*, 


revenue will increase and profit decrease as q is increased beyond q*. Thus, 
the monopolist will continue to increase q until either (1) she reaches the 
unrestricted maximum of R(q), or (2) (7-24) is satisfied as an equality, 
whichever occurs at the lower output. If (1), (7-25) states that R'(q) - 0 and 
A — 0. If (2) happens short of the output for (1), C'(q) ^ R'(q) » 0 and A 7 0. 
The multiplier A gives the rate at which revenue can be expanded per dollar 
of profit sacrificed. 

Consider again the example given by (7-10) and (7-11). Assume that 
334 = m? < q* = 350. The unrestricted maximum for R(q) is 625 which occurs 
at q = 12.5 with m — 325. This option may be excluded because it yields too 
low a profit. The equality of (7-24) is ^ 


f (100q — 4q?) — (50 + 20q) = 334 ' 
which may also be written as 
q' —20q * 96 - 0 


This quadratic equation has the roots 8 and 12 with respective total revenues 
of 544 and 624. Thus, the revenue-maximizing monopolist produces 12 units 
which she sells at a price of 52 to gain a total revenue of 624 and a profit of 
334. By contrast, the simple monopolist produces 10 units which she sells at a 
price of 60 to gain a total revenue of 600 and a profit of 350. From (7-25), 
A — 0.25. The entrepreneur sacrifices at the marginal rate of 4 dollars of profit 
per dollar of revenue. 

The revenue-maximizing monopolist, unlike the simple monopolist, may 


190 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


alter her output if a profit tax is introduced. Consider a case in which her 
output is determined by the equality of (7-24) both before and after a tax is 
imposed. Assume that the tax, 0 — t < 1, is a constant fraction of profit. The 
equality of (7-24) becomes 


(1— 1)[R(q) - C(q)] = 2° (7-26) 
Taking the total differential of (7-26), 


dq R(g)-C(g) 
dt (=MR) Cai 


Since the value of q that satisfies (7-26) is greater than q*, R'(q) - C'(q) is 
negative. Since R(q)—C(q) and 1—f are positive, dq/dt <0; that is, an 
increase in the profit-tax rate reduces the maximum-revenue output. If the 
output for an unrestricted maximum revenue yielded a profit at least as great 
as the minimum acceptable level both before and after the imposition of a tax, 
the monopolist would not alter this output. 


7-4 MONOPSONY 
v 


Monopsony is similar to monopoly in many regards. A monopolistic market 
has one seller and many competitive buyers. A monopsonistic market has one 
buyer and many competitive sellers. 

A monopsonist cannot purchase an unlimited amount of an input at a 
uniform price; the price which she must pay for each quantity purchased is 
given by the market supply curve for the input. Since the supply curves for 
most inputs are positively sloped, the price which the monopsonist must pay 
is generally an increasing function of the quantity she purchases. 

First consider the case of a monopsonist who uses a single input, which 
we shall call labor, for the production of a commodity which she sells in a 
perfectly competitive market. An.example might be provided by a producer 
who is the sole purchaser in a local labor market and sells her output in a 
competitive national or international market. Her production function states 
output as a function of the quantity of labor (x) employed: 


4 7 h(x) (7-27) 
The revenue function and cost equation are, as before: 
R-pq C=rx 


where r is the price of labor. However, the price of labor is now an increasing 
function of the amount employed: 


r= g(x) (7-28) 


where dr/dx >0. The marginal cost of labor is the rate of change of its cost | 
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with respect to the quantity employed:' 


ortxe) (1-29) 


Since g'(x) >0, the marginal cost of labor exceeds its price for x >0. yee de 
The monopsonist’s profit can be expressed as a function of the amount of 
labor which she employs: 


a= R-—C=ph(x)-rx (7-30) 
Setting the derivative of (7-30) with respect to x equal to zero, 


P| aS: Ce Fy uu 
qa Ph'eo-r xg'(x) - 0 


ph'(x) = r + xg'(x) (7-31) 


The first-order condition for profit maximization requires that labor be 
employed up to a point at which the value of its marginal product equals its 
marginal cost. The second-order condition requires that the rate of change of 
the value of the marginal product of labor be less than the rate of change of 
its marginal cost: 


digas s <0 
won (x) - 2g'(x) — xg"(x) : 


ph"(x) « 2g'(x) + xg'(x) (7-32) 


The monopsonist's optimum output and the price of labor are determined by 
solving (7-31) for x and substituting a value for which the second-order 
conditions is satisfied into (7-27) and (7-28). 

The profit-maximizing monopsonist (see Fig. 7-4) will employ x units of 
labor at a wage rate of r° dollars. The equality of the price of labor with the 
value of its marginal product, the equilibrium point for an entrepreneur who 
purchases labor in a perfectly competitive market, would result in the 
employment of x” units of labor at a wage rate of. r'?, The monopsonist 
employs a smaller quantity of labor at a lower wage rate. 

If the monopsonist's production and labor supply functions are 


q-15x!-02:0  r-14423.4x 


and she sells her output in a perfectly competitive market at a price of 3 
dollars, her total revenue function and cost equation are 


R-45x!'-0.68 | C-MAx - 234 
Setting the value of the marginal product of labor equal to its marginal cost, 
90x — 1.8x? = 144+ 46.8x 
! The reader should note that marginal cost is here defined with respect to the quantity of 


j labor employed rather than the quantity of output produced. The abbreviated form (MC) is 
reversed for marginal cost with respect to output level. 
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0 P PIU z Figure 7-4 


which yields the quadratic equation; 
1.8? — 432x + 144 = 0 
with the roots x = 4 and x = 20. The second-order condition 
90 — 3.6x < 46.8 


is satisfied for x=20. The solution x=4 is a minimum-profit position. 
Substituting x = 20 into the appropriate functions, 


47440  r-612 57-960 
If a monopsonist is also a monopolist in the market for her output, the 
price she receives is a function of the quantity which she sells: 
p = F(q) 


Her profit may again be expressed as a function of the quantity of labor which 
she employs: 


7 = pq = rx = F[h(x)]h(x) — rx 
or more simply, 
7 = R(x) - C(x) (7-33) 


where total revenue and total cost are expressed as functions of the quantity 
of labor employed. Setting the derivative of (7-33) equal to zero yields the 
first-order condition that the rate of increase of total revenue from the 
employment of another unit of labor (the marginal-revenue product of labor) 
must equal its marginal cost. The second-order condition requires that the 
marginal-revenue product of labor increase less rapidly than its marginal cost. 


—— —— V 
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7-5 MONOPOLISTIC COMPETITION 


Monopolistic competition contains elements of both monopoly and perfect 
competition. It is akin to perfect competition in that the number of sellers is 
sufficiently large so that the actions of an individual seller have no perceptible 
influence upon her competitors. It is akin to monopoly in that each seller 
possesses a negatively sloped demand curve for her distinct product. 
Assuming linear demand curves, the price received by each seller is a 
function of the quantities sold by each of the n firms within the industry: 


nt A - am bn k almah (7-34) 
i 


where dp,/ aq; = —by is negative, but numerically small. To facilitate exposi- 
tion, assume that all firms have identical demand and cost functions; that is, 
bu = b for all k and i except k =i, a =a, A, = A, and C,(qx) = C(qi) for all 
k. Assuming initial price-quantity combinations which are the same for all 
firms, the industry can be described in terms of the actions of a “represen- 
tative” firm. The revenue and cost functions of all firms and their maximizing 
behavior are identical, though their products are differentiated in the eyes of 
consumers. The demand curve facing the representative firm is 


h = A-aq-b > à (7-35) 


ink 


The profit of the representative firm is 
m= a(A- aq - D a)-C«) (7-36) 
1. LI 


*, 
Since b is numerically small and a quantity change on the part of the 
representative firm affects each of its (n — 1) competitors to the same degree, 
the effects of her movements upon the price of any particular competitor are 
negligible. Therefore, the entrepreneur of the representative firm acts as if her 
actions had no effects upon her competitors. Equating her MR and MC on the 
assumption that the output levels of her competitors remain unchanged: 


A= 2aq -b Y q= Ca) (7-37) 
jek 
The second-order condition requires that her MC be increasing more rapidly 
than her MR. The optimum output level for the kth firm depends upon the 
aggregate output level of its competitors. 


' See Edward H. Chamberlin, The Theory of Monopolistic Competition (8th ed., Cambridge, 
Maas.: Harvard University Press, 1962). 
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The symmetry assumption ensures that if it is profitable for the represen- 
tative firm to make a particular move, it is profitable for all other firms to 
make the same move. All firms will attempt to maximize profit simul- 
taneously, and quantity variations by the kth firm will be accompanied by 
identical variations on the part of all the other firms within the industry. The 
representative firm will not move along the demand curve (7-35) which is 
constructed upon the assumption that the output levels of the other firms 
remain unchanged. Its effective demand curve is constructed by substituting 
ak = q; into (7-35): 


py = A — [a * (n - 1)b]q, (7-38) 


The number (n — 1) is not of a negligible order of magnitude. A 1 percent 
increase in the output level of one competitor may cause p, to decrease by 
. 0.02 percent, but a simultaneous 1 percent increase on the part of 1000 firms 
may decrease p, by 20 percent or more. The effective demand curve (7-38) 
which accounts for simultaneous and identical movements on the part of all 
sellers has a steeper slope than (7-35). The entrepreneur of the representative 
firm may realize that she is unable to move along her individual demand 
curve, but this information is of no use to her, since she has no control over 


the other firms. 


The representative firm starting from some arbitrary initial price-quantity 
combination faces two separate demand curves. In Fig. 7-5a, DD is its 


(a) 0) 
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demand curve for variations of its output level alone, and D'D' is its effective 
demand curve for identical variations of the output levels of all firms within 
the industry. The two intersect at the initial price-quantity combination. As all 
firms increase their output levels, the shape and position of D'D', which is a 
function of q, alone [see (7-36)], remain unchanged, and DD, the position of 
which is dependent upon the outputs of all firms [see (7-35)], "slides" along 
D'D', always intersecting it at the current output level of the representative 
firm. 

The industry reaches an equilibrium when MR equals MC for all firms. 
The n simultaneous equations of (7-37) must be solved for the n unknown 
quantities. It can be proved that the symmetry assumption guarantees that 
(7-37) will result in equal output levels for all n firms. Therefore, the solution 
can be obtained by substituting q, = q in (7-37) and solving 


A- Qa * (n = Dbl]a = CCQ) 4 (7-39) 


for q,.t The latter formulation involves only one equation and one variable. 
The maximum profit and optimum price-quantity combination are the same ` 
for all firms. A graphic description of short-run equilibrium is presented in 
Fig. 7-5b. MR equals MC, and DD intersects D'D' at the equilibrium price- 
quantity combination. 

Free entry and exit drive pure profit to zero in a perfectly competitive 
industry and can have the same effect in monopolistic competition. The profit 
of the representative firm can be expressed as a function of its output and the 
number of firms within the industry if q = q; is substituted in (7-36): 


m = Aq, — [a * (n - D)b]ai- Cla) (7-40) 


Setting m, equal to zero, (7-39) and (7-40) are a system of two equations in the 
two variables q, and n. The solution of these equations gives the long-run 
equilibrium values for the output level of the representative firm and the 
number of firms. 

The long-run equilibrium position of the representative firm is pictured in 
Fig. 7-6. New firms will be induced to enter the industry if the pure profit of 
the representative firm is greater than zero. As the number of firms increases, 
the representative firm can sell a smaller output at any given price; i.e., both 
DD and D'D' are shifted to the left. Long-run equilibrium is attained when 
MR equals MC, DD is tangent to the average cost curve (indicating that total 
revenue equals total cost and therefore profit equals zero), and the tangency 
point is intersected by D'D'. 

The long-run equilibrium point for the representative firm is to the left of 


* This solution is not the same as that for an oligopolistic market in which one of the 
entrepreneurs knows that (7-38) is her effective demand curve. MR is A - (2a * Xn - I)b]q in 
this case, or (n — I)bq, dollars less for every output level. The output level at which MR and MC 
are equated is smaller than that obtained from a solution of (7-39). 
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- the minimum point on its average total cost curve. Price equals average cost, 
as is true for the representative firm in perfect competition, but price does not 
equal MC. Contrasted with the results of perfect competition, the represen- 
tative firm produces a smaller output at a greater average total cost. 


7-6 SUMMARY 


A monopolistic firm constitutes an industry and is unfettered by the com- 
petition of close rivals. A monopolist is free to select any price-quantity 
combination which lies on her negatively sloped demand curve. Since an 
expansion of her output results in a reduction of her price, her MR is less than 
her price. The first-order condition for profit maximization requires the 
equality of MR and MC. The second-order condition requires that MC be 
increasing more rapidly than MR. When the production function is introduced 
explicitly, the monopolist maximizes profit by equating the marginal-revenue 
product of each input to its price, — n 

If second-order conditions are satisfied, a discriminating monopolist max- 
imizes her profit by equating the MR in each of her markets to the MC for her 
output as a whole. A perfectly discriminating monopolist captures all the 
consumers’ surplus for her output by equating her marginal price to her MC. 
A multiple-plant monopolist maximizes her profit by equating the MC in each 
of her plants to the MR for her output as a whole. A multiple-product 
monopolist equates MCs to muitiple-product Mts. 

Neither a lump-sum nor a profit tax will affect the optimum price-quantity 
combination for a profit-maximizing monopolist. The imposition of either a 
specific or an ad valorem sales tax will result in a reduction of output and an 
increase of price. A revenue-maximizing monopolist maximizes sales revenue 
subject to the condition that profit does not fall below a minimum acceptable 
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level. A profit tax may result in a reduction of output and an increase of price. 

A monopsonist faces a rising supply curve for an input. She may be the 
sole purchaser of a particular type of labor. The monopsonist's marginal cost 
of labor exceeds the wage rate, since she must increase the wage rate for all 
her employees in order to expand employment. The first-order condition for 
profit maximization requires that she employ labor up to the point at which 
the value of its marginal product equals its marginal cost. If the monopsonist 
is also a monopolist in her product market, the first-order condition requires 
that she equate the marginal-revenue product of labor to its marginal cost. 

In monopolistic competition an individual seller possesses a negatively 
sloped demand curve for her distinct product, but her output constitutes such 
a small part of the total market that her actions do not have perceptible 
effects upon her rivals. However, simultaneous movements on the part of all 
sellers cause shifts of the individual demand curves. Short-run equilibrium is 
achieved when each seller has equated MR and MC. The number of firms 
within the industry increases or decreases sufficiently to drive the pure profit 
of the representative firm to zero in the long run. 


EXERCISES 


LJ 


7-1 Determine the maximum profit and the corresponding price and quantity for a monopolist 
whose demand and cost functions are p —20—0.5q and C - 0.04q' — 1.94 +32.96q respec- 
tively. i k 

7-2 A monopolist uses one input, X, which she purchases at the fixed price r 5 to produce her 
output, Q. Her demand and production functions are p «85—3q and q =2Vx respectively. 
Determine the values of p, q, and x at which the monopolist maximizes her profit. 

7-3 Determine the maximum profit and the corresponding marginal price and quantity for a 
perfectly discriminating monopolist whose demand and cost functions are p = 2200 - 60q and 
C =0.5q' — 61.59? + 2740q respectively. 

7-4 Let the demand and cost functions of a multiplant monopolist be p = a —b(q, * q), C, = 
aq + Biql, and C; = aq: + Bsq1 where all parameters are positive. Assume that an autonomous 
increase of demand increases the value of a, leaving the other parameters unchanged. Show that 
output will increase in both plants with a greater increase for the plant in which marginal cost is 
increasing less fast. i 

7-5 A revenue-maximizing monopolist requires a profit of at least 1500. Her demand and cost 
functions are p = 304 — d C = 500 + 4q + 8q°. Determine her output level and price. Contrast 
these values with those that would be achieved under profit maximization. 

76 Let the demand and cost functions of a monopolist be p = 100-3q+4VA and C= 
4q? + 10q + A where A is the level of her advertising expenditure. Find the values of A, q, and p 
that maximize profit. , 

7-7 A monopsonist uses only labor, X, to produce her output, Q, which she sells in a competitive 
market at the fixed price p 2. Her production and labor supply functions are q= 
6x + 3i — 0.02" and r = 60+ 3x respectively. Determine the values of x, q, and r at which she 
maximizes her profit. Is the monopsonist's production function strictly concave in the neighbor- 
hood of her equilibrium production point? 

7-8 Consider a market characterized by monopolistic competition. There are 101 firms with 
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identical demand and cost functions: ; 
p, 7 150 — q -002 $ q  C.=0.5ql—20qi+270q k=1,...,101 


tek 


Determine the maximum profit and the corresponding price and quantity for a representative firm. 
Assume that the number of firms in the industry does not change. 

7-9 A monopolist will construct a single plant to serve two spatially separated markets in which 
she can charge different prices without fear of competition or resale between markets. The 
markets are 40 miles apart and are connected by a highway. The monopolist may locate her plant 
at either of the markets or at some point along the highway. Let z and (40 — z) be the distances of 


her plant from markets 1 and 2 respectively. The monopolist's demand and production cost 
functions are not affected by her location: 


Pj710—-2q, — p2= 120-34, — C-80(q * q) — (qi 


Determine optimal values for qı, q2, pi, p», and z if the monopolist's transport costs are T = 
0.4zq, + 0.5(40 — z)q;. 
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CHAPTER 


EIGHT 


DUOPOLY, OLIGOPOLY, AND BILATERAL 
MONOPOLY 


The market forms considered thus far are characterized by the existence of 
either a single seller (monopoly) or a very large number of sellers (perfect 
competition and monopolistic competition). In the former case the seller has 
no rivals and thus need not be concerned with the effect that his actions may 
have on rivals. In the latter cases sellers are sufficiently numerous so that the 
actions of any one seller have only negligible effect on its competitors. 
Markets in which the number of sellers is small but greater than one 
present new problems. A market with two sellers is a duopoly, and a market 
with a small number greater than two is an oligopoly. Consider the market for 
a homogeneous product. Competition among buyers will result in a single 
price for all sellers, but each seller is sufficiently large in relation to the 
market so that his actions will have noticeable effects upon his rivals. An 
output change on the part of one seller will affect the price received by all. 
The consequences of attempted price variations on the part of an individual 
seller are uncertain. His rivals may follow his change, or they may not, but he 
can no longer assume that they will not notice it. The results of any move on 
the part of a duopolist or oligopolist depend upon the reactions of his rivals. 
General price-sales relationships cannot be defined for an individual firm, 
since, in general, reaction patterns are unknown. Unqualified profit maxi- 
mization is not possible, since an individual firm does not have control over 
all variables that affect its profit. There is a very large number of possible 
reaction patterns for duopolistic and oligopolistic markets, and as a result 
there is a very large number of theories of duopoly and oligopoly. Only a few 
of the many possible reaction patterns can be discussed in the present 
c : 
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Several specific theories of duopoly and oligopoly with a homogeneous 
product are discussed in Sec. 8-1. Duopoly and oligopoly with differentiated 
products are the subject of Sec. 8-2. Duopsony and oligopsony are briefly 
outlined in Sec. 8-3. The theory of games and its applications for markets with 
small numbers of participants are the subject of Sec. 8-4. Some of the 
concepts developed in this chapter are applied to a bilateral monopoly 
situation in Sec. 8-5. 


8-1 DUOPOLY AND OLIGOPOLY: HOMOGENEOUS PRODUCT 


A duopolistic industry contains two sellers. An oligopolistic industry contains 
a number sufficiently small so that the actions of any individual seller have a 
perceptible influence upon his rivals. It is not sufficient to distinguish oligo- 
poly from perfect competition for a homogeneous product or from the 
many-sellers case of monopolistic competition for a differentiated product on 
the basis of the number of sellers alone. The essential distinguishing feature is 
the interdependence of the various sellers’ actions. If the influence of one 
seller's quantity decision upon the profit of another, d2j/dq;, is imperceptible, 
the industry satisfies the basic requirement for either perfect competition or 
the many-sellers case of monopolistic competition. If à7/0q, is of a noticeable 
order of magnitude, it is duopolistic or oligopolistic. 

The price-quantity combination and profit of a duopolist or oligopolist 
depend upon the actions of all members of his market. He can control his own 
output level (or price, if his product is differentiated), but he has no direct 
control over the other variables which affect his profit. The profit of each 
seller is the result of the interaction of the decisions of all market members. 
There are no generally accepted behavior assumptions for oligopolists and 
duopolists as there are for perfect competitors amd monopolists. There are 
many different solutions for duopolistic and oligopolistic markets. Each 
solution is based upon a different set of behavior assumptions. 

In this section a solution corresponding to the price-equals-MC condition 
of perfect competition is established, and then contrasted with comparable 
results for three solutions based upon specific behavior assumptions. Each is 
developed for a duopolistic market, but each may be generalized for an 
oligopolistic market. 


The Quasi-competitive Solution ? 


Consider a market in which two firms produce a homogeneous product. The 
inverse demand function states price as a function of the aggregate quantity 
sold: 


p = F(q +q) (8-1) 
where q, and q; are the levels of the duopolists’ outputs. The total revenue of 
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each duopolist depends upon his own output level and that of his rival: 
Ri = qi F(qi + q) = Rí(qi, 4) 
R: = QF (qi + q) = RAG, 92) 
The profit of each equals his total revenue less his cost, which depends upon 
his output level alone: 
m = Ri(qi, 42) - Clq) 
m = RAQi, G2) — C42) 


The perfectly competitive solution is characterized by the equality of 
price and MC. The quasi-competitive solution for a market with a small 
number of sellers is defined as the solution that would be achieved if each 
seller followed the competitive rule; it is determined by solving the equations 


P = F(qı +q) Ci(q) 
p = F(qı + 42) = CXa) 
for p, qı, and q. The quasi-competitive solution may or may not be achieved 
in any particular market. In either event it provides a standard with which 
various small-number solutions may be compared. Such comparisons are 
particularly important in welfare economics (see Chap. 11). 
For illustration, let the demand and cost functions be given by 
p =10-0.5(qı +4)  Ci-5q C2.=0.5q3 (8-4) 
Solving (8-3) for the example and substituting in (8-2) gives the quasi- 
competitive solution as 


qı=185  Áq-5 p=5 m=0 m= 12.5 (8-5) 


(8-2) 


(8-3) 


This solution is compared with the solutions that follow. 


The Collusion Solution 


Duopolists (or oligopolists) may recognize their mutual interdependence and 
agree to act in unison in order to maximize the total profit of the industry. 
Both output levels are then under a single control, and the industry is, in 
effect, a monopoly. Let 


R(qi* 42) = Rí(qi, 42) + Raw 42) = (41 + G2) F (q1 + 4) 
Aggregate profit is 
m =m + m= R(qi* 4) - Cí(q) — CQ) 


which is the same as (7-16), the profit function for the two-plant monopolist. 
Thus, the first-order conditions require that the MC of each producer be 
equated to MR for output as a whole. 
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Consider the example given by (8-4). Industry profit is 
m =m + m= 100(qi + q) — 0.5(qu + gz)? — 5q, — 0.5q3 
Setting the partial derivatives of 7 equal to zero, 


on on 
—=95—q,-q,=0 — = 100—9,;-—2¢,=0 
aa, 95-qi-q; aq: qı -2q 


Solving for q, and q, and substituting in the profit and demand equations, 
4790 q-5 pz525  m-4275 m2 = 250 8-6) 


By contrast to the quasi-competitive solution given by (8-5) total outp it is 
much lower, price much higher, and profits much higher. The MCs of the two 
firms are equal in both solutions, but these now equal industry MR rather than 
price. The profit levels for (8-6) are those given by the individual profit 
functions. The final distribution of the aggregate profit may be a matter for 
negotiation between the duopolists. 


The Cournot Solution 


The classical solution of the duopoly (and oligopoly) problem is associated 
with the name of Augustin Cournot, an early-nineteenth-century French 
economist. As before, the two firms are assumed to produce a homogeneous 
product. The basic behavior assumption of the Cournot solution is that each 
duopolist maximizes his profit on the assumption that the quantity produced 
by his rival is invariant with respect to his own quantity decision. The first 
duopolist (I for short) maximizes m; with respect to q, treating q, as a 
parameter, and the second (II for short) maximizes m, with respect to qz 
treating q, as a parameter. 
Setting the appropriate partial derivatives of (8-2) equal to zero, 


dm aR dC, Q aR, _ dC 
dq, ôq, dq, Q aq dq, 
am; êR dCi j 2R: _ dC, 
9d: qd; dq: qd: dq; 
First-order conditions require that each duopolist equate his MC to his MR. 
The second-order condition for each duopolist requires that 
Pm PR, dC, j 
= - < = 
di D dá  i-M2 
8R; d'C, : 
or qi ^ dqi i=1,2 (8-8) 
Each duopolist's MR must be increasing less rapidly than his MC. 
The maximization process for the Cournot solution is not the same as in 
the case of the two-plant monopolist, where a single individual controls the 


(8-7) 
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values of both output levels. Here each duopolist maximizes his profit with 
respect to the single variable under his control. It follows that the MRs of the 
duopolists are not necessarily equal. Let q =q, +q, and àqlàq, = àqlàq; = 1. 
The MRs of the duopolists are 


Kapa i=1,2 
The duopolist with the greater output will have the smaller MR. 

The duopolistic market is in equilibrium if the values of q, and qz are such 
that each duopolist maximizes his profit, given the output of the other, and 
neither desires to alter his output. The equilibrium solution can be obtained by 
solving (8-7) for qı and qz if (8-8) is satisfied. The market process can be 
described more fully by introducing an additional step before solving for the 
equilibrium output levels. Reaction functions which express the output of 
each duopolist as a function of his rival's output are determined by solving 
the first equation of (8-7) for q, and the second for Qz: 


qı Vi(q) 
q= Wiq) 


I’s reaction function gives a relationship between q; and q with the property 
that for any specified value of q, the corresponding value of q, maximizes 7;. 
II's reaction function gives the value of q; which maximizes m, for any 
specified value of q,. An equilibrium solution is a pair of values for q, and q; 
which satisfy both reaction functions. 

If the demand and cost functions are 


(8-9) 


P-A-B(q*q) ` Cy7 aq * bgi C; = à;q;* biqi 
with all parameters positive, the profits of the duopolists are 
a = Aq - Biq, + 294: - aqi — bii 
m 7 Aq; - B(qi* 42)42~ 4242 - b24} 
Setting the appropriate partial derivatives equal to zero, 


adio A - BQqi*4)- 22b, 0 
1 


971... A — B(qi--24) - à: - 2b:4: = 0 


ôq: 
The corresponding reaction functions are 
A - a, B tet A à (8-10) 


4^^7xBib) ABF)? P Btb) AB +b)” 


Since B, b,, and b; are all positive, a rise of either duopolist's output will 
Cause a reduction of the other's optimum output. The reaction functions are 
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% 


[0] 9, Figure 8-1 


linear as pictured in Fig. 8-1. An equilibrium is provided by a solution of 
(8-10), or equivalently, by an intersection point for the reaction curves, such 
as E in Fig. 8-1. The solution of (8-10) is 


_ 2(B + b) (A — aj) - B(A — a;) 
47  NB*bXB*b)- B 

-AB  bXA — a) - B(A - aj) 
4 4B+b\B+b)—B 


The second-order conditions are satisfied by the linear demand and quadratic 
cost functions: 


Om, dm 
V de XB -*b)«0 TAB + bx) <0 


Returning to the example of (8-4), the reader may verify that the reaction 
functions are 


qi -95—0.5q; 4: = 50—0.25q, (8-11) 
and that the equilibrium solution is 
9 =80 4-30 p=45 — m, =3200 m = 900 


Comparison with the quasi-competitive solution (8-5) shows that the Cournot 
duopolists produce a smaller total output, at a higher price and for larger 
profits. Comparison with the collusion solution (8-6) shows a larger total 
output at a lower price for a smaller total profit. It follows that with an 
appropriate agreement on how to distribute industry profit, both duopolists 
would be better off with the collusion solution than with the Cournot solution. 
It is easy to show, however, that the collusion solution is not the only one that 
dominates the Cournot solution. If, for example, I produced 79 units of q, and 
II produced 29 units of q, (each 1 unit less than in the Cournot solution), their 
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respective profits would be m,=3239 and 7;- 913.5. Thus, although the 
Cournot solution is optimal for each duopolist on the assumption that the 
other produces his Cournot equilibrium output, the Cournot solution is not 
optimal with respect to joint and coordinated changes in output levels. 

The basic behavior assumption of the Cournot solution is rather artificial 
and weak. Each duopolist acts as if his rival's output were fixed. However, 
this is not the case. If equilibrium is thought to be reached through a sequence 
of finite adjustments (see Exercise 8-9), one duopolist sets an output; this 
induces the other to adjust his output, which in turn induces the first to adjust 
his, and so on. It is rather unlikely that each will assume that his quantity 
decisions do not affect his rival's quantity decision if each of his adjustments 
is immediately followed by a reaction on the part of his rival. If equilibrium is 
thought to be reached simultaneously, the optimal quantity of duopolist I is 
not given by q, = Y ,(q;), but by qı = ¥,[¥2(q,)], and similarly for II, since each 
knows the behavior pattern of the other. Alternatively, it has been assumed 
that each maximizes his profit on the assumption that his rival's price remains 
unchanged, but this is a very unrealistic assumption for a homogeneous product. 
Duopolists and oligopolists generally recognize their mutual interdependence. 

In some cases the Cournot solution coincides with the quasi-competitive 
solution in the limit as the number of firms increases. As an illustration, 
assume that there are n firms with output levels (qi, q2,...,4,) and let the 
inverse demand function be p = aq’ where q 7 4; d -::: ^ q,, a 7 0, and 
-1«b «0. Let all firms be identical and have total cost given by C, = cq; 
G — 1,..., n). If there is a homogeneous product and the firms have identical 
Costs, each will produce the output level q; = q/n. To obtain the Cournot solution 
differentiate i 


m=aq’q-—cq  i=1,2,...,n 
with respect to q;: 


on; b b-i 
77! = aq’ + baq" qj - c =0 
ðq: q q 


Substituting q — ng, 


ci P ch 
4i = Ws an + ab) and 4 7 (a * abjn)™ 


As n-,q-(ca)' This is the quasi-competitive solution as can be 
confirmed by solving aq* = c (p = MC in this case) for q. 


The Stackelberg Solution 
Generally, the profit of each duopolist is a function of the output levels of 
both: 


m-h(quq)  mT—hYqu43 (8-12) 
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The Cournot solution is obtained by maximizing m, with respect to qi, 
assuming q: to be constant, and m, with respect to q;, assuming q, to be 
constant. More generally, each firm might make some other assumption about 
its rival's response. Profit maximization by the two duopolists then requires 


3m, 9h , dhy dd; _ o 


9q. ðqı. 9q:90q, 

(8-13) 
97; _ dh; 9hióqy _ 9 
ôq: qi qq; 


The terms àq;/àq, and 4q,/dq, represent the conjectural variation, i.e., the 
assumed response of each firm to its rival's output. To the extent that firms 
make erroneous assumptions about each other's responses (8-13) will not 
represent an improvement over the Cournot model. 

One of the more interesting sets of assumptions about conjectural varia- 
tion is contained in the analysis of leadership and followership formulated by 
the German economist Heinrich von Stackelberg. A follower obeys his 
reaction function (8-9) and adjusts his output level to maximize his profit, 
given the quantity decision of his rival, whom he assumes to be a leader. A 
leader does not obey his reaction function. He assumes that his rival acts as a 
follower, and maximizes his profit, given his rival's reaction function. If I 
desires to play the role of a leader, he assumes that II's reaction function is 
valid and substitutes this relation into his profit function: 


m = hilan V(q)] 


I's profit is now à function of q, alone and can be maximized with respect to 
this single variable. II can also determine his maximum profit from leadership 
on the assumption that I obeys his reaction function and acts as a follower. I's 
maximum profit from followership is determined by substituting II's optimum 
leadership output level in I's reaction function, and II's maximum profit from 
followership is determined by substituting I's optimum leadership output level 
in II’s reaction function. 

Each duopolist determines his maximum profit levels from both leader- 
ship and followership and desires to play the role which yields the larger 
maximum. Four outcomes are possible: (1) I desires to be a leader, and II a 
follower; (2) II desires to be a leader, and I a follower; (3) both desire to be 
leaders; or (4) both desire to be followers. Outcome (1) results in consistent 
behavior patterns and therefore a determinate equilibrium.' I assumes that II 
will act as a follower, and he does; II assumes that I will act as a leader, and 
he does. Likewise (2) results in a determinate equilibrium. If both desire to be 
followers, their expectations are not realized, since each assumes that the 
other will act as a leader. The duopolists must revise their expectations. 
Under the Stackelberg assumptions, the Cournot solution is achieved if each 


! The first- and second-order conditions for maxima are assumed to be fulfilled in all cases. 


DUOPOLY, OLIGOPOLY, AND BILATERAL MONOPOLY 207 


desires to act as a follower, knowing that the other will also act as a follower. 
Otherwise, one must change his behavior pattern and act as a leader before 
equilibrium can be achieved. 

If both desire to be leaders, each assumes that the other's behavior is 
governed by his reaction function, but, in fact, neither of the reaction 
functions is obeyed, and a Stackelberg disequilibrium is encountered. 
Stackelberg believed that this disequilibrium is the most frequent outcome. 
The final result of a Stackelberg disequilibrium cannot be predicted a priori. If 
Stackelberg was correct, this situation will result in economic warfare, and 
equilibrium will not be achieved until one has succumbed to the leadership of 
the other or a collusive agreement has been reached. 

Return again to the example given by (8-4). The maximum leadership 
profit of I is obtained by substituting I's reaction function (8-11) into I's profit 
equation: 

7, = 100q, — 0.5q1 - 0.5q,(50 — 0.254) — Sq, 
- 70q; —0.375q1 
Maximizing with respect to qi, 


GE = 70-054. 20.5 Qu 93s. 02266 
[| 
Likewise for Il, 
7, — 100q2— 0.593 0.54495 — 0.542) — 0.5q 
= 52.59; - 0.75q1 


dc. 5-15q-0  q-35 791875 
dq, 


To determine I's maximum followership profit, first determine his output 
by substituting the leadership output of II (35 units) into his reaction function 
(8-11), and then compute his profit: 


qi = 95 —0.5q2 — 77.5 m, = 3003.125 
Likewise substitute 93} into II's reaction function and then compute his profit: 
q= 50—0.25q, = 26 m= 7118 


Each duopolist receives a greater profit from leadership, and both desire to 
act as leaders. An example in which the Cournot solution is easily determined 
has become a Stackelberg disequilibrium as the result of an alteration of the 
basic behavior assumptions. 


8-2 DUOPOLY AND OLIGOPOLY: DIFFERENTIATED PRODUCTS 


Product differentiation may occur with duopoly and oligopoly as well as with 
monopolistic competition. 
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Product Differentiation 


The individual producer of a differentiated product in an oligopolistic market 
faces his own distinct demand curve. The quantity which he can sell depends 
upon the price decisions of all members of the industry: 


qi =Fi(PiyP2 +++, D) dm lyas, n (8-14) 


where àq/àp, <0 and àq/àp, 7 0 for all i# j. An increase of price on the part 
of the ith seller with all other prices remaining unchanged results in a 
reduction of his output level. Some of his customers will turn to his com- 
petitors. If some other seller should increase his price, the ith seller can sell a 
larger quantity at a fixed price. Some of his competitor's customers will turn 
to him. Under monopolistic competition the effects of one producer’s actions 
are spread imperceptibly among a large number of competitors. Under duo- 
poly and oligopoly they are spread perceptibly among a small number. 
Individual producers can set either price or quantity. Demand functions 


may be expressed in inverse form with output levels as independent vari- 
ables: 


Pi= F(q,05...,q) f= 1,..., 0 (8-15) 


All partial derivatives of (8-15) are negative. If the ith seller increases his 
output level, with all other output levels constant, p, will decline, since a 
larger quantity brings a lower price. If some other seller increases his output 
level, his price will decline, and the price of the ith firm must also decline in 
order to maintain q, at a constant level. Otherwise some of his customers 
would turn to the firm with the lowered price. 


The Cournot, collusion, and Stackelberg solutions are easily modified for 
product differentiation by replacing p = F(q, + qı) with individual demand 
functions: 

Pi= Figg) p= Fg, a) 
The analysis can also be extended to cases in which prices are the in- 
dependent variables; 
qf(p,p) Q= fps, p») 
Profits were expressed as functions of quantities: 
m= hí(qi, q4) at iag LACTA Q) 
By substitution, 
m = hilfitpi, p). fpi, Pd) - Hip, p? 
m= hifiipi, P3, fpi, Pd) ka Hxpi, Pð 
The demand functions may be constructed to describe a situation in which price is the 


independent variable for some sellers and quantity for others. The dependent variable of cach 
seller is then expressed as a function of the independent variables of all sellers. 
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The profit of each duopolist is a function of both prices, and maximization 
may proceed with respect to prices. : 

In the case of differentiated products the duopolists’ profits may also 
depend upon the amounts of their advertising expenditures. If advertising is 
effective, it allows a firm to sell a larger quantity at a given price or a given 
quantity at a higher price. The demand curves are 


Pi = Fi(dy, ds, Ay, Ar) P2= Fidi d», Ai, A2) 


where A, and A; are the amounts of advertising expenditure by I and II 
respectively. The profit functions become 


m = qiFi(qi, d», An, Ar) - Ci(qi) - Ai 
m = q;FXqi, qz, Ai, Ai) — C(q3) — A2 


Each duopolist must now maximize his profit with respect to his advertising 
expenditure as well as his output level. 


The Market-Shares Solution 


Another form of conjectural variation assumes that II desires to maintain a 
fixed share of the total sales of a differentiated product, regardless of the 
effects of his actions on his short-run profits. His major concern is with the 
long-run advantages that are derived from maintaining a given market share. 
A quantity change on the part of I will be immediately followed by a 
proportionate change on the part of II. The relation 
-ka 
vk e E (8-16) 
where k is II's desired market share, will always hold. I is a market leader in 
the sense that his actions will always be followed by II in a predetermined 
manner. 
I's inverse demand function is pı = Fi(qi, 42), and his profit function is 


m = (F(a, 4) - Cla) 
Substituting from (8-16) for qz 


m-qF (a. rL) -Cilqı) 


I's profit is a function of q, alone and may be maximized with respect to this 
single variable as long as II reacts to maintain his market share. 
Let I's demand and cost functions be 


p-10-2q-« — Ci725q| 
Let k =|, and therefore q; = 0.5q,. I's profit is 
7, = q\(100 — 2q; — 0.5q)) - 2.5q1 = 100q, — 5q} 
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Setting the first derivative of 7, equal to zero, solving for q,, and substituting 
in the above relations, 


47 _ 100- 109, = 
aa 10q,=90 


q710 q-5  py=75 m = 500 


I maximizes his profit at an output of 10 units, and II reacts by producing 5 
units. 


The Kinked-Demand-Curve Solution 


Some duopolistic and oligopolistic markets are characterized by infrequent 
price changes. Firms in such markets usually do not change their price- 
quantity combinations in response to small shifts of their cost curves as the 
foregoing market analyses would suggest. The kinked-demand-curve solution 
presents a theoretical analysis which is consistent with this observed 
behavior. Starting from predetermined price-quantity combinations, if one of 
the duopolists lowers his price (increases his quantity), the other is assumed 
to react by lowering his price (increasing his quantity) in order to maintain his 
market share. If one of the duopolists raises his price, his rival is assumed to 
leave his own price unchanged and thereby increase his market share. Price 
decreases will be followed, but price increases will not. 
Assume that the demand and cost functions of the duopolists are 


p-10-2q-q  C,-25qi * 
p:-95-q,—-3q C;-25q; 


and that the currently established prices and quantities are p, — 70, q, — 10, 
P2= 55, and q= 10.7 If I increased his price, II would leave his own price 
unchanged at 55 dollars. Substituting p; = 55 into II's demand function (8-17) 
and solving for qz, 


(8-17) 


q-94 (8-18) 


II's output level and market share will increase as I increases his price and 
thereby decreases his output level. Substituting the value for q: given by 
(8-18) into I's demand function (8-17), 


p, 2 2507 $4j (8-19) 


* The reader can verify that these price-quantity combinations represent a Cournot solution. 
MC equals MR for each duopolist, on the assumption that his rival's output level remains 
unchanged. The method by which initial price-quantity combinations are achieved is of little 
concern for the kinked-demand-curve analysis. 
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Ps price is a function of q, alone given the assumption that II maintains his 
price at 55 dollars. Starting from the initial position, (8-19) is only valid for 
P;>70 and q, <10. l's MR function for price increases can be derived by 
forming his total revenue function from (8-19): 


m 
and dR 209 gi (8-20) 
dq, 3 


At qı = 10, I's MR for a price increase is 53! dollars. 

The demand and MR functions given by (8-19) and (8-20) are not valid if I 
reduces his price. In this case, II will follow by lowering his price by an 
amount sufficient to allow him to retain half the total volume of sales. II must 
increase his output level by the same amount as I in order to maintain his 
market share: q, = q;. Substituting q, = qı into I's demand function (8-17), 


Pi = 100—34q, (8-21) 


Ps price is a function of q, alone given the fact that IT maintains his market 
share. The demand function given by (8-21) is valid for p, — 70 and q, > 10. I’s 
MR function for price decreases can be derived by forming a total revenue 
function from (8-21): 


R, = qi(100 — 341) 
ri dR. 
and & = 100—6 
dai qi 


At qi = 10, I’s MR for a price decrease is 40 dollars. 

The initial position represents a maximum-profit point for I. His MC for 
an output of 10 units is 50 dollars. He cannot increase his profit by increasing 
his price (reducing his output level), since MR exceeds MC (531 50) and this 
difference would be increased by a price increase. He cannot increase his 
profit by reducing his price (increasing his output level), since MR is less than 
MC (40 < 50) and this difference would be increased by a price reduction. His 
initial price-quantity combination is optimal for any value of MC from 53} to 
40 dollars. A reduction of his MC by an amount not greater than 10 dollars 
would not induce him to lower his price and expand his sales. Likewise, an 
increase of MC by an amount not greater than 3! dollars would not induce him to 
increase his price and contract his sales. 

Graphically, I's effective demand curve is "kinked" and his effective MR 
curve discontinuous at his initial output level. His demand curve is D'D' (see 
Fig. 8-2) if II reacts by maintaining his market share and DD if II reacts by 
maintaining his price. DD is valid for price increases, and D'D' for price 
decreases. His effective MR curve follows the MR curve corresponding to 
DD to the left of his initial output level and the MR curve corresponding to 
D'D' to the right of his initial output level. I is unable to equate MR and MC. 
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8-3 DUOPSONY AND OLIGOPSONY 


The case of a monopsonist is considered in Sec. 7-4. In some input markets 
the number of buyers is greater than one, but still small enough so that the 
assumption of competitive buying at constant prices cannot be maintained. 
Such markets are considered in this section. A market with two buyers is a 
duopsony, and a market with a small number greater than two is an oligop- 
sony. 

A market situation with a small number of buyers is similar to one with a 
small number of sellers. There are no generally accepted behavior assump- 
tions. Each buyer can control the level of his purchases, but each is notice- 
ably affected by the actions of the other buyers. Most theories of duopoly and 
oligopoly covering undifferentiated products can be modified to cover duop- 
sony and oligopsony. For illustration, a modified version of the Cournot 
solution is considered here. 

Consider a local labor market in which two firms buy from many com- 
petitive sellers. As before, the price of labor is an increasing function of 
quantity: 

r= g(x; + x) 


where x; and x; are the amounts purchased by the two firms. Each buyer is 
assumed to use labor alone to produce a commodity which he sells in a 
competitive national market at a fixed price. Their production functions are 
qi—-hí(x) — qi hix) 
and their profits are 
m, = pihiGxi) - ga + x))xi 


(8-22) 
mı = prh X) = g(x,  x3)xs 
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The basic Cournot behavior assumption is invoked. Each duopsonist maxi- 
mizes his profit on the assumption that the other is unaffected by his actions. 
Setting the appropriate partial derivatives of (8-22) equal to zero, 


ex = pihiGa) — r — xig'Ga + x2) — 0 
m = ph) — r — xsg'(xi +x) =0 
and pihiQa) = r+ xig t x) , (8-23) 


pahxx;) = r + xyg'Qa + x3) 


Each duopsonist equates the value of his marginal product to his marginal 
cost for the input. The duopsonists will not have the same marginal cost in 
equilibrium unless x, = x;. The duopsonist with the higher purchase level will 
have the higher marginal cost. The second-order conditions are a straight- 
forward generalization of (7-32): the value of the marginal product of each 
duopsonist must increase less rapidly than his marginal cost. 

Input reaction functions which express the purchases of each duopsonist 
as a function of the other's purchases are determined by solving the first 
equation of (8-23) for x, and the second for xz: 


xy = oix) 
Xz = (xı) 


The range of possible solutions is similar to that in the duopoly case and 
can accommodate conjectural variation and Stackelberg-type leadership or 
followership, 


8-4 THEORY OF GAMES 


The theories of duopoly and oligopoly discussed in Secs. 8-1 and 8-2 lead to 
Compact mathematical solutions with the differential calculus employed. 
However, they are subject to question for having arbitrary assumptions about 
each firm’s beliefs about rivals’ reactions to its actions. The mathematical 
theory of games is an alternative approach that has been applied to small- 
numbers market situations with interdependent outcomes. Noncooperative, or 
competitive, games, as illustrated by two-person, zero-sum games, are dis- 
cussed in the first three parts of this section. Cooperative games, in which 
participants have an interest in joint behavior, are discussed in the last two 
parts. 


Two-Person, Zero-Sum Games 


A game may consist of a sequence of moves as in chess, or it may consist of a 
Single move on the part of each of its participants. The present analysis is 
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limited to single-move games. In this context, a strategy is the specification of 
a particular move for one of the participants. A duopolist’s strategy consists 
of selecting a particular value for each of the variables under his control. If 
price is his only variable, a strategy consists of selecting a particular price. If 
price and advertising expenditure are both ‘variables, a strategy consists of 
selecting particular values for both price and advertising expenditure. ‘ach 
participant is assumed to possess a finite number of strategies though the 
number may be very large. This assumption rules out the possibility of 
continuous variation of the action variables. The outcome of the duopolistic 
game, i.e., the profit earned by each of the participants, is determined from 
the relevant cost and demand relations once each of the duopolists has 
selected a strategy. 

Games are classified on the basis of two criteria: (1) the number of 
participants and (2) the net outcome. The first merely involves a counting of 
the number of participants with conflicting interests. There are one-person, 
two-person, three-person, and in the general case, n-person games. The 
second criterion allows a distinction between zero-sum and non-zero-sum 
games. A zero-sum game is one in which the algebraic sum of the outcomes, 
e.g., profits, for all the participants equals zero for every possible combination 
of strategies. Two-person, zero-sum games must be strictly competitive 
(noncooperative), since if one player always loses what the other wins, there can 
be no room for cooperation. 

A one-person, zero-sum game is uninteresting, since the player gains 
nothing, regardless of his strategy choice. A monopolist or a monopsonist 
might be considered as the sole participant in a one-person, non-zero-sum 
game. A two-person, zero-sum game can be applied to a duopolistic market in 
which one participant’s gain always equals the absolute value of the other’s loss. 


In general, if I has m and II has n strategies, the possible outcomes of the game 
are given by the profit matrix 


a ay din 
4h fw Hue - (824) 
Ami. Am? *** Amp 


where ay is I's profit if I employs his ith strategy and II employs his jth. Since 
the game is zero-sum, the corresponding profit earned by II is =a 
For a specific example consider the profit matrix 
8 40 20 il 
10 30 -10 -8] ` 


If I employs his first strategy and II employs his second, I's profit is 40, and 


(8-25) 


' A zero-sum game is a special case of a constant-sum game, i.e., one in which the sum of the 
payoffs to the two players is a constant for every combination of strategies. Every constant-sum 
game may be trivially transformed into a zero-sum game and conversely. 
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II's is —40. If I employs his second strategy and II employs his third, I’s profit 
is — 10, and II's is 10. 

The duopolist's decision problem consists of choosing an optimal stra- 
tegy. I desires the outcome (40) in the first row and second column of (8-25), 
and II desires the outcome (—10) in the second row and third column. The 
final outcome depends upon the strategies of both duopolists, and neither has 
the power to enforce his desires. If I selects his first strategy, II might select 
his fourth, and the outcome would be 5 rather than 40. If II selects his third 
strategy, I might select his first, and the outcome would be 20 rather than — 10. 
The theory of games postulates behavior patterns which allow the deter- 
mination of equilibrium in these situations. I fears that II might discover his 
choice of strategy and desires to “play it safe." If I selects his ith strategy, his 
minimum profit, and hence II’s maximum, is given by the smallest element in 
the ith row of the profit matrix: min à;. This is I’s expected profit from the 


employment of his ith strategy if his fears regarding II’s knowledge and 
behavior are realized. I's profit will be greater than this amount if II fails to 
select his appropriate strategy. I desires to maximize his minimum expected 
profit. Therefore, I selects the strategy i for which min ay is the largest. His 


anticipated outcome is max min ay. He cannot earn a smaller profit and may 
i 
earn a larger one. ! Š 
II possesses the same fears regarding I's information and behavior. If II 
employs his jth strategy, he fears that I may employ the strategy correspond- 
ing to the largest element in the jth column of the profit matrix: max ay. 
Therefore, II selects the strategy j for which max dj is the smallest, and his 
expected profit is ^min max ay. The decisions of the duopolists are consistent 
i i 
and equilibrium is achieved if 
dieser miS des 


Let k be the index for which min ay = max min ay and let h be the index for 


which max ay = min max di. If (8-26) holds, the kth and hth strategies of I and 
II respectively are called an equilibrium pair of strategies. 

Returning to the example given by (8-25), I will employ his first strategy. 
If II anticipates his choice, I's profit will be 5. If I employed his second 
strategy, and II anticipated his choice, his profit would be — 10. II will employ 
his fourth strategy and limit his loss to 5. Every other column of (8.25) has a 
maximum greater than 5. In this case 


iar p Aa a Ea SES 


The duopolists’ decisions are consistent, and an equilibrium is established. 
Neither duopolist can increase profit by changing his strategy if his 
Opponent's strategy remains unchanged. 
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Assume that the profit matrix is 


-2 4 -1 6 
[ FADE uii 10] os 
where I has two strategies and II has four. This profit matrix and its 
corresponding game problem can be simplified by introducing the concept of 
dominance. An inspection of (8-27) reveals that II will never employ his third 
strategy since he can always do better by employing his first, regardless of I's 
strategy choice. Each element in the third column is larger, and therefore 
represents a greater loss for II, than the corresponding element in the first. In 
general, the jth column dominates the kth if ay Sa, for all i and ay <a, for 
at least one i. The fourth column of (8-27) is dominated by both the first and 
second columns. Dominance can also be defined with regard to I's strategies. 
In general, the ith row dominates the hth if ay = a,j for all j and ay > a, for at 
least one j. Neither row of (8-27) dominates the other. A rational player will 
never employ a dominated strategy. Therefore, the profit matrix can be 
simplified by the removal of all dominated strategies. 
Eliminating the third and fourth columns of (8-27), the profit matrix 


becomes 
[4 i (8-28) 


Following the rules established above, I will desire to employ his second 
strategy, and II will desire to employ his first. These decisions are not 
consistent: 


max min dy = au = -1# 3 = a, = min max a, 
4 i 


If the duopolists employ these strategies, the initial outcome would be az = 3. 
If II employs his first strategy, I cannot increase his profit by changing 
strategies. However, if I employs his second Strategy, II can decrease his loss 
from 3 to —1 by switching to his second strategy. I can then increase his profit 
from —1 to 4 by switching to his first. II can then decrease his loss from 4 to 
~2 by switching to his first. The assumptions that lead to an equilibrium 
position for (8-25) result in endless fluctuations for (8-28), and no equilibrium 
pair exists. 


Mixed Strategies 


A particular game may or may not have a solution if the duopolists select 
their strategies in the manner described above. The impasse presented by 
games such as (8-28) can be resolved by allowing the duopolists to select their 
strategies on a probabilistic basis. Let ri, F»... r, be the probabilities with 
which I will employ each of his m strategies, where 05 7,5 1 (i= 1,... m) 
and X7,5 = 1. Assume that he utilizes some random process to select à 
particular strategy. For example, if m =3 with r, 50.3, r, « 0.1, and r, = 0.6, 
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he may assign the numbers 0 through 2 to the first strategy, 3 to the second, 
and 4 through 9 to the third; select a one-digit number by a random process; 
and employ the strategy that corresponds to the selected number. A random 
selection will not allow II to anticipate I’s choice even if he knows I’s 
probabilities. 

II can randomize his strategy selection by assigning the probabilities 
Sis 82,...,8, to his strategies, where 055,31 (f= 1,..., n) and Df.js; =1. 
The duopolists are now concerned with expected, rather than actual, profits. 
A duopolist’s expected profit equals the sum of the possible outcomes, each 
multiplied by the probability of its occurrence. For example, if II employs his 
jth strategy with a probability of one and I selects the probabilities ri, . . ., rm, 
Ps expected profit is DfLyayri. 

The decision problem of each duopolist is to select an optimal set of 
probabilities. I fears that II will discover his strategy and that II will select a 
strategy of his own that will maximize his expected outcome, i.e., minimize 
the expected outcome for I. II has similar fears about I. The probabilities 
which the duopolists employ are defined as optimal if 


X arnav "Row (8-29) 


and Š assy iz... m (8-30) 


where V is defined as the value of the game. The relations (8-29) state that Ts 
expected profit is at least as great as V if II employs any of his pure strategies 
With a probability of one, and the relations (8-30) state that II's expected loss 
is at least as small as V if I employs any of his pure strategies with a 
Probability of one. A fundamental theory-of-games theorem states that a 
solution [i.e., values for the rs and ss that satisfy (8-29) and (8-30) always 
exists, and that V is unique. T i 

If both duopolists select their strategies on a probabilistic basis, I's 
expected profit, E,, can be determined from (8-29): 


E, -Es()2 sV 
or E, E arsa V (8-31) 
Il's expected loss, E;, can be determined from (8-30): 


E=$ n( $ as) 5 
or E- È Š ars 5 v (8-32) 
The middle terms in (8-31) and (8-32) are identical: I's expected profit equals 
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II's expected loss. Combining (8-31) and (8-32): 

VSsE-ESV 
which proves that 

E-E-V 

The expected outcome is the same for each of the duopolists and equals the 
value of the game if both employ their optimal probabilities. If I employs his 
optimal probabilities, his expected profit cannot be less than V, regardless of 
I's strategy choice. It will be greater than V if II employs a nonoptimal set of 
probabilities. Likewise, if II employs his optimal probabilities, his expected 
loss cannot be greater than V, regardless of I's strategy choice. It will be less 
if I employs a nonoptimal set of probabilities. 


Linear-Programming Equivalence 


Optimal strategies for the duopolists and the value of the game can be 
determined by converting their game problems into a linear-programming 
format (see Sec. 5-7). First, consider cases in which V0. Define the 
variables 


j=% j=.. DÀ (8-33) 
for duopolist IT. By this definition 
V-ntnte, (8-34) 


II desires to make his maximum expected loss as small as possible, or 
equivalently, he desires to make 1/V as large as possible. His linear-pro- 


gramming equivalent is to find values for 2, € 0 (j 9 1,..., n) which maximize 
(8-34) subject to 


Anzi Anz. +> +++ Apt, Sl f=1,...,m (8-35) 


The relations of (8-35) are derived by dividing those of (8-30) by V and 
substituting from (8-33). 


Define the variables 


m= iste (8-36) 
for duopolist I. By this definition 
yw We (8-37) 


| desires to make his minimum expected profit as large as possible, or 
equivalently, he desires to make I/V as small as possible. His linear-pro- 
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gramming equivalent is to find values for w; 20 (i= 1, ... , m) which minimize 
(8-37) subject to 


Wy + daWa 7 i + dS = l DL sss (8-38) 


The relations of (8-38) are derived by dividing those of (8-29) by V and 
substituting from (8-36). 

The programming system for I given by (8-37) and (8-38) is the dual of the 
programming system for II given by (8-34) and (8-35). The reciprocal of the 
value of the game is given by the maximum value for (8-34) which equals the 
minimum value of (8-37). Using (8-33) and (8-36), the optimal probabilities for 
the duopolists are easily determined from the optimal values for the z and 
the w; 

The linear-programming formulation facilitates a proof that solutions 
always exist for two-person, zero-sum games. The proof proceeds by first 
establishing that finite optimal solutions always exist for the equivalent 
programming systems, and by then demonstrating that the optimal program- 
ming solutions provide a solution for the underlying game. Initially assume 
that all a; >0. A feasible, but not optimal, solution for the programming 
system given by (8-34) and (8-35) is provided by z; =0 (j 513... n). Let 
a? = min ay. A feasible solution for the programming system given by (8-37) 

ij 


and (8-38) is provided by w= l/a* (i= 1,...,m). The existence of finite 
optimal solutions for the programming systems follows from a duality 
theorem stated in Sec. 5-7: If feasible solutions exist for a programming 
system and its dual, finite optimal solutions exist for both systems. 

Let the optimum values of the programming variables be given by 
zt,...,z% and wt,..., w2. At least one wf must be positive since wf =0 
(i — 1,..., m) is not feasible for (8-38). At least one zt must be positive, for if 
all z¥ were zero, all the constraints of (8-35) would be satisfied as strict 
inequalities. But then, as shown by the duality theorem expressed in (5-40), all 
w* would equal zero, which has already been shown to be impossible. Since 
at least one w* and at least one z* must be positive, it is possible to equate 
the reciprocals of the optimal values of the objective functions (8-34) and 
(8-37): 


quo vp 
v 3. 
and ,vEa-vin-i 


Substituting from (8-33) and (8-36), 


dant 520 LEE r0 


which are the game probabilities. By substitution from (8-33) and (8-36) into 
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game with a positive value. If one or more a, 50, select a number k with the 


Property that a; +k >0 for all i and j, and add k to every element of the profit 
matrix. The value of the modified game exceeds the value of the initial game 


by k: i 
Vo EE eom $$ anh S ny = V4 (8-39) 


and is Positive by construction. The optimal probabilities for the initial and 


ma linear-programming solution for the modified game. 
Return to the game given by (8-28). Let k = 4. The profit matrix for the 


[; 3] 


H's linear-programming system is to find values for zı,z: = 0 that maximize 
1 » 
y =z tz 


subject to 22, 4875,51 
72432531 


, The reader may verify diagrammatically that the unique optimal solution 
is n0, 270, 1/V' 202, Utilizing (8-33) and (8-39), II's optimal prob- 
— " sı TAS and s2:=0.5 with V=], The reader may verify that the 
opti solution for the dual programming system is w = 0.08, w; = 0.12, 
which gives I's optimal probabilities as "= 0.4 and n= 06. i 


explanation of oligopoly behavior. The oligopolists" interests are not pred oe 
diametrically opposed, and their behavior may be ch ized by a com- 
bination of competitive and cooperative elements. The Possibility of coopera- 


See J. G. Kemeny, J. L. Snell, and G. L. Thompson, Introduction to Finite Mathematics 
(Englewood Cliffs, NJ.: Prentice-Hall, 1957), p. 291. 
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tion arises in non-zero (nonconstant) sum games. Such games do not neces- 
sarily lead to cooperation, although preferred outcomes may be achieved 
through cooperation. For illustration consider a simple duopolistic market for 
which the collusive solution is prohibited by law. Assume that bribes and 
profit redistribution are also illegal. Each duopolist has two strategies: (1) he 
can declare himself a leader and produce a relatively large output, or (2) he 
can declare himself a follower and produce a relatively small output. Once 
each declares himself he must produce his declared output regardless of what 
his competitor has declared. Assume that the profit matrix is 


Duopolist II 
Leader Follower 


Leader (200,250) (1000, 200) 
Follower (150,950) (800, 800) 


where the first and second numbers in each set of parentheses are I's and II's 
profit levels respectively. 

The best outcome for each duopolist is obtained if he is a leader and the 
competitor a follower, and the worst is obtained if their roles are reversed. 
One might argue that a sensible strategy for each would be to declare himself 
a follower since each would receive a moderately satisfactory profit. 
However, if I believes that II will be a follower, I should be a leader a fortiori. 


(8-40) 
Duopolist I 


whereas the relatively favorable follower strategies do not. It is clear that 
both could gain from cooperative behavior. However, it is not clear that 
cooperation can be achieved successfully. Even if each agreed to be a 
follower, each would have an incentive to break the agreement and declare 
himself a leader. The possibility of finding cooperative solutions depends 
upon the possibility of mutually undertaking unbreakable commitments and 
guarantees. i 


The Nash Bargaining Solution 
Consider a case in which the duopolists attempt to negotiate a cooperative 
solution for the example (8-40). Assume that each desires to maximize the 
expected utility of his profits, and that each obeys the von Neumann- 
Morgenstern axioms. Assume that A, B, C, and D in Fig. 8-3 are the four 
profit outcomes of (8-40) mapped into utility-space. Let the duopolists employ 
mixed strategies. The reader may verify that the feasible utility region then is 
given by the quadrilateral ABCD (see Exercise 8-7). Negotiation involves the 
selection of a point from this set. , 
Assume that if the duopolists fail to reach an agreement, either duopolist 
could threaten to sell his output to a discount house for a guaranteed profit. 
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belier. It n pot posible for the seller to behave a a monopolist aed the buyer 
behave ax a monopsonist at the same time. The seller cannot exploit à 
deme! 1er ios that does aot exist, and the buyer cannot explo à demand 


Three general 
possible. (1) one of the participants dominate aad force the other to accept 
Bis price and/or quantity decisions, (2) the buyer and seller may cooperate aad 


possible outcomes. 


Reference Solutions 


Consider a case of bilateral monopoly in the market for a produced good, Q» 
The buyer uses Q, as an input to produce 
function q, = hiq). He selis Q, in a competitive market at the fixed price Py. 
The selier uses a single input X for the production 
Competitive market at the fixed price r. Assume that 
Ean be expressed in inverse form as x = Hig). The solutions that woukd be 
achieved by monopoly, monopsony, and quasi-competitios provide useful 
dominated and 


| 
| 


. aa = Phl) od 
He sets d dq; equal to zero to maximize profit: 
ih Fa- pA) pino 
and pi phi) ean 


Which is the buyer's inverse demand function for Q». The buyer purchases Q, 
Up to a point at which the value of his marginal product equals the price set 
by the seller. The monopolistic seller substitutes from (8-42) for p; and 
as = pih'(q3q; - rH la) 
des « pK (q) + jai - rH (4) = 0 


pih'(q3 + hlada) = rH'G» (8-43) 
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A monopsony solution would be achieved if the buyer dominated and 
forced the seller to accept whatever price he set. The seller's profit is 
Ts = paq- rH (q) 
He sets dzsdq; equal to zero to maximize profit: 


FS pi- rH (2) =0 


and P2= rH'(q)) (8-44) 
which is the inverse supply function for Q.. The seller produces and sells Q; 
up to a point at which his marginal cost equals the price set by the buyer. The 
monopsonistic buyer substitutes from (8-44) for p; and maximizes his profit; 


78 = pih(q;) — rH'(q;)q; 
dit = PhO HH G+ Haq) - 0 
Pihla) = Hg) + Haq) (8-43) 


The equilibrium condition (8-45) states that the buyer equates the value of his 
marginal product to the marginal cost of the input (MCI). Solve (8-45) for the 
monopsony output, gfs, and substitute this value into (8-44) to obtain the 
monopsony price, pf. An example of a monopsony solution is given by point 
B in Fig. 8-4, 

Finally, consider the price and quantity that would be achieved if both 
seller and buyer were price takers. The inverse demand (8-42) and supply (8-44) 
functions would both be effective. The quasi-competitive quantity, g%>, is 
determined by equating demand and supply price: 


Pic = pih'(q¥-) = rH"(qh-) (8-46) 


The quasi-competitive Price, Pic, equals both the value of the marginal product 
of the buyer and the marginal cost of the seller. This quasi-competitive result 


MCI 


P, rH) 
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may not be a likely outcome for a market characterized by bilateral mono- 
poly, but it provides another useful reference point. An example of a 
quasi-competitive solution is given by point C in Fig. 8-4. 

Some of the results of a comparison of the monopoly (B), monopsony 
(S), and quasi-competitive (C) solutions in Fig. 8-4 may be generalized to 
cover all cases in which the demand curve [p,h'(q,)] has negative slope and 
the supply curve [rH'(q;)] has positive slope, i.e., cases in which h"(q2) <0 
and H"(q2) >0. The monopoly and monopsony equilibrium points will always 
lie to the left of the demand and supply curve intersection. Thus, qic is 
always greater than q*5 and q*s. In Fig. 8-4, qin > Qs. This result does not 
always hold. The monopoly and monopsony outputs depend upon the slopes 
of the demand and supply curves. The reader may construct a case in which 
qfj < qs. The competitive price will always lie between the monopoly and 
monopsony prices. Since the monopoly equilibrium lies on the demand curve 
to the left of the quasi-competitive solution, p#;> pic, and since the monop- 
sony equilibrium lies on the supply curve to the left of the quasi-competitive 
solution, pł- > pip. Let rs, z$c, and 7%, denote the seller's profit levels in the 
three cases. In general, 


mës > whe > th 
Let ws, zc, and mfp denote the buyer's profit levels. In general, 
ths < the < The 


The proof of these propositions is left as an exercise for the reader. 


Collusion and Bargaining 


It is often assumed that the market participants will recognize their mutual 
interdependence and reach a mutually satisfactory agreement as to price and 
quantity. The bargaining process can be separated into two steps. First, the 
participants determine a quantity that maximizes their joint profit, and then 
determine a price that distributes the joint profit among them. Their joint 


profit i 
rotis ge mms = [pihl = Padt [Paa rH (23) 
= pih(q) — rH (4) 
Setting dz/dq, equal to zero, 


SE = pih'(a)— rH (a) = 0 


and pih'(q2) = rH'(q5) 


Joint profit is maximized atian output at which the value of the buyer’s 
marginal product equals the seller's marginal cost. This is the same as the 
quasi-competitive solution given by (8-39). The optimal collusive output level is 
the same as the quasi-competitive output level, gic. A collusive bilateral 
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monopoly will behave in the same way as a competitive industry insofar as the 
outside world is concerned. . 

The quasi-competitive price does not necessarily follow from a collusive 
solution. For the prescribed quantity the seller desires as high a price as 
possible, and the buyer desires as low a price as possible. Let the upper limit 
be the price that would force the buyer's profit to zero, and the lower limit be 
the price that would force the seller's profit to zero: 


Pih (ak)... rig) id 
qic qic 


Since a negative profit would force one of the firms to discontinue operations, 
price cannot be set beyond these limits. 

An alternative is to assume that the buyer can do no worse than the 
monopoly solution, and that the seller can do no worse than the monopsony 
solution: 


Pih(qic) - paže = rhs 
P2Qic — rH (q3c) = m, 
Solving each inequality for pə, 


paio - ths Zoe Halo + Ts (8-48) 


These limits.can be determined from the reference solutions. If 7$; and 7 $5 
are positive, (8-48) provides a narrower range for bargaining than (8-47). In 
either case the determination of a specific price within the bargaining limits 
will depend upon the relative bargaining power of the buyer and seller. 


8-6 SUMMARY 


The profit of a duopolist or oligopolist depends upon the actions and reactions 
of his rivals. Different theories are based upon different assumptions regard- 
ing market behavior. One approach is to make assumptions about specific and 
deterministic responses that firms make to the actions of their rivals. The 
quasi-competitive solution is based on the assumption that firms equate price 
and marginal cost. The collusion solution is realized if the market participants 
join together to maximize total industry profit. The Cournot solution is 
attained if each participant maximizes his profit on the assumption that the 
rivals’ output levels are unaffected by his actions. The Stackelberg solution 
rests on the assumption that duopolists explicitly recognize the inter- 
dependence of their actions. Each may wish to assume the role of either a 
leader or a follower, and market equilibrium is achieved if their desires are 
consistent. These solutions are applicable for both homogeneous and 
differentiated products. The producers of differentiated products may find 
advertising profitable. 


DUOPOLY, OLIGOPOLY, AND BILATERAL MONOPOLY 227 


The market-shares solution is realized if a market participant follows the 
moves of his rivals in such a way as to maintain his historical share of total 
industry sales. The kinked-demand-curve solution is realized if a seller 
assumes that his rivals will follow price reductions, but leave their prices 
unchanged in response to price increases. 

Duopsony and oligopsony are similar to duopoly and oligopoly in that 
there are no generally accepted behavior assumptions. Most theories of 
duopoly and oligopoly for undifferentiated products can be modified to cover 
duopsony and oligopsony. According to the Cournot behavior assumption 
each buyer selects a purchase level on the assumption that the other buyers 
are unaffected by his actions. 

Noncooperative as well as cooperative game theory may be applied to 
markets with a small number. of participants. Applying the former, a duo- 
polistic market is sometimes treated as a two-person, zero-sum game. Each 
duopolist selects probabilities for a finite number of strategies that maximize 
the expected value of his profit, given the most unfavorable strategy choice 
on the part of the rival. The expected profit of one duopolist (which equals the _ 
expected loss of the other) equals the value of the game if both assign optimal 
probabilities to their strategies. Linear-programming methods can be used to 
obtain numerical solutions for two-person, zero-sum games. 

The application of cooperative game theory requires that market parti- 
cipants be able to make binding agreements with one another. The Nash 
solution provides a “reasonable” and “fair” division of the aggregate profits 
from joint action by two participants. 

A single seller confronts a single buyer in bilateral monopoly. Price and 
quantity are determined either through the dominance of one participant, or 
through bargaining and cooperation. The prices, quantities, and profits that 
would be achieved under monopoly, monopsony, and quasi-competition pro- 
vide reference points for an analysis of bilateral monopoly. The quasi- 
competitive output level maximizes the joint profit of the buyer and seller, 
and bargaining may be restricted to a price for this quantity. Limits for price 
bargaining are constructed from assumptions about minimum acceptable 
profit levels. 


EXERCISES 


81 Consider a duopoly with product differentiation in which the demand and cost functions are 
Qi = 88 — 4p, * 2p,, Cy = 10q;, and. q; = 56+ 2p: — 4px C,= 8a; for firms I and n respectively. 
Derive a price reaction function for each firm on the assumption that each maximizes its profit 
With respect to its own price. Determine equilibrium values of price, quantity, and profit for each 
firm. 


8-2 Let duopolist I, producing a differentiated product, face an inverse demand function given by 
Pi = 100—2q, -4 deren the cost function C;=2.5qj. Assume that duopolist II wishes to 
maintain a market share of 4, Find the optimal price, output, and profit for duopolist I. Find the 
output of duopolist II. 
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8-3 Let n duopolists face the verse demand function p = a — b(q, * * + + q,) and let each have 
identical cost function C, = cq. (a) Determine the Cournot solution. (b) Determine the quasi- 
competitive solution. (c) As n>, does the Cournot solution converge to the quasi-competitive 
solution? 
8-4 Let two duopsonists have production functions q; = 13x, —0.2x1 and q; = 12x; - 0.1xj where 
xi, X; are the input levels employed by the duopsonists. Assume that the input supply function is 
r-240.1(x,* x) where r is the supply price of the input, and that q; and q, are sold in 
competitive markets for prices p,—2 and p:=3. (a) Find the input reaction functions. (b) 
Determine the Cournot equilibrium values for xi, xs qi, G2. 71, 72 
8-5 Let the profit matrix of a two-person, zero-sum game have elements a; (i= hasemi jE 
1... n), and let rj (i=1,...,m) and s (j=1,...,m) be the optimal probabilities for parti- 
cipants I and II respectively. Prove that these probabilities are also optimal for a game with profit 
elements ay +k where k is a constant. 
8-6 Consumers distributed uniformly along a straight-line road are the potential market for two 
duopolists whose decision problem is where to locate their sales offices. Demand is completely 
inelastic, and consumers will purchase from whichever sales office is nearer. Assume that the 
road is 4 miles long and that, for simplicity, each firm has exactly five possible strategies: it may 
locate itself at either end or at the 1-mile, 2-mile, or 3-mile markers. Let the payoffs to the 
duopolists be their respective market shares. (a) Is this a zero-sum (or constant-sum) game? (b) 
- What is the payoff matrix? (c) What are optimal strategies for the duopolists? 
8-7 Show that the feasible utility region for mixed strategies in Fig. 8-3 is ABCD if the duopolists 
have two pure strategies each as stated in the discussion of Fig. 8-3. 
8-8 Let the buyer and seller for the bilateral monopoly discussed in Sec. 8-5 have the production 
functions q;=270qg;—2q3 and x = 0.2541 respectively. Assume that the price of q, is 3 and the 
price of x is 6. (a) Determine the values of q;, p; and the profits of the buyer and seller for the 
monopoly, monopsony, and quasi-competitive solutions. (b) Determine the bargaining limits for 
p; under the assumption that the buyer can do no worse than the monopoly solution and the seller 
can do no worse than the monopsony solution. (c) Compare your results with Fig. 8-4. 
8-9 Assume that the adjustment of each of the two Cournot duopolists to his rival's output level 
takes a finite length of time. Specifically, let a change in output level from period 1 — 1 to period t 
be the fixed proportion k of the difference between desired and actual output levels in period 
t —1. Under what circumstances will this dynamic adjustment process converge to the Cournot 
miren if the demand function is p = 100— (q,  q;) and the cost functions are C, = 341, C; = 
q2 
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CHAPTER 


NINE 
MULTIMARKET EQUILIBRIUM 


The analysis of price determination and allocation can be performed on three 
levels of increasing generality: (1) the equilibrium of an individual consumer 
or producer, (2) the equilibrium of a single market, and (3) the simultaneous 
equilibrium of all markets. The first type of analysis is the subject of Chaps. 2 
through 5, and the second is the subject of Chaps. 6 through 8. The present 
chapter is devoted to the third. 

A theoretical analysis contains data, variables, and behavior assumptions 
that allow the determination of specific values for the variables once the data 
are known. Consider the analysis of an individual consumer. The data are her 
utility function, her income, and commodity prices. The variables are the quan- 
tities of the commodities purchased and consumed, and the basic behavior 
assumption is her desire to maximize utility. The analysis of an individual 
producer is similar. The data are her production function and the 
prices of afl outputs and inputs. The variables are the quantities of the inputs 
she purchases and the quantity of the output she produces and sells. The 
behavior assumption is her desire to maximize profit. However, the analysis of 
an individual unit sheds no light upon the determination of prices, since all 
prices are considered as parameters. 

The analysis of equilibrium in a single market is somewhat more general. 
A single price is determined as the result of optimizing behavior on the part of 
a large number of consumers and a large number of producers. The data for 
the analysis of equilibrium in a commodity market are the utility and produc- 
tion functions of all consumers and producers, the incomes of all consumers, 
the prices of all factors, and the prices of all commodities other than the one 
under consideration. The explicit variables are the price of the commodity 
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and the purchases and sales of the commodity by each consumer and 
producer. The condition that the market must be cleared, i.e., aggregate 
demand must equal aggregate supply, is added to the assumptions of utility 
and profit maximization. The analysis of a single factor market is similar 
except that the consumers’ incomes are determined by their factor sales. 

Every factor and commodity price is a variable for the analysis of its own 
market and a parameter for the analysis of all other markets. There is no 
assurance that a consistent set of prices will result from a piecemeal solution, 
taking oné market at a time. It is only by chance that the price assumed for Q, 
in the analysis of the market for Q, will be the same as the price determined 
in the analysis of the market for Q, in isolation. 

All markets are interrelated. Consumers spend their incomes for all 
commodities, and the demand for each commodity depends upon all prices. If 
the goods Q, and Q, are gross substitutes, an increase in the price of Q; will 
induce consumers as a whole to substitute Q; for Q,. If two goods are 
complements, an increase in the price of one may induce consumers to 
restrict their consumption of both (see Sec. 2-5). Pairs of inputs may also be 
defined as substitutes or complements. Furthermore, production and con- 
sumption are not independent. Consumers earn their incomes from the sale of 
labor services and other productive factors to producers. As à result of these 
interrelationships, equilibria for all product and factor markets must be 
determined simultaneously in order to secure a consistent set of prices. 

The data for the determination of a general multimarket equilibrium are 
the utility and production functions of all producers and consumers and their 
initial endowments of factors and/or commodities. The variables are the 
prices of all factors and commodities and the quantities purchased and sold 
by each consumer and producer. The behavior assumptions require utility and 
profit maximization together with the condition that every market be cleared. 

A multimarket equilibrium analysis is developed for a pure-exchange 
system in Sec. 9-1, and illustrated for two-commodity systems in Sec. 9-2. The 
analysis is extended to cover production and exchange in Sec. 9-3, The 
problems of absolute price determination and the choice of a standard of 
value are considered in Sec. 9-4. 


9-1 PURE EXCHANGE 


Pure exchange deals with the pricing and allocation problems of a society in 
which n individuals exchange and consume fixed quantities of m com- 
modities. Each individual possesses an initial endowment of one or more of 
the commodities and is free to buy and sell at the prevailing market prices. 
Purchases and sales may be interpreted as barter transactions. Imagine a 
consumer whose initial endowment consists of twenty pears and three apples 
and assume that there are no other commodities. The prevailing market prices 
determine the terms on which the consumer can barter pears for apples or 
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apples for pears. If the prices are 5 cents for pears and 10 cents for apples, 
she can obtain one apple by selling two pears or two pears by selling one 
apple. Given market prices and initial endowments, each consumer's trading 
will be determined by her ordinal utility function. It would be a rare case if 
none of the consumers was able to increase her satisfaction level through 
exchange. A consumer will sell a portion of her initial endowment of some 
commodities and add to hér stocks of others as long as she is able to increase 
her utility index. 


Equilibrium of the ith Consumer 


The excess demand of the ith consumer for the jth commodity (Ey) is defined 
as the difference between the quantity she consumes (qj) and her initial 
endowment (q$): 


Ej = ay — 95 j=l1,...,m (9-1) 


If her consumption of Q; exceeds her initial endowment, her excess demand 
is positive; she purchases Q, in the market. If her consumption is less than her 
initial endowment, her excess demand is negative; she sells Q, in the market. 
It is not possible to determine the signs of her excess demands a priori. She 
may either sell or buy Q. The sharp distinction between buyers and sellers 
used throughout Chap. 6 is no longer possible. 7 

The consumer's income equals the value of her initial endowment: 


neo 62) 


This is the amount of purchasing power that she would obtain if she sold her 
entire endowment. In order to relate the present analysis to that of Chap. 2, 
assume for the moment that she sells her entire endowment and uses the 
proceeds to purchase commodities at the prevailing market prices. The value 
of the commodities that she purchases and consumes must equal her income 
as given by (9-2): 


X= z Pidu (9-3) 


Her purchases will most likely include some of the commodities that she sold, 
but this does not matter since the acts of buying and selling are assumed 
costless. The self-canceling transactions can be omitted without affecting the 
analysis. Therefore, it is henceforth assumed that the consumer does not both 
buy and sell the same commodity. Her budget constraint can be expressed in 
terms of her excess demands. Subtracting (9-2) from (9-3) and substituting 
from (9-1), 


Š pía -40 =Š pE =0 (9-4) 


The net value of the consumer’s excess demands must equal zero. Her budget 
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constraint in this form states that the value of the commodities she buys must 
equal the value of the commodities she sells. 

The equilibrium analysis of the consumer as developed in Chap. 2 needs 
slight modification to be applicable to a consumer in a pure-exchange 
economy. The consumer's utility index is a function of the quantities of the 
commodities she consumes, but can be stated as a function of her excess 
demands and initial endowments by substituting qy = E; + q% from (9-1): 


U, = Ui - - - d) = U(En + qb... Bim d) (9-5) 


The consumer desires to maximize the value of her utility index subject to a 
budget constraint. Using the form of the utility function given by (9-5) and the 
budget constraint (9-4), form the function 


V = UE, + df... En + ah) -A( È PBs) e 


and set the partial derivatives of V; with respect to the excess demands and A 
equal to zero: 


aV: _ OU; ip = = - 
8E, aE; Ap; 70 T1 SSN t i 
av --À E 

aet 2, PF 2 


Since dE;/dq; = 1, the first set of equations of (9-7) can be expressed in terms 
of the utility-index increments: 


fit aon ahs as Da ir mh 

JE; da, ^P Api ]71,.5; 
The first-order conditions for the individual consumer are the familiar ones 
developed in Chap. 2. She buys and sells commodities until the rate of 
commodity substitution for every pair of commodities (the ratio of their 
utility-index increments) equals their price ratio. Second-order conditions 
again are ensured by an assumption of regular strict quasi-concavity (see Sec. 
2-6). 

If the second-order conditions are satisfied, the ith consumer's excess 
demand functions can be derived from the first-order conditions. Eliminate A 
from (9-7) and solve for the m excess demands as functions of commodity 
prices: 

E, = Ep. ++ Pm) j=l1,...,m (9-8) 
The consumer's excess demands depend upon the prices of all commodities. 
If her endowment of Q; is not zero, her excess demand for Q; may be positive 


for some sets of prices and negative for others. 

It was proved in Sec. 2-3 that consumer demand functions are homo- 
geneous of degree zero in income and prices. A similar theorem can be 
Proved for the pure-exchange barter economy: The consumer's excess 
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demand functions are homogeneous of degree zero in prices; i.e., the excess 
demands will remain unchanged if all prices are increased or decreased by the 
same proportion.' A doubling of all prices would double both the value of the 
consumer's initial endowment and the cost of the commodities she purchases. 
If the consumer's endowment consisted of pears and apples and their prices 
increased from 5 and 10 cents to 10 and 20 respectively, she could still obtain 
one apple for two pears or two pears for one apple. In a barter economy of 
this type the consumer is interested in market exchange ratios rather 
absolute price levels. 

A graphic description of an individual consumer's equilibrium is con- 
tained in Fig. 9-1. Her initial endowment is given by the coordinates of R. Her 
income line is the locus of all quantity combinations with the same market 
value as her initial endowment- If yf? is her income line, she will maximize 
utility by moving to T. She will sell RS units of Q, and purchase ST units of 
Q; in moving from R to T. Her excess demand for Q, is positive, and her 
excess demand for Q; negative. 

Assume that the price of Q increases relative to the price of Q, and that 
the consumer's new income line is y®. Point L is the position of maximum 
utility on this income line. The consumer will sell MR units of Q, and 
purchase ML units of Q, in moving from R to L. A price change has resulted 
in a change of the signs of her excess demands. Her excess demand for Q; is 
now negative, and her excess demand for Q, positive. 

The irrelevance of absolute price levels is obvious in the graphic analysis. 
The consumer's initial endowment is given by a point representing physical 
quantities. Her income line is drawn through this point with a slope equal to 
the negative of the ratio of commodity prices. A proportionate change of both 


| The proof is similar to that used in Sec. 2-3. Substitute kp, into the budget constraint in (9-6), 
set its partial derivatives equal to zero to obtain a system similar to (9-7), divide the first (m — 1) 
equations by the mth to eliminate A and k, and factor k out of the (m + Ith. it 
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prices will leave their ratio unaffected, and neither the slope nor the position 
of the income line will change. 


Market Equilibrium 


An aggregate excess demand function for Q; is constructed by summing the 
individual excess demand functions of the n consumers: 


E=$ Elis + By Pa) Ef s Pp: Do) 


Aggregate excess demand is also a function of the m commodity prices. 
Partial equilibrium is attained in the jth market if the excess demand for Q, 
equals zero when the remaining (m — 1) prices are assigned fixed values: 


Epis- .., pp. py) 70 (9-9) 


Condition (9-9) is equivalent to the condition that supply equal demand. The 
equilibrium price for Q; is obtained by solving (9-9) for p; and depends upon 
the prices assigned to the other (m — 1) commodities. The purchases and sales 
of the individual consumers are determined by substituting the equilibrium 
price into the individual excess demand functions. 


Multimarket Equilibrium 


Now treat all prices as variables and consider the simultaneous equilibrium of 
all m markets. Aggregate excess demand must equal zero in every market: 


E(p.....p.)-0  j-L...,m (9-10) 


The equilibrium conditions form a system of m equations in m variables. 
However, (9-10) contains no more than (m — 1) independent equations. 

The budget constraints for the m consumers are not equilibrium con- 
ditions, but are identities satisfied for any set of prices. Summing the budget 
constraints given by (9-4) for all consumers: 


$ Š pE; =Š pE =0 (9-11) 


since E, = ^,E. The a te form of the budget constraint is also an 
identity ‘satisfied for any po 0 This identity is called Walras’ law. The 
equilibrium conditions require that every aggregate excess demand equal 
zero if all prices are positive. Clearly if E; = 0, the value of the excess demand for 
Q; (pjE;) must also equal zero. If the first (m — 1) markets are in equilibrium, the 
aggregate value of their excess demands equals zero: 


bl pE -0 (9-12) 
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Subtracting (9-12) from (9-11), 

m zl 

E PB 2 pjE; = PmEm = 0 


It follows that Em = 0 if p,, 0. If equilibrium is attained in (m — 1) markets, it is 
automatically attained in the mth. 

Multimarket equilibrium is completely described by any (m — 1) equations 
of (9-10). The addition of an mth equation which is dependent upon the other 
(m — 1) adds no new information. Since the equations (9-10) are functionally 
dependent, their Jacobian is identically zero, and a locally unique solution 
does not exist for the p, (see Sec. A-2). The inability to determine absolute 
price levels should not be a surprising result if it is remembered that 
consumers are interested only in exchange ratios in a barter-type economy. 

Since the excess demand functions are homogeneous of degree zero in 
prices, the number of variables can be reduced to (m — 1) by dividing the m 
absolute prices by the price of an arbitrarily selected commodity. If Q, is 
selected, (9-10) may be rewritten as 


= Bi... Pm a 
B= g(t Be 3) yati, m (9-13) 
The variables of (9-13) are the prices of the Q, (j# 1) relative to the price of 
Qi, i.e., the exchange ratios relative to Q,. Omit any one of the equations in 
(9-13) to obtain a system of (m — 1) equations. This system of differentiable 
equations has a unique mathematical solution for the (m — 1) price ratios if its 
Jacobian does not vanish in a small neighborhood. The mathematical solution 
is a multimarket equilibrium if it contains real, nonnegative price ratios and 
quantities. It is possible to construct specific multimarket systems that have 
equilibrium solutions, and it is possible to construct specific systems that do 
not. In this chapter attention is limited to systems for which equilibria exist. 
The conditions under which equilibrium solutions do and do not exist are 
considered in Chap. 10. 

Once the equilibrium exchange ratios are determined from (9-13), the 
purchases and sales of each individual can be determined by substituting into 
the individual excess demand functions. However, a multimarket equilibrium 
can be determined directly without recourse to aggregate excess demand 
functions. The individual excess demand functions are homogeneous of 
degree zero in prices and can be written in the same form as (9-13): 


- Pz... Pa hed TS 
5 &(t b. i, j=1,...,m e. 
Now add the condition that every market must be cleared: 

XEE-0 j-t22m (9-15) 


The system formed by (9-14) and (9-15) contains (mn + m) equations with the 
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mn individual excess demands and the (m — 1) exchange ratios as variables. 
As before, the system is functionally dependent and cannot be solved for 
absolute price levels. 


9-2 TWO-COMMODITY EXCHANGE 


Many important aspects of multimarket equilibrium can be illustrated through 
examples in which two commodities are exchanged by two individuals. Both 
calculus and geometric examples are presented here. 


A Calculus Example 


Assume that individual I is endowed with 78 units of Q; and no Q,, and that 
her utility function is 
Ui = qud * 240 * 5405 


Substitute qı = E +78 and qn = Ey into her utility function and form the 
function 


V, = (En + 78) En + (Ey +78) + Ei A(Pi En + p3E) 
Set the partial derivatives of V; equal to zero: 


3Vi. Dip 

JEn Ey.+2-Api=0 
OV) e 
Em En +83 Àpi 
{Vig — (pi Ei; + prE s) =0 


oA 


The reader can verify that the second-order condition presented in Sec. 2-2 is 
Satisfied, , 

Eliminating A and solving the first-order conditions for Eu and En, I's 
excess demand functions are 4 


=415%-1 
E, e i - ALS B En 455 


Her excess demands are functions of the commodity price ratio and are 
homogeneous of degree zero in prices. I's budget constraint is satisfied for 


any set of prices: 
p(B-41.5)+ p(4.52- 1)=0 


The excess demand functions possess the usual properties. An increase of Pi 
relative to p, will decrease Ey and increase En. An increase of p; relative to 
P: will increase E; and decrease Ei. 
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Assume that II's utility function is 
Uz = ququ * 4451 * 202 


and that her endowment consists of 164 units of Q, and no Q;. A derivation 
similar to that employed for I yields the excess demand functions 


= 94 a As ubi. 
AR eA nl 


II's budget constraint is always fulfilled, and her excess demands are homo- 
geneous of degree zero in prices. 
Invoking the condition that each market must be cleared 


E, = Ey En =852—42.5=0 


E,- En+ En=42.5 P! -85 =0 


Either equation is sufficient for the determination of the equilibrium exchange 
ratio. Solving the first equation, p./p; = 0.5. Solving the second, pi/p; = 2. The 
solutions are identical. In equilibrium 1 unit of Q, can be exchanged for 2 
units of Q.. 

Substituting the equilibrium price ratio into the individual excess demand 
functions, 


En -—41 En = 82 Ex -41 En --82 
I gives 41 units of Q, to II in exchange for 82 units of Q». 


The Edgeworth Box 


A geometric picture of a two-person, two-commodity, pure-exchange 
economy is provided by the Edgeworth box diagram. Individual I's 
indifference map is pictured in the usual way with the origin, O;, in the 
southwest corner. Three of her indifference curves are shown in Fig. 9-2a 
with Uf < Uf? < UP. Individual II's indifference-curve diagram is rotated 
180 degrees so that its origin, O;, is in the northeast corner. The quantities 421 
and q» are measured from right to left and from top to bottom respectively as 
II moves away from her origin. Utility increases as she moves downward: 
US? < UP < UP. The two indifference-curve diagrams are joined to form a 
"box" with a width equal to the sum of the two consumers' endowments of 
Q, and a height equal to the sum of their endowments of Q;. Every point 
within the box and on its boundary describes a particular distribution of the 
fixed quantities of the two commodities. For example, O, describes the case 
in which I has all of both commodities. 
Consider the initial endowments of 1; and qf» for I and q$, and q% for II 
described by point A in Fig. 9-2a. The budget constraint for each consumer is 
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O: 


Figure 9-2 


represented by a line through A with a slope equal to the negative of the price 
ratio. Consider the budget line that passes through points B and D. Individual 
I would maximize her utility by exchanging Q, for Q, to move from A to D 
where her RCS equals the price ratio. Similarly, II would maximize her utility 
by exchanging Q, for Q, to move from A to B. This price ratio does not 
provide a multimarket equilibrium. The RCSs of the two consumers are equal, 
but I desires to buy more Q, than II desires to sell and desires to sell more Q, 
than II desires to buy. 

An offer curve for I is the locus of the utility maximization points, such as 
D, that are obtained as the budget line is rotated about A to represent 
different price ratios. I’s offer curve is labeled C, in Fig. 9-2b. It passes 
through A since A would be her utility maximization point if the price ratio 
equaled the slope of her indifference curve at A. If the budget line were more 
steeply sloped, she would sell Q; and buy Q. If the budget line were less 
steeply sloped, she would buy Q; and sell Q;. Her offer curve lies above her 
initial indifference curve, Uf?, except at A where the two coincide. Individual 
II's offer curve, labeled C;, is constructed in an analogous manner. Point E in 
Fig. 9-2b where C, and C; intersect is a multimarket equilibrium. The 
equilibrium price ratio is given by the negative of the slope of the budget line 
passing through A and E. The equilibrium utility levels for I and II are Ut and 
U* respectively. Consumer I trades (qi2~ 472) units of Q; to II in exchange 
for (5, — qt.) units of Qi. 

The Edgeworth box in Fig. 9-3a illustrates a troublesome case that may 
Occur even though the assumption of strict quasi-concavity is satisfied. The 
initial endowment is A, I's offer curve is Ci, and II's offer curve is C}. A 
well-defined unique multimarket equilibrium does not exist. I's endowment of 
Q is exhausted before the consumers’ RCSs can be equated. It is clearly to 
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Figure 9-3 


the advantage of both consumers to trade, A “reasonable” conjecture is that a 
final position will lie somewhere on the line segment BD with a price bounded 
by the slopes of the straight lines AD and AB. Additional assumptions must 
be introduced before a particular equilibrium point can be selected. Figure 
9-36 illustrates a case in which the assumption of strict quasi-concavity is 
satisfied and three distinct equilibrium points B, C, and D exist. The reader 
may verify that for some price ratios Qz is a Giffen good (see Sec. 2-5) for Land 
Q, is a Giffen good for II. 


9-3 PRODUCTION AND EXCHANGE $ 


The multimarket equilibrium analysis is now extended to an economy in 
which goods are both produced and exchanged. The consumers’ initial 
endowments consist of primary factors such as land and labor power. In 
addition all profits earned by firms are distributed to consumers. A consumer 
generally sells factors and uses the proceeds together with her profit income 

to purchase commodities. She may withhold a portion of her factor endow- 
ment for direct consumption. Labor power provides an example. The con- t 
sumer will seldom supply the full amount of her labor power, but will 
generally reserve a portion for final consumption in the form of leisure. If a 
consumer possesses a factor from which she derives no utility, she will supply - 
her entire endowment of that factor regardless of commodity and factor 
prices. Some consumers may sell one factor and purchase another. An 
example is provided by a land owner who employs domestic servants: 
Entrepreneurs use both factors and produced goods for the production Of . 
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commodities. The produced commodities are useful both as inputs and final 
consumption goods.' 


Equilibrium of the ith Consumer 


Each of the n consumers is endowed with initial stocks of one or more of s 
primary goods, The initial endowment of the ith consumer is denoted by 
45. 4%:....,@%- She may sell (and buy) at the prevailing market prices 
(Pi, P»,...,p,) The consumer derives utility from the quantities of the 
primary factors she retains and the quantities of the (m-s) produced 
commodities she purchases: 


= Uila di - ++» dim) (9-16) 


where the produced commodities are numbered from (s + 1) through m. 

The consumer's excess demand for a factor equals the quantity she 
consumes less her initial stock, and her excess demand for a commodity 
equals the quantity she consumes: 


=qy- zm]1,...,5 
Ey=q-ah i 91» 
Ey 7 q; j=stl,...,m 
The excess demand for a factor may be positive, negative, or zero, but will 
most often be negative, since the consumer generally sells factors in order to 


buy commodities. Her excess demands for commodities must be positive or 
zero. The consumer's income equals the value of her factor endowment plus 


her profit earnings: 
= 0 9-1 
»- Eras $e c» 


where N, is the number of firms producing the kth commodity, mw are the 
profits of the hth firm which produces the kth commodity, and 6, 20 is the 
ith consumer's proportionate share of these profits." 

The value of the factors and commodities that an individual consumes 


must also equal her income: 
yi = 5 par (9-19) 


The consumer’s budget constraint is obtained by subtracting (9-18) from (9-19) 
and substituting from (9-17): 


Ne 
E om 


' It is sometimes necessary to distinguish pure intermediate goods which are not desired by 


consumers. They are produced b; entrepreneurs and used as inputs. 
"It is ate ee in ee a single product. The indices of summation in (9-18) 


would have to be revised if firms produced joint products. 
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The net value of her excess demands equals her profit earnings, or losses if 
negative. 

The consumer again desires to maximize her utility level subject to her 
budget constraint. Form the function 


Zi = U(En+ qs... But Qh, Es, .. +> Em) 
m m Ne 
and set the partial derivatives of Z, equal to zero: 
2% ui A 5 
aEy ~ 9E, up-20 j=1,...,m 
^ (9-21) 

OZ; ( m m k 
LB a m =0 
Op p PE X. à Omma) 

First-order conditions require that the consumer equate the RCS for 
every pair of goods to their price ratio. It is shown in Sec. 2-6 that an 
assumption of regular strict quasi-concavity over a region will ensure satis- 
faction of the second-order conditions. Consequently, the consumer’s excess 
demand functions can be obtained by solving (9-21) for the m excess 
demands, as functions of the profit levels in which she has an interest, and the 
m prices. It is shown below that profits may be expressed as functions of 


commodity and factor prices. Therefore, the ith consumer's excess demands 
may be expressed as functions of the prices alone: 


Ey = EPn... Pm) j=1,...,m (9-22) 


Profits are homogeneous of degree one with respect to prices. It is easily 
verified that the consumer’s excess demands are homogeneous of degree zero 
with respect to the prices of all commodities and factors. 


Equilibrium of the hth Firm in the jth Industry 


Each firm combines inputs for the production of a single commodity accord- 
ing to the technical rules specified in its production function:' 


du = fu(qh ..., Ahim) 


where ĝy is the output level of the hth firm in the ith industry and q7 is the 
quantity of the kth good which the entrepreneur uses as an input. Both the 5 
factors and (m — s) commodities serve as inputs, 

The entrepreneur's profit is her competitive revenue less the cost of her 
inputs: 


Tw = Dif Cain... + Tim) — 2 Piafa 


' Production is sometimes introduced with the alternative assumption that each firm jointly 
produces all commodities. 
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Setting the partial derivatives of profit with respect to each of the inputs equal 
to zero, 


em 
M TP nu kai.. m (9-23) 
The entrepreneur will utilize each input up to a point at which the value of its 
marginal physical product equals its price. If the production function is 
strictly concave over a region, the second-order conditions will be satisfied 
over that region, except possibly at isolated points (see Sec. A-3). 
Conditions (9-23) imply that qj ðq = 1. If the entrepreneur utilizes her 
Own output as an input—as a wheat farmer utilizes wheat for seed—she will 
utilize it up to a point at which its marginal physical product equals unity. 
The entrepreneur's excess demand functions for her inputs for a strictly 
concave region of her production function are obtained by solving the m 
equations of (9-23) for qf, = Ets: ! 
El = Ef o....p»)  k-l...,m (9-24) 
The quantity of each input she purchases is a function of all prices. Since the 
entrepreneur never supplies (sells) inputs, her excess demands are always 
nonnegative. 
If the jth industry contains N; identical firms, its aggregate excess 
demand for the kth input equals the excess demand of a representative firm 
multiplied by the number of firms within the industry: 


Et = NERD, . -- Pm) = ER» -- - , Pm Nj) (9-25) 


An industry’s excess demand for an input is a function of all prices and the 
number of firms within the industry. f 

The entrepreneur's excess demand for (supply of) her own output is 
determined by substituting the excess demand functions for her inputs (9-24) 
into her production function and letting By =~ dw:t 


Ey = fuf (py, - - <» Pm), +++» Elie (Pn -> -  Pm)) 
or more simply 
Ey A Ey(py,- Pu) 


The excess demand for the industry as a whole equals the excess demand of a 
representative firm multiplied by the number of firms: 


E, = NÉy(py +++ Pm) = By Pos Nj) (9-26) 


The industry’s excess demand depends upon the prices of all goods and the 


number of firms within the industry. , > 
The entrepreneur’s excess demand functions for her output and inputs are 


homogeneous of degree zero in all prices. If all prices are changed by the 


t Separate excess demand functions are defined for Q; as an output and as an input. The two 
Could be combined into a single net excess demand without affecting the analysis. 
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factor t >0, profit becomes 


my = pif di - -- Vim) — >A IP T. 
Setting the partial derivatives equal to zero, 


BTN (p, 90. a n 
qin Pi Sata tp, =0 kz1,...,m 


3p 54. ae 
or (nad n) 0 k=f,..,,m 
Since t# 0. 
Ody 
Pi age, o0 ks1;:..,;m 


The first-order conditions from which the excess demands are obtained can be 
stated in a form identical with (9-23). Since the second-order conditions also 
remain unchanged, the excess demands are unaffected by a proportionate 
change of all prices. 


. Market Equilibrium 


The excess demand functions of the consumers and entrepreneurs can be 
aggregated for both types of goods. The aggregate excess demand for a factor 
is the sum of the excess demands of the n consumers (9-22) and the (m — s) 
industries on input account (9-25): 


E=$ EPn., p.) * È Etfps... pm NO jets (92) 


mg 


en ds b ^ Pius demand for a commodity is the sum of the excess 
lemands by the n consumers (9-22), the (m — s) i ‘ Eon scat 
(9-25), and its producers (9-26): (m — s) industries on input ac 


E - 3 Ep... Pat S. Etp, p. N) 
*E(pu..spMN)  jesl.sum (9-28) 


The aggregate excess demands given by (9-27) and (9-28) can be stated simply 
as 


E, = Edis: Dos Nests esd, Now) f=1,...,m 


The excess demand for each good is a function of the m prices and the 
numbers of firms within the (m — s) producing industries. 

It is assumed that a short-run equilibrium price can be determined for any 
of the m markets considered in isolation from the other (m — 1) markets by 
setting the aggregate excess demand for the good under consideration equal to 
zero. In the short run the number of firms in the industry as well as the prices 
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of the other (m —1) goods and the numbers of firms within the other 

(m =s— 1) industries are treated as. parameters. Utility, production, and 

* excess demand functions are defined for a longer period of time in a long-run 

-~ analysis. In addition, the number of firms within the industry is a variable in 
the determination of a long-run equilibrium for a commodity market. Excess 
demand and profit are both: set equal to zero, and the resultant two equations 
are solved for profit and the number of firms. Short- and long-run equilibrium 
prices are nonnegative and generate consumption and production quantities 
within the region for which the excess demand functions are defined. 


Walras’ Law 


Expressing the profit of the Ath firm in the jth industry in terms of excess 
demands and rearranging terms, 


p, + > PoE te + my =0 (9-29) 


The net value of a firm’s excess demands equals the negative of its profit. 
Summing (9-20) over all consumers and (9-29) over all producers yields the 


result 
> pjE,-0 


Thus, Walras' law holds as an identity for any set of prices in the production 
and exchange system. The existence of positive profits does not affect this 
result. Total profits appear as a negative term in the aggregation of (9-20) and 
as a positive term in the aggregation of (9-29). 


Multimarket Equilibrium 


A long-run multimarket equilibrium requires that every market be cleared and 
that profit equal zero in every industry:! 


Epi... Pm» Nosna e Nm) 70. j 21: m (9:30) 
T(pu..-,p»)-0 j=s+1,...,m 


Where 77; is the profit of a representative firm in the jth industry. Again Walras’ 

law results in a functional dependence among the excess demands, and it is 
not possible to solve (9-30) for absolute price levels. 

| Equilibrium again is defined in terms of relative, rather than absolute, 

.Pfices. Since the excess demands of every consumer and producer are 

homogeneous of degree zero in prices, the aggregate excess demands are 

homogeneous of degree zero in prices. The profits of each entrepreneur are 


' The profit equations are omitted and the numbers of firms are assumed predetermined for a 
short-run multimarket equilibrium analysis. 
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homogeneous of degree one in prices. If all prices are doubled, the entre- 
preneur’s input and output levels will remain unchanged, but her total revenue 
and total cost, and hence her profit, will be doubled. However, if a long-run 
equilibrium is established for one set of prices, the system will remain in 
equilibrium if all prices are changed by the same proportion. A doubling of all 
prices will leave the excess demands equal to zero. The representative firms’ 
revenues and costs will be doubled, but profit levels will remain equal to zero, 
and no new firms will be induced to enter any industry. 

The number of variables in (9-30) can be reduced by one by dividing the 
m absolute prices by the price of an arbitrarily selected commodity. If Q, is 
selected, (9-30) can be rewritten as 


B(1.2... Bm Nut,.s.5Na)=O puteum 


pi 
Dip. Es) - - 
x (1.5. "x 0 j=st+l,...,m 
It is assumed that this system contains (2m — s — 1) independent equations 
that can be solved for the equilibrium values of the (m — 1) exchange ratios 
relative to Q, and the (m — s) firm numbers. The equilibrium values of the 
variables are all nonnegative. 

Once the equilibrium exchange ratios and firm numbers are determined, 
the excess demands of every consumer and entrepreneur can be computed by 
substituting their values into the individual excess demand functions. A 
long-run equilibrium solution satisfies the following conditions: (1) every 
consumer maximizes utility, (2) every entrepreneur maximizes profit, (3) 
every market is cleared, and (4) every entrepreneur earns a zero profit. The 
equilibrium values of the individual consumption and production levels are 
within the regions for which the individual excess demand functions are 
defined. j 


(9-31) 


9-4 THE NUMERAIRE AND MONEY 


Multimarket equilibrium has been established for barter-type economies in 
which circulating money is nonexistent. Commodities and factors are 
exchanged for other commodities and factors, and the conditions of exchange 
are completely described by exchange ratios. These systems have been solved 
for the (m —1) exchange ratios relative to an arbitrarily selected good, 
generally called the numéraire. Any set of absolute prices that yields the 
equilibrium exchange ratios is an equilibrium solution. If there is one such 
solution, there is an infinite number. 

A number of different kinds of money can be introduced into a general 
equilibrium system. One good may be selected as a standard of value and 
serve as money in the sense that all prices are expressed in terms of its units. 
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Money can be established as an abstract unit of account which serves as a 
standard of value but does not circulate. Under some circumstances circulat- 
ing paper money can be introduced. 


The Numéraire 


For m goods there are m? exchange ratios taking two commodities at a time: 
Dp. (j, k = 1,..., m). Of these m are identities which state that the exchange 
ratio of a good for itself equals unity: p/p, =1 for j= k. The m? exchange 
ratios are not independent. Consider the identity and the (m — 1) exchange 
ratios with Q, as numéraire. The other m(m — 1) exchange ratios and iden- 
tities can be derived from these: 


ProPiPe jk=1,...,m (9-32) 
Pk Pi pi 
Imagine that Q, is pears, Q, oranges, and Q; apples, and that two oranges 
exchange for one pear (p2/p;=0.5) and one apple for two pears (p3/p; = 2). 
Utilizing (9-32) four oranges will exchange for one apple: p;/p;—4. The 
Complete set of exchange ratios is given either directly or indirectly by the 
(m — 1) exchange ratios and the identity for the numéraire. 
The numéraire can be changed from Q, to Q, by dividing the exchange 
ratios and identity for Q, by ppr: 


zi (i (NUN Pk Ba) = (Bs Bi... 1, .. . Bo) 
PÁpN' pé Cp! Pid Pk Pe Di 
The exchange ratios are unaffected by this transformation, and the selection 
of the numéraire is truly arbitrary. da oos 

The numéraire can also serve as a standard of value. Setting its price 
identically equal to unity, the exchange ratios become p/p, = p; The equili- 
brium exchange ratios are unaffected by this transformation. The equilibrium 
Price of each good is expressed as the number of units of the numéraire which 
must be exchanged to obtain 1 unit of that good. The price of oranges 
becomes 0.5 pears per orange, and the price of apples 2 pears per apple. The 
Price of apples is four times as great as the price of oranges, and one apple 
Still exchanges for four oranges in equilibrium. The numéraire has become 
money in the sense that its units serve as a standard of value. However, it 
does not serve as a store of value, since it is desired only as a productive 
factor or consumable commodity on the same basis as all other goods. Any 
800d may serve as a standard of value in this sense. A 

The expression of prices in terms of a good such as pears is not common 
Practice. Prices are generally expressed in terms of a monetary unit such as 
dollars. An accounting money is easily introduced into the framework of a 
general equilibrium system. There is no reason why the price of the numéraire 
Should equal unity. It could be set equal to 2, V2, 25, or 200 million. The 
equilibrium exchange ratios would be unaffected. Accounting money can be 
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introduced by setting the price of the numéraire (or any other good) equal to a 
specified number of monetary units. Money prices can then be derived for all 
other goods. If Q, is numéraire and p; is set equal to £ dollars, the dollar price 
of Q (px) is 


Aer iin 
Px P» kx2,...,m 


If the price of a pear is set equal to 2 dollars, the price of an orange is 1 dollar 
and the price of an apple 4 dollars. In this case money only serves as an 
abstract unit of account. It does not exist in a physical sense. Goods still 
exchange for goods. No one holds money, and no one desires to hold money. 
Accounting money serves as a standard, but not a store, of value.' 

It is sometimes convenient to normalize prices by defining a unit of 
account such that Z7*,p, — 1. In this case a composite of all factors and 
commodities, rather than a single good, serves as a valuation base. The 
composite definition avoids the difficulties that would arise if a preselected 
one factor or commodity were a free good in equilibrium (see Sec. 


Monetary Equilibrium 


Commodity money and accounting money are quite different from circulating 
money which serves as a store of value. The classical economists of the 
nineteenth century frequently divided the economy into two sectors with 
regard to equilibrium price determination: the real sector in which exchange 
ratios are determined, and the monetary sector in which absolute money 
prices are determined by the quantity of money in existence. The real sector 
is described in Secs. 9-1 through 9-3. The present task is to add the monetary 
sector to this analysis. For simplicity the analysis is developed for the case of 
pure exchange though it is easily extended to cover production and exchange. 

Assume that the n consumers also possess initial stocks of paper money 
denoted by the subscript (m + 1): (alatis. 19820: Paper money serves as à 
store of value, but does not enter the consumers’ utility functions. The ith 
consumer's excess demand for paper money is defined as the stock she 
desires to hold less her initial stock: 


Esa LL Qi» (9-33) 


Her excess demand is positive if she adds to her initial stock of money and 
negative if she reduces it. The consumer's budget constraint (9-4) must be 


' The assumption that money is only a unit of account is implicit throughout the analyses of 
the consumer and entrepreneur. The consumer's income may be expressed in monetary units, but 
she spends her entire income and does not desire to hold money. The entrepreneur maximizes her 
mone y profit, but she also has no desire to hold money. If she earns a positive profit, she will spend 
it in her role as a Consumer. 
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redefined to include money: 


ms 


2 PE =0 (9-34) 


where p; is the price of the jth commodity. The price of money p,,,; equals 
unity by definition. The consumer may exchange money for commodities or 
commodities for money. If her excess demand for money is positive, the 
value of the commodities she sells is greater than the value of those she buys, 
and she is exchanging commodities for money. 

Since money does not enter the consumer's utility function, her excess 
demand for money cannot be determined by the principles of utility maxi- 
mization. It is usually assumed that the consumer finds it convenient to hold 
money in order to facilitate commodity transactions. Assume that the ith 
consumer desires to hold a quantity of money which is a fixed proportion of 
the monetary value of her initial endowment of commodities: 


dini = 0 à pai (9-35) 
Where a; is a constant. Substituting (9-35) into (9-33), 
Eis Gi pA Pd — dina (9-36) 


The aggregate excess demand for money is obtained by summing (9-36) for all 
n consumers: 


E, =a $ $ pag- 2 ames = Ensin -- -+ Pn) (9-37) 


No essentials are lost by assuming that a =a for i=1,...,n. If the initial 
endowments of commodities and money are fixed, the excess demand for 
money is a function of the m commodity prices. 4 

The excess demand functions for the m commodities are determined by 
Maximizing utility for each consumer subject to her budget constraint, in- 
cluding money, solving the first-order conditions in order to obtain individual 
excess demand functions, and then summing for all consumers. A general 
equilibrium is established if the excess demand for each commodity and 
money equals zero: 


E(p,...,p)9-0 j=l... m+ (9-38) 


This gives a system of (m + 1) equations in the m variable commodity prices. 
By Walras’ law functional dependence exists among the (m +1) excess 
demand functions. If the m commodity markets were in equilibrium, the 
money market would also be in equilibrium; i.e., consumers as a whole would 
Not desire to exchange commodities for money or money for commodities. 
The quantity of money that consumers desired to hold would equal the 
quantity in existence. It is assumed that (9-38) contains m independent 
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equations that can be solved for the equilibrium money prices of the m 
commodities. 

The excess demands for commodities and money are not homogeneous of 
degree zero in commodity prices. If all commodity prices are increased by the 
factor t >0, the excess demand for money (9-37) becomes 


Ea =a SS inet $ ates oa 
The partial derivative of (9-39) with respect to t is 


Fata E Š pag>0 


A proportionate increase of all commodity prices will increase the excess 
demand for money. If the system is in equilibrium before the price increase, 
consumers will desire to exchange commodities for money in order to bring 
their monetary stocks into the desired relation with the monetary values of 
their initial endowments of commodities. However, there will not be a 
corresponding negative excess demand for commodities. Any proportionate 
change of the equilibrium commodity prices will throw the system out of 
equilibrium. 

The excess demands for commodities and money are homogeneous of 
degree zero in commodity prices and initial money stocks. The excess 
demand for money becomes 


Ens = a p» tpai- > tal nisi 


OE m+ 
and * =a $ È pat- $ ann 


which equals zero if the money market was in equilibrium before the price 
change. Each consumer’s money stock retains the desired relation to the 
value of her commodity endowment, and she will not desire to exchange 
commodities for money or money for commodities. 

It can also be demonstrated that a change of the money stock of each 
consumer by the factor t will result in a change of the money price of each 
commodity by the same factor, but will leave the real sector unaffected. If 
equilibrium has been established and then each money stock is increased by 
the factor t, each consumer will desire to exchange money for commodities, 
but no one will desire to exchange commodities for money. As a result 
commodity prices will increase until the existing stocks of money no longer 
exceed the stocks that consumers desire to hold. 

Monetary equilibrium will be reestablished when the values of all com- 
modity stocks are increased by the factor t 


$ $ pait $ È pai (9-40) 
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where p; is the price of the jth commodity after equilibrium has been 
reestablished. Proportionate increases of all commodity prices: p; = tp; (j = 
1,...,m) will satisify (9-40), but so will many other price constellations. 
Consider a nonproportionate set of price changes which satisfies (9-40). It 
follows that p, = up, and y = vp, where u>t>v for some h and k. The 
exchange ratio between Q, and Q, is now ups vpk > Pr! px. The price of Q, has 
increased relative to the price of Qs, and consumers will desire to exchange Qr 
for Q,. If the system was in equilibrium at the initial exchange ratio, the new 
exchange ratio will result in a positive aggregate excess demand for Q, and a 
negative aggregate excess demand for Q,. The aggregate excess demands for 
all commodities will equal zero if and only if pp = PhP for h, k = 1,... m. 
This is consistent with monetary equilibrium if and only if p= tp; G — 
1,...,m). The dichotomization of equilibrium price determination is com- 
plete. Equilibrium exchange ratios are determined by the consumers' utility 
functions and the real values of their initial endowments. Money prices are 
determined by the quantity of money. "M 

The introduction of circulating paper money into a static general equili- 
brium system is possible, but rather artificial. Equation (9-39) postulates a 
mode of behavior that is logically, though not mathematically, inconsistent 
with utility maximization: the consumer desires to hold a stock of money 
from which she derives no utility rather than spend it on commodities from 
which she does. It is difficult to find motives for holding money in a static 
system that is in no way connected with preceding or succeeding points in 
time. The interesting problems of money only arise in a dynamic analysis in 
which behavior is considered over time. 


Money in the Utility Function 

Putting money directly in the utility function provides an sleeve E 
The rationale is that money stocks yield utility by facilitating ares: The 
first-order conditions for the ith consumer may be written 


U, 
=p jzL..m 
nd (9-41) 
2, n(ai - q3) + (dimi — din) = 0 
e. Again, the increase of a price with 


money endowment constant will result in a substitution of goods for money. 
Let the money endowment and all commodity prices change by the 


Proportion t > 0. The first-order conditions become 


where Q,,,, is money with unit pric 


Uy I, 5 1, us ca 7 
Um (9-42) 


es tpi(di T qi) + (dim diss) =0 
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The economy can be separated into real and monetary sectors if the values 
for qi (j — 1,..., m) that satisfy (9-41) and t times the value for ims; that 
satisfies (9-41) satisfy (9-42). Equivalently, separation is possible if the excess 
demand functions for commodities and money are homogeneous of degrees 
zero and one respectively in commodity prices and money endowment. A 
change of money endowments by the same proportion for all consumers 
would result in changes of desired money stocks and commodity prices by the 
same proportion, and leave desired-commodity consumption levels un- 
changed. 

In general, separation is not possible. However there are cases in which it 
is. If the RCSs of (9-41) and (9-42) all change proportionately with money 
holdings, separation is possible. In this case the commodity quantities that 
satisfy (9-41) will also satisfy (9-42) with money holdings changed by the 
proportion t. An example is provided by the frequently used utility function 


Ui, = qfi q& +++ qi duni 
Its RCSs are proportional to money holdings 


U, a 
LL. = ims = 
Dus ]*1,...,m 


The reader may verify that the excess demand functions exhibit the ap- 
propriate homogeneity. The conclusions for the typical consumer will hold for 
aggregate excess demands if each consumer's RCSs are proportional to his or 
her money holdings, and the money endowment of each is Changed by the 
same proportion. 


9-5 SUMMARY 


A multimarket equilibrium analysis allows the determination of a consistent 
set of prices for all goods. In a pure-exchange system individuals are endowed 
with commodity stocks. Each is free to buy and sell commodities at prevailing 
prices subject to her budget constraint, which states that the value of her 
sales must equal the value of her purchases. Individual excess demand 
functions are derived from the first-order conditions for utility maximization. 
Aggregate functions are obtained by summing the índividual functions for 
cach commodity. The sum of the aggregate excess demands multiplied by 
prices identically equal to zero. This follows from the individual budget 
constraints and is known as Walras’ law, All the individual, and therefore the 
aggregate, functions are homogeneous of degree zero in prices. Consumer 
behavior is determined by exchange ratios rather than absolute prices. 
Multimarket equilibrium requires that the excess demand for every com- 
modity equal zero. The m excess demands are functionally dependent as a 
result of Walras' law, and an equilibrium solution for the system is expressed 
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in terms of the (m —1) exchange ratios for the commodities relative to an 
arbitrarily selected numéraire. 

Production is introduced in the second stage of the analysis. The con- 
sumers’ endowments are assumed to consist of primary factors which they 
generally sell to entrepreneurs in order to be able to purchase produced 
commodities. The consumer receives predetermined proportions of the profits 
and losses earned by firms. The consumer’s excess demand functions for 
factors and commodities are derived from her first-order conditions for utility 
maximization. Each entrepreneur used both factors and commodities as 
inputs for the production of a single commodity. An entrepreneur's excess 
demand functions for her inputs are derived from her first-order conditions 
for profit maximization. The excess demand for her output is obtained by 
substituting the input values into her production function. The entrepreneur's 
excess demands are also homogeneous of degree zero in prices. Aggregate 
excess demand functions for each factor and commodity are obtained by 
summing the functions of the individual consumers and entrepreneurs. Wal- 
ras’ law again holds for the aggregate functions. A symmetry assumption is 
introduced, and the aggregate excess demands become functions of prices and 
the number of firms in each industry. Long-run equilibrium requires that 
every market be cleared and that the profit of the representative firm in each 
industry equal zero. Again, the excess demands are functionally dependent. A 
long-run equilibrium solution is expressed in terms of (m — 1) exchange ratios 
and the number of firms in each industry. 

The exchange ratios between every pair of commodities can be deter- 
mined from the exchange ratios relative to the numéraire. The numéraire can 
serve as money in the standard-of-value sense. Its price can be set equal to 
unity and all other prices expressed in terms of its units. Alternatively, prices 
can be normalized by setting their sum equal to unity. Abstract accounting 
money can serve as a standard of value. Circulating paper money can be 
introduced, and its quantity will determine absolute, but not relative, prices in 
a pure-exchange system if consumers are assumed to hold a money stock 
equal to a fixed proportion of the value of their commodity endowments. This 
result does not hold in general if money is introduced directly into the utility 
function. It does hold for the special case in which the RCS of money per unit 
of each commodity changes proportionately with each consumer's money 
holdings. 


EXERCISES 


94 Consider a two-person, two-commodity, pure-exchange, competitive economy. The con- 
sumers' utility functions are U, = ququ + 12an + 34: and Us qnan + 845 * 995. Consumer 1 
has initial endowments of 8 and 30 units of Q, and Q; respectively; II has endowments of 10 units 
of each commodity. Determine excess demand functions for the two consumers. Determine an 
equilibrium price ratio for this economy. 
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9-2 Construct offer curves as mathematical functions from the first-order conditions for the two 
consumers described in Exercise 9-1. Show that the equilibrium derived in Exercise 9-1 satisfies 
both offer curves. 
9-3 Derive excess demand functions for the inputs and output of a representative firm with the 
production function d, = (4%) (qf) where a, B >0 and a + B«1. D 
9-4 Consider à two-person, two-commodity, pure-exchange economy with paper money. The 
utility functions are U, = q;q1? and U; = q;5/. Consumer I has initial endowments of 30 units 
of Qi, 5 units of Q,, and 43 units of money; II has respective endowments of 20, 10, and 2. Each 
of the consumers desires to hold a money stock equal to one-fifth of the value of her initial 
commodity endowment. Determine equilibrium money prices for Q, and Q,. Show that the 
equilibrium prices would triple if the initial money stocks of I and II were increased to 129 and 6 
respectively. 
aJ Reformulate the monetary analysis centering upon (9-35) in terms of a composite commodity 
money. 
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CHAPTER 


TEN 
TOPICS IN MULTIMARKET EQUILIBRIUM 


Appropriate multimarket equilibrium solutions are assumed to exist in Chap. 
9. This assumption is convenient, but the mere formulation of a multimarket 
system gives no assurance of the existence of an equilibrium solution. Some 
systems have no mathematical solution; others have many. The existence of a 
mathematical solution may not be adequate. Economics places bounds upon 
the admissible values for the variables. Prices must be given by nonnegative,' 
real numbers. Furthermore, the consumption levels of each consumer and the 
input and output levels of each firm must be nonnegative. A mathematical 
solution which contains, for example, negative consumption levels is mean- 
ingless. a 

Section 10-1 contains a discussion of the existence of multimarket equili- 
bria. Static and dynamic stability conditions are extended to multimarket 
systems in Sec. 10-2, and the uniqueness of equilibrium is considered in Sec. 
10-3. The multimarket input-output’ system and its linear production functions 
are the subject of Sec. 10-4. 


' If the price of a commodity were negative, purchasing power would be transferred from 
sellers to buyers rather than from buyers to sellers, Negative prices are not always nonsensical. 
The possession of discommodities such as garbage will reduce a consumer's utility level, and he 
will generally be willing to pay for their removal. The possibility of meaningful negative prices is 
eliminated by centering attention upon the commodity counterparts of discommodities. The 
consumer may be considered to buy garbage-removal service rather than sell garbage, and the 
garbage collector may be considered to garbage-removal service rather than buy garbage. The 
price of garbage-removal service is and equal in absolute value to the negative price of 
garbage. 
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10-1 EXISTENCE OF EQUILIBRIUM 


solution. On a more general level one may desire to prove an existence 
theorem which states that equilibrium solutions exist for all multimarket 


presented in Sec. 9-3. First, restrictions are placed upon individual utility and 
production functions that ensure the existence of appropriate individual and 


and production functions that conform to the stated restrictions. Finally, more 


advanced existence theorems based upon more general restrictions are out- 
lined. 


Solutions for Particular Systems 


exists if its Jacobian does not vanish in a small neighborhood (see Sec. A-2). 
The system of m equations obtained by setting the excess demands equal to 


By letting p,— 1 and omitting the excess demand equation for Q, the 
system is reduced to (m — 1) equations in (m — 1) variable prices. Thus far, it 
has been assumed that these equations are independent and a univalent 
solution exists for the reduced system. This assumption is not necessarily 
true. Consider the three-commodity reduced System given by 


E,=—2p,—4p;+10=0 
Ey = -3p;—6p,+15=0 


The Jacobian of this system vanishes identically, and it cannot be solved for 
unique values of p; and p}. The excess demand functions for Q; and Q, are 
not independent. The functional dependence in this case is E, — I.5E;. Society 
as a whole always demands and supplies Q, and Q; in a fixed proportion. Any 
set of values for p; and p, which Satisfies'p, = 5—2p, will result in multi- 
market equilibrium. Examples are P2=1, p=2, and p;—3, p;=1. In this 
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case the Jacobian test states that a locally univalent solution does not exist, 
but it provides no aid in determining that other solutions do exist. 

A system that passes the Jacobian test has unique local mathematical 
solutions but a solution might contain negative prices or imply negative 
consumption and production levels for some market participants, and not be 
admissible as a multimarket equilibrium. Each numerical multimarket system 
may be treated individually. First apply the nonvanishing Jacobian condition 
to determine whether a locally unique mathematical solution exists. If one 
does, attempt to solve the system and examine its solution(s) from the 
viewpoint of admissibility. If the Jacobian of the system vanishes, one must 
apply whatever methods appear appropriate in the particular circumstances to 
determine whether or not equilibrium solutions exist. 


Brouwer’s Fixed-Point Theorem 


The solution method proposed for particular systems is not helpful for a 
consideration of existence for abstract multimarket systems that are not 
numerically implemented, nor for systems in which the excess demand 
functions contain “kinks” at which derivatives are not defined. In these cases 
it is necessary to prove an existence theorem which states that all multimarket 
systems satisfying stated assumptions possess equilibrium, solutions. Most 
existence proofs rest on one or another of a class of mathematical theorems 
called fixed-point theorems. Brouwer's fixed-point theorem is one of the least 
difficult of those used in economics. The mathematical techniques upon which 
it is based are discussed now. 

A point-to-point mapping in n-dimensional space is a rule or set of rules 
Which associates a point in n-dimensional space with some other point in this 
Space. Let (xı, x; denote a point in two-dimensional space, and let (xi, x) 
denote its associated point. The rules x= % +42 and xj7 xix, provide an 
example of a mapping in two-dimensional space. Both xi and Xj may be 
expressed as functions of x; and xz. In general, a mapping in n-dimensional 
Space may be written as 


xl = fläns X) times 


or in more compact notation it may be written as x'=F(x) where x= 
(55...,x,) and E This is analogous to the way in which 
functions are denoted, except that x and X represent points with n coor- 
dinates rather than single numbers. The point x is called the image of point x. 
A mapping is continuous if each of the functions f(x) (i = 1, ...,.m) compos- 
Ing it is continuous. greene y 

A mapping may be defined for some subset of points in its coordinate 
space. For example, the mapping F(x) may be defined only for points lying on 
à circle with center at the origin and radius equal to unity, i.e., for points the 
: coordinates of which satisfy x}+x3=1. A mapping is into itself if the 
associated points also lie in the point set for which the mapping is defined. 
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The following functions provide an example of a mapping of the set of points 
lying on the unit circle into itself:' 


" x " X 
x|——— x= 
Vxi+x3 Vaitai 


A point set is convex if every point on a straight-line segment connecting 
any two points in the set is also in the set. The point set formed by the 
circumference of a circle is not convex since a line segment joining two 
distinct points in the set contains points inside the circle which are not in the 
set. The point set formed by the circumference and interior of a circle is 
convex. 

A point set in n-dimensional space is bounded from above if there exists 
a vector of n finite numbers x* —(xf,....x$) such that xt zx, for all 
X — (Xi, ..., X,) in the set. It is bounded from below if there exists a set of n 
finite numbers x’ such that x? S x; for all x in the set. A bounded set is 
bounded from both above and below. The point set formed by the circum- 
ference of a circle is bounded, but the point set formed by the positive 
quadrant of the coordinate space is not. 

A point set is closed if, whenever every point of a convergent infinite 
sequence is in the set, the limit point of that sequence is also in the set.? The 
point set defined by 0 — x <1 is not closed because every point in the infinite 
sequence 1, 1,1... 1/n,. ..is in the set, but the limit of the sequence, zero, is 
not. The point set defined by 0=x=1 is closed. 

Brouwer's fixed-point theorem states that a continuous mapping of a 
closed, bounded, convex set into itself has a fixed point; i.e., if F(x) is the 
mapping, there exists a point x* in the set on which the mapping is defined 
such that x* = F(x*), At least one point gets mapped into itself. Consider as 


one point Where the graph of F(x) intersects à 45-degree line through the 
origin. Point A in Fig. 10-1 is such an intersection with the property that 
x* = F(x*), e 

An illustrative existence proof using Brouwer’s fixed-point theorem is 
now formulated for a short-run version of the multimarket system developed 


industry is predetermined, and the profits of individual firms need not equal 
zero. The proof proceeds in two stages. First, the existence of aggregate 


'If F(x) were defined for all points in two-dimensional space, the mapping would carry 
two-dimensional space into the unit circle and would not be into itself, 
A different, but equivalent, definition of a closed point set is given in Sec. 5-7. 
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10 
F(z) 


0.4 


0 
Š Figure 10-1 


Existence of Excess Demand Functions 


The typical ith consumer is assumed to be endowed with stocks of each of s 
primary goods. He may sell portions of these stocks and buy the s primary 
and (m — s) produced goods in competitive markets at nonnegative prices. He 
selects a consumption bundle that maximizes his utility subject to his budget 
constraint, which requires that the value of his consumption bundle equal the 
value of his initial primary-goods stocks plus his share of fits from 
production. For simplicity it is assumed that he receives profits from at least 
one firm in each industry. His utility function is defined for nonnegative 
consumption levels, and is assumed to be regular strictly quasi-concave with 
strictly positive marginal utilities. As before, the utility of the ith consumer is 
denoted by U, and his consumption of the jth good by qj The following 
interior assumption is also invoked: U; = U%, where U' is a constant, if qu = 0 
for some j, and U, » U? if q, 7 0 for all j. This rules out the possibility of 
corner solutions similar to the one shown in Fig. 2-4b, and ensures that the 
first-order conditions will be satisfied at a point with all quantities positive if 
all prices are positive. Weaker assumptions are used in more advanced 
analyses. 

A global univalence theorem (see Sec. A-3) states that single-valued 
excess demand functions will exist for the ith consumer if the principal 
minors of the Jacobian (f) of (9-21): 
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alternate in sign. The assumption of regular strict quasi-concavity guarantees 
that the minors will have the desired signs. 

Positive marginal utilities and the interior assumption assure that the 
first-order conditions will be fulfilled with all consumption levels positive if all 
prices are positive.' Thus, single-valued excess demand functions of the form 


Ey = Ey(pi,.--5Pm)  j-Ll...,m (10-1) 


exist for the ith consumer. These functions are continuous and homogeneous 
of degree zero in prices. 

It is convenient to limit attention to price combinations that lie within the 
normalized price set, i.e., numbers (pi... , Pm) which satisfy 


> Pi =1 pi 0 (10-2) 


Since the excess demand functions considered here are homogeneous of 
degree zero in prices, no generality is lost by limiting attention to the 
normalized price set (see Sec. 9-4).? 

The excess demand functions (10-1) have the domain p,^0 (k= 
1,..., m). They do not directly accommodate zero prices. The restrictions 
placed upon the utility functions imply that Ej >% as p;—9. The application 
of Brouwer's fixed-point theorem that will be used to prove the existence of 
equilibrium prices requires that finite excess demands be generated by zero 
prices. This requirement can be met by the use of an artifice. Define the 
numbers k; (j=1,...,m) such that for a primary good (j—1,..., s), ki 
exceeds the total endowment of all consumers, and for a produced good 
G =s +1,..., m), kj exceeds the maximum output of Q that could be secured 
if the economy’s entire endowment of primary goods were devoted to the 
production of Q, 

Now, construct a set of pseudo excess demand functions on the assump- 
tion that the ith consumer maximizes utility subject to his budget constraint 
and the additional requirements that Ey Sk, (j=1,...,m). These functions 
have the normalized price set (10-2) as their domain. The pseudo functions are 
the same as the conventional functions (10-1) for all price points for which 


Ey(py ..., Pm) Sk, j*V...,m 


However, these inequalities are not satisfied for all points in the normalized 
price set. One or more of the inequalities are violated if one or more prices 
are either zero or sufficiently small to generate excess demands larger than the 
corresponding upper bounds. 


' This result would not hold in general if it were possible for the consumer to receive a 
negative profit income sufficiently large to make his total income zero or negative. For the system 
considered here the possibility of a negative profit income is excluded by assumptions covering 
production. 

°` The normalized price set does not cover the situation in which all prices are zero. This is no 
loss, however, since such a situation cannot be a multimarket equilibrium. 
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Assume that u of the upper bounds are effective as strict equalities, and 
renumber the goods so that E; = k; (j=1,...,u). Substitute these equalities 
and form the Lagrange function 


z= Ui kes usi Be pki+ Š pEi- > Š ouma) 


kestihet 
Set the (m — u + 1) partial derivatives of this function equal to zero: 


04, pr t ai 
aE, U np, =0 jsuti,...,m 


25 = —($ ok + E n&- $ X tum) =0 


kestl hel 
where U; = àU/aE;. The Jacobian of this system is 
U, did X4 Uii Past 


Us t Unm —Pm 
—Purt a —Pm 0 


Where Uy = 4?U;/dEaEy. By construction p, > 0 (j = u + 1, . . . , m). The regular 
strict quasi-concavity of the utility function ensures that the principal minors of 
X, a subset of those of J, will alternate in sign. Thus, limited excess demand 
functions exist on the assumption that u of the excess demands equal their upper 
bounds. These limited functions are the pseudo excess demand functions for all 
Price points for which the values they generate for the (m — u) unconstrained 
excess demands do not exceed their upper bounds. 

The conventional excess demand functions (10-1) cover the case u = 0. 
The index u may assume values from 0 through (m — 1). The assumptions 
underlying the utility function and the construction of the k;’s exclude the case 
in which all upper bounds are effective; that is, u =m. There are m!/(m — 
u)! u! combinations! of the m possible upper bounds in which u upper bounds 
are effective. The total number of sets of limited excess demand functions (L) 
for all possible combinations is 

o m! v 
Lz & rm 1 n ET } 
The number L may be very large, but is finite. Pseudo excess demand 
functions for the ith consumer, denoted by 


Ey Bp. Pa) PEW. (10-3) 


are formed from the L sets of limited excess demand functions. The pseudo 
functions are not given by a single set of m individual equations as has been 


"The number n! (read n factorial) is the product of the integers | through m: n!= 
1:2-3- -in — tym By definition OF = I. 
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the practice in most cases heretofore. They are given by L sets of m 
individual equations each and rules that specify which set is appropriate for 
each price point. By advanced methods it can be proved that the pseudo 
excess demand functions (1) have the normalized price set (10-2) as their 
domain, (2) are single-valued; i.e., if more than one set of limited excess 
demand functions is valid for a price point, each valid set will give identical 
values for the E; at that point, and (3) are continuous but in general do not 
have continuous first- and second-order partial derivatives. Since the under- 
lying L sets of limited excess demand functions satisfy the consumer's budget 
constraint, the pseudo functions also satisfy it. The construction of pseudo 
functions would be a formidable task for even relatively small numbers of 
commodities. Fortunately, their construction is not necessary. It is only 
necessary to know that they exist and to know their properties. 

A partition of the price simplex for pseudo excess demand functions is 
illustrated in Fig. 10-2. The price simplex is represented by a triangle in 
pipzspace. The value of p; is given implicitly by the identity p; = 1 — pi— p2- 
The origin represents (0, 0, 1). The hypotenuse is the locus of points for which 
p3 — 0. All three prices are positive for points in the interior of the triangle. 

For three goods there are seven (2^— 1) sets of limited excess demand 
functions. The lines near the axes and the hypotenuse divide the simplex into 


seven areas corresponding to the seven sets. The effective limits for the seven 
areas are as follows: 


Area Effective limits 
1 kı 

Hu ky 

Il ky 

IV ki ky 

V kk 

VI ky, ky 

VII None 


The continuity of the pseudo functions is reflected by the boundaries for 
which one or more sets provide identical excess demands. An extreme case is 
given by point A for which the sets corresponding to I, III, V, and VII each 
provide the same excess demand levels. The boundaries need not be linear as 
illustrated in Fig. 10-2 (see Exercise 10-6). 

The procedures for constructing excess demand functions for the firm are 
similar to those employed for the consumer. The entrepreneur of the hth firm 
in the jth industry uses the m goods as inputs for the production of the jth. 
He sells his output and buys his inputs in competitive markets at nonnegative 
prices. His production function is defined for nonnegative input and output 
levels, and is assumed to be strictly concave with strictly positive marginal 
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products. As before, the output level for the Ath firm in the jth industry is 
se by dy, and the quantity of the kth good that it uses as an input by 
Chi 
The following interior assumption is also invoked: dy = 0 if qi, =0 for 
some k, and d, >0 if qt 70 for all k with lim j,/qf, = +% as qf 0 and 
lim d,/q$ =0 as qf o. 

The restrictions placed upon the production function ensure satisfaction of 
the first- and second-order conditions for all points within the interior of the 
simplex, i.e., for all prices positive, and ensure the existence of conventional 
excess demand functions for this domain of the form 


Ef = E(P - + Pm) k=l M 
By = Ey(py - +++ Pm) 


The restrictions also imply ranges of Ef, >0(k=1,...,m) and E, <0. 

The conventional functions (10-4) do not directly accommodate zero 
prices. Pseudo excess demand functions are defined for the producer on the 
assumption that he maximizes profit subject to the additional requirements 
that Ez, = qf, S k, (u = 1,... , m). No direct limit is placed upon his output 
level. Output and input levels are assumed to equal zero if output price equals 
zero: dy = qı =- * qf, =0 if p, = 0. Limited excess demand functions are 
defined for each possible combi of effective upper bounds by substitut- 
ing the appropriate qf, =k, into the firm's profit equation and determining 
Optimal values as functions of prices for the remaining input levels and the 
Output level. Pseudo excess demand functions for the jth firm in the hth 
industry, denoted by 


Ef, = Éfy(pi - -- » Pm) k=1,...,m 
By = É pi - ++ Pm) 


(10-4) 


(10-5) 
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are formed from the limited functions. As in the case of the consumer, it can 
be proved that (1) the pseudo functions have the normalized price set as their 
domain, (2) they are single-valued, and (3) they are continuous. 

By advanced methods it can be proved that each firm’s maximum profit is 
positive if its output price is positive and zero if its output price is zero. The 
significance of this is twofold. First, it means that no firm will produce at a 
negative profit. Second, it means that each consumer will have a positive 
income if any price is positive. Each consumer has a positive stock of each 
primary good, and will have a positive income if the price of any primary 
good is positive. If the prices of all primary goods are zero, he will still have a 
positive profit income if any output price is positive. This is a consequence of 
the assumption that each consumer has a share of profits from at least one 
firm in every industry. 
^ v aggregate excess demand functions for the domain p, >0 

= Enim 


B= E(p1,...+Pe), J=1,.<.,m (10-6) 


are obtained by summing the conventional functions for the individual con- 
sumers and producers given by (10-1) and (10-4) respectively. Aggregate 
pseudo excess demand functions with the normalized price set as their 
domain, denoted by 


E-É(p,....p.  j-1...,m (10-7) 


are formed from the pseudo functions for the individual consumers and 
producers given by (10-3) and (10-5) respectively. For each price point the 
aggregate pseudo functions give the sums of the excess demands dictated by 
the appropriate limited functions for each individual consumer and producer. 
The continuity of both sets of aggregate functions follows from the continuity 
of the corresponding individual functions. Each set of aggregate functions 
satisfies Walras' law. An important property of the aggregate pseudo func- 


i: pon the viewpoint of an existence proof is that E; is positive and finite 
IE p, — 9. 


Existence of Equilibrium Prices! 


In general, a multimarket equilibrium exists if there is at least one normalized 
price point such that 
Ej -0 ifp>0 and  Es0 ifp-0 j=1,...,m 


For notational convenience let a point in the normalized price set be denoted 
by p = (Pı, . . . , Pm). The normalized price set is closed, bounded, and convex. 
For m =2 it is a line from (1,0) to (0,1). For m =3 it is a triangle. The 


' The general form of the existence proof used here was suggested by J. G. Kemeny and J. L. 
Snell, Mathematical Methods in the Social Sciences (Boston: Ginn, 1962), Pp. 38-39, 


EAE pal 
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— existence proof proceeds by devising a suitable mapping of the normalized 


price set into itself, showing that it has a fixed point, and demonstrating that 
the fixed point defines a multimarket equilibrium. 
Define m functions by 


g)(p) = max [p; + É(p),0.5p] 20 j=1,...,m (10-8) 


Since by (10-2) prices cannot be negative and since a zero price implies a 
positive excess demand, it follows that all the functions of (10-8) always have 
positive values. Let 


h(p) = > g(p)>0 (10-9) 


Since h(p) is always positive, division by it is a legitimate operation. Define m 
new functions by 


fp) = #2 >0 j=1,...,m (10-10) 


-. These functions define a continuous mapping of prices. The continuity of the 


mapping follows from the continuity of (10-8) and (10-9). Since 


e. gi(p) 


by (10-9), the image points satisfy the definitions of the normalized price set, 
and (10-10) maps this set into itself. It follows from Brouwer's fixed-point 
theorem that the normalized price set contains at least one point p* such that 


* 
pt = f(p*) = HED 0 j=1,...,m (10-11) 
All components of p* are positive since (10-11) is a special case of (10-10). It 
Temains to be shown that all excess demands equal zero at a point defined by 
(10-11) before it can be concluded that such a point constitutes a multimarket 
equilibrium. 

Each g,(p*) is at least as great as 0.5p?. If each gj(p*) were equal to 0.5p}, 
the sum h(p*) would equal 0.5 as established by (10-8) and (10-2). If any g;(p*) 
exceeds 0.5p*, h(p*) will exceed 0.5. If all g(p*) = 0.5p*, it follows from 
(10-8) that all É,(p*) <0. This implies that Ept É(p*) «0, which contradicts 
Walras’ law. Thus, it cannot be true that g;(p*) = 0.5p7 for all j. Assume that it 
Is true for some j. Then from (10-11) ' 

&p^) _ 0-5pt 
p! nape) ~ hep) ^" 

Since h(p*) > 0.5, but this is also a contradiction. It then follows from (10-8) 
and (10-11) that 


py -AG jedem (10-12) 
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Multiplying both sides of the jth equation of (10-12) by Éj(p*) and adding the 
resultant m equations, 


a. NPIÉO0* S Bor 
p pj Ep = h(p*) 


It follows from Walras' law that the left-hand side and the first term in the 
numerator on the right-hand side are zero. Thus, 


Eon? -o 


A sum of squares can equal zero only if each term equals zero; hence 
E\(p*) = 0 for all j, and the fixed point p* is a multimarket equilibrium set of 
prices. Since all equilibrium prices are positive, (10-6) gives the aggregate 
excess demands, and (10-1) and (10-4) give the individual excess demands.' 
The consumption level for each good by each consumer is positive and finite. 
The output and input levels for each producer are positive and finite. 

A great deal of effort was expended in defining pseudo excess demands 
for zero prices only to discover that the restrictions placed upon the in- 
dividual utility and production functions always generate positive equilibrium 
prices. However, if the zero-price case had not been accommodated, it would 
not have been possible to define a mapping of the closed normalized price set 
(10-2), and Brouwer's fixed-point theorem would not have been applicable. 


Advanced Existence Proofs 


Existence was proved for a competitive economy for which individual utility 
and production functions are continuous with’continuous first- and second- 
order partial derivatives and obey stated restrictions. This, as all other 
existence proofs, is based upon a sufficiency rather than a necessity argument. 
All systems that satisfy the restrictions possess equilibrium points, but there 
are systems with equilibrium points that do not satisfy them. A number of 
authors have employed advanced mathematics to formulate existence proofs 
that are based upon generally weaker restrictions. 

One of the most complete and least Testrictive existence proofs was 
formulated by Gerard Debreu.’ It is summarized in approximate form here. 
Analysis is in terms of point sets rather than functions. To prove existence, 
Debreu utilizes the Kakutani fixed-point theorem, which generalizes the 


in areas comparable to area VII in Fig. 10-2. 

? An excellent summary of the assumptions employed by different authors is given by James 
Quirk and Rubin Saposnik, Introduction to General Equilibrium Theory and Welfare 
Economics (New York: McGraw-Hill, 1968), chap. 3. 

! Theory of Value (New York: Wiley, 1959). 
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Brouwer theorem from point-to-point to point-to-set mappings. A consump- 
tion set for the ith consumer is defined as the collection of all possible points 
representing commodity consumption levels (nonnegative numbers) and 
endowments (nonpositive numbers). It is assumed that each consumer's 
consumption set (1) is closed, convex, and bounded from below, (2) contains 
no saturation point, and (3) contains a bundle strictly smaller than the 
consumer’s initial endowment. Assumptions about consumer preferences are 
based upon rankings. A consumer’s optimum consumption bundle for a given 
set of prices need not be unique. ; 

A firm is allowed to produce more than one good. Outputs are described 
by positive and inputs by negative numbers. It is assumed that each firm may 
remain idle using no inputs. Debreu’s remaining assumptions about produc- 
tion cover the economy as a whole rather than individual firms. An aggregate 
production set is defined as all possible input and output combinations for the 
economy as a whole, The aggregate production set is assumed to be closed 
and convex. Thus, increasing returns are not possible for the economy, but 

_they are possible for individual firms. Free disposal of inputs is allowed. 
Production is assumed to be irreversible; i.e., inputs cannot be produced with 
outputs. All competitive economies that fulfill Debreu’s assumptions have one 
or more equilibrium points. However, there are systems that violate one or 
more of his assumptions that possess equilibrium points. 


10-2 STABILITY OF EQUILIBRIUM 


Once existence has been proved, one may ask under what conditions a system 
will return to an equilibrium point following a disturbance, and under what 
conditions a system will have only one equilibrium point. Meaningful state- 
ments can be made about stability and uniqueness for systems that conform 
to the general assumptions considered in the preceding section. As yet, little 
can be said about systems that adhere to the relatively weak assumptions of 
the Debreu existence proof. Since the analysis of stability provides guidelines 
for the analysis of uniqueness, stability is considered first, = 

The effects of a disturbance in one market upon the equilibria in other 
markets are ignored in Sec. 6-8 in accordance with the assumptions of partial 
equilibrium analysis. A general analysis involves an explicit 
recognition of the interrelated nature of all markets. The excess demand for 
each good is a function of the prices of all goods. A disturbance in one market 
normally will upset equilibrium in other markets. The stability of a single 
market depends upon the adjustments following the induced disturbances in 
Other markets, Both the static and dynamic conditions for stability in a single 
Market are extended to a multimarket system in the present section. The 
Static conditions are often called the Hicksian conditions in honor of their 
formulator, J. R. Hicks. The Walrasian behavior assumptions (see Sec. 6-8) 
are employed throughout the present section. 
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Static Stability 


Let Q, serve as numéraire and set its price identically equal to unity. The 
stability condition for a two-market system is the same as the condition for a 
single market. There is only one independent equation and only one variable 
price: E, = E\(p,) and E; = EXp;). The aggregate budget constraint, Walras’ 
law, E, * p;E; - 0, is always satisfied. A relaxation of the equilibrium con- 
dition for Q; so that E, # 0 necessarily implies a relaxation of the equilibrium 
condition for Q, such that dE, + p; dE; = 0. The differentials dE, and dE; and 
therefore the derivatives dE,/dp, and dE,/dp, must be of opposite sign except 
for the trivial case in which both equal zero. Equilibrium is stable according 
to the static Walrasian assumption if dE,/dp, <0 (or equivalently if dE,/dp, > 
0). If equilibrium is restored in the market for Q,, equilibrium is automatically 
restored in the market for the numéraire; i.e., if E, equals zero, E, must also 
equal zero. The unique problems of multimarket stability arise only for 
systems with three or more interrelated markets. 

If 2EJ2p, 0, a displacement of equilibrium in the market for Q, will 
cause a displacement of equilibrium in the market for Q,. Walrasian stability 
for an isolated market requires that 3EJop, <0 where dEJap, is a partial 
derivative and all other prices are assumed to remain unchanged. The total 
derivative dE/dp, must be utilized for a multimarket analysis. Its value may 
be computed under a number of alternative assumptions regarding the ad- 
justment of other markets. One Possibility is to assume that equilibrium is 
restored in all markets other than those for Q, and the numéraire.! There are 
many possible price-adjustment patterns other than the case of complete 
inflexibility, in which none of the other (m —2) markets adjusts, and the case 
of complete flexibility, in which they all adjust. In general, one can imagine a 
system with M "rigid prices" which will not change from their initial 
equilibrium values during the period under consideration where M may be 
any number from one through (m — 1). The price of the numéraire is always 
rigid as a result of its definition. 

The most stringent stability conditions for the market for Q, (j* 1) require 
that the total derivative dE/dp; be negative for all possible combinations of 
rigid and flexible prices. The market for Q, is perfectly stable by the Hicksian 
definition if dE/dp; <0 under the following conditions: (1) if all the (m — 1) 
prices other than p, are rigid, (2) if (m — 2) of the prices are rigid but p, is 


final case in which the prices of all goods other than the numéraire are 
flexible. The system as a whole is perfectly stable if the (m — 1) markets for 
the goods other than the numéraire are perfectly stable. 


' Since the aggregate budget constraint is always satisfied, p, + E, 0 if Q, is numéraire. 
The violation of the equilibrium condition for the numéraire provides the slack necessary to allow 
the excess demand for Q; to take on a nonzero value. 
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She excess demand functions fot a system with m goods are 
E= EPa.. Pa)  j-2.o4m (10-13) 


ess demand function for the numéraire is omitted, since it can 
ed from the other (m — 1). The effects of price changes upon the 
ess demands are computed by total differentiation of (10-13), 


dE, = by dpı+ bn dps+: -+ bis dpm 
dE; = by dpi bs dps: -+ bım dpm 


e e o ẹ òp © cba Gis sets smi © Vic. 


dE, = bm dp2+ by dps +++ bmm dPm 


bk = Ej ap,. Since b; may be assumed constant in a small neighbor- 
bout an equilibrium point, (10-14) forms a system of (m — 1) simul- 
S linear equations in the (m 1) variables (dp2,..., dpm). The 
nts of (10-14) form the Jacobian of E,...,E, with respect to 


o Pme 

-. Consider the case in which equilibrium is displaced in the market for Q; 
d all other prices are rigid. Substituting dp, =0 for k =2,...,m and j#k 
o (10-14) the (j — 1)st equation becomes' 


(10-14) 


dE, = by dp, 
Dividing through by dp, the first condition for the perfect stability of the 
market for Q, is 
dE, _ (10-15) 
dp - i-o 


dition (10-15) is identical with the stability requirement for an isolated 
e! Perfect stability for the system as a whole requires that (10-15) hold 
j=2,..., m, and thus the first condition for perfect stability requires the 
Isolated stability of every market in the system. 

_ Now consider the case in which equilibrium is displaced in the market for 
Q, p, adjusts, and all other prices are rigid. Substituting dE, — 0 and dp, = 0 
| EE i Niao (1010, tha onion fon Qut Oy become 
í eM) ' , 

j dE, = by dp, + by dp, 
0 = by dp, + ba dpr 


' A displacement of equilibrium in the market for Q, will cause displacements of the equilibria 
in the other markets. The other equations of (10-14) become 


dE, = by dp; 


ce the other prices are assumed rigid, these displacements will not react back upon the excess 
for Q), and nonzero excess demands will continue to exist in the other markets. 
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Using Cramer's rule to solve for dp; 


dE, ba| 


0 b, b, 
MERE 
bri by by by, 


Dividing through by the constant term on the right and by dp, the second 
condition for the perfect stability of the market for Q is 


by Hal 
dE; _ lbu bl 10-16 
d T «0 ( ) 


Perfect stability of the market for Q, requires that the denominator of (10-16) 
be negative. Therefore, perfect stability for the system as a whole requires 
that the numerator of (10-16) be positive. 

Finally, consider the case in which equilibrium is displaced in the market 
for Q, p, and p, adjust, and the other (m —4) prices are rigid. Substituting 
dE, = dE; — 0 and dp, = 0 for the other (m — 4) prices into (5-58), the relevant 
equations become 


dE, = by dp, + bp dp, + b, dp; 
0 = by; dp, + by dp, + by; dp; 
0 — by dp; + b, dp, + b; dp, 
Using Cramer's rule to solve for dp; 


dE, by bj| |b; by b; 
dp; =| 0 by, by : b, by, b, 
O bn b; |b; by b; 


Expanding the numerator by its first column and solving for dE/dp, the third 
condition for the perfect stability of the market for Q, is 


b) ge 
2- by A |» EL (10-17) 
ü bi ba, bi ik C] 


Letting j =h and h =i in requirement (10-16), perfect stability of the market 
for Qr requires that the denominator of (10-17) be positive. Therefore, perfect 
stability for the system as a whole requires that the numerator of (10-17) be 
negative. 


Perfect stability for the system as a whole requires that the Jacobian 


determinants of order [1,2,3,..., (m — 1): 
b; baj [28 ba b, 
bj, b by, , by [m by 
N by ba b, 


be alternatively negative and positive for all values of hi... 
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_. The conditions for perfect stability are stronger than necessary for the 

sideration of many multimarket systems. If the system contains no rigid 

prices, the only relevant value for dE/dp, is the one computed on the 

assumption that the other (m —2) markets adjust. Following the com- 
tational procedure outlined above, the market for Q, is stable if 


dE, 9 
PME (10-18) 


where B is the Jacobian determinant of the complete system given by (10-14) 
and n is the cofactor of b». In the Hicksian terminology the system as a 
whole is imperfectly stable if a condition similar to (10-18) holds for all goods 
other than the numéraire. It is interesting to note that imperfect stability does 
not necessarily imply the isolated stability of each market. 

— Consider the following excess demand functions for three-commodity 
Systems: 

(D E;2-2p;*3p—5 E; = 4p;-8pj* 16 

(2) E;22pi-3p3* 5 E;=—4p.+4p3—4 

(3) E,=2p2+3p3—13 E; = 4p; -8pi + 16 


The equilibrium prices are p; = 2 and p; = 3 for all three examples. System (1) 
satisfies all the conditions for perfect stability: 


-2 al 
dE, 9E, 4.9 dE. 4 —8. 95-9 
dp; p: ? dp; -8 


E 
ps dE; = banal =-2<0 
' dp," ip" Pay Mie e 
System (2) fails to satisfy the conditions for perfect stability, but satisfies the 
conditions for imperfect stability: 


Lal HE 
dE, |-4 4. ico Bs =-2<0 


dp; 4 

The markets for both Q; and Q; are unstable when considered in isolation, but 
he system as a whole is stable if both prices adjust. System (3) fails to satisfy 
the conditions for either perfect or imperfect stability. 


Dynamic Stability 


The conditions for the dynamic stability of a multimarket system with 
Continuous adjustment represent a generalization of the conditions for the 
dynamic stability of a single market with continuous adjustment as presented in 
Sec. 6-8. An explicit statement of the laws of price change is introduced, and 
the time paths of the prices following a disturbance are investigated. Many 
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different types of dynamic adjustment processes may be introduced to des- 
cribe the behavior of the participants in particular systems. In general, a 
multimarket equilibrium is dynamically stable if every price approaches an 
equilibrium level over time following a slight displacement from equilibrium, 
i.e., if 

lim Pp = py j=2,...,m 


dh = kEjp,,.. Pa) 7 =2,...,m (10-19) 
where the k, 0 are speed of adjustment coefficients. Assume that units are 
defined so that all k, equal one. 


The total differential of the jth excess demand function is 
= 2E; = 
ab = 3 idp j-.im 
An analog to the approximation (6-23) for a single market is obtained by 


replacing the differentials dE, and dp, with deviations from equilibrium 
values, E; — E, and p, =P: 


BaS E -p) j-2.2m (10-20) 
since E, — 0. Substituting from (10-20) into (10-19), 
dm bps +--+ baba +6 j=2,...,m (10-21) 


Ph ane t dy + Dp §= 2). 005m (10-22) 
where the ag are coefficients depending on the ini j 
the (m — 1) roots of the polynomial given by l conditions and the A, are 
bn-A =- bon 


= Bnd" ++**+BA+Bo=0 (10-23) 


The time paths of the p; will converge to their equilibrium values p, if each of 
the (m — 1) roots of (10-23) is negative or has a negative real part. 


' The form of (10-22) requires slight modification if two or more of the roots are identical. The 
local stability condition, however, remains unchanged. 
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‘In general, Hicksian stability is neither necessary nor sufficient for 
dynamic stability in the case of continuous adjustment. Advanced mathema- 
tics has been used to prove theorems about the conditions under which 
10-19) is stable and the conditions under which Hicksian and dynamic 

ibility are synonymous.’ An important theorem states that the dynamic 
ystem is locally stable and also has Hicksian stability if all commodities are 
trict gross substitutes; that is, by <0 for all i, and by >0 for all j#i. 
_ This theorem is now proved for the three-good case. Hicksian stability 
requires that 
4 bn<0 by <0 byby—bubn>0 (10-24) 
The first two inequalities of (10-24) follow immediately from gross sub- 
fitutability. Differentiating the aggregate budget constraint totally, 
1 dE, + p; dE; E; dp; ps dE + E, dps - 0 
‘Let dp; = 0, and alternately let dp; = 0: 
by piba + E:+ pbn =0 
: bi + pibi + psbu + Ej -0 

equilibrium E; = E; = 0: 

Piba + pibyi = -bn <0 
Piba + pads = -bn <0 
-pbn > Pabn —P3bu> Pba 
nce the right-hand sides in these inequalities are positive by assumption, all 
terms are positive, and their product is 
Dipsbzbs > P2psbubn 
which establishes the third inequality of (10-24). Therefore, gross sub- 
Mitutability implies Hicksian stability. — J 
. For the three-good case the polynomial of (10-23) is 
Ah BiA By A37 (bnt b3)A +(bnby— baby) = 0 

nce B, and f, are both positive, both roots are negative if real, or have 

ative real parts if complex. Therefore, gross substitutability implies that 
dynamic system is locally stable. 


à gu System is globally stable if it will return to equilibrium following a 
of any magnitude. The analysis of global stability for a unique 


The major source of stability theorems is K. J. Arrow and L. Hurwicz, “On the Stability of 
itive Equilibrium, I,” Econometrica, vol. 26 (October, 1958), pp. 522-552; and K. J. 

. D. Block. and L. Hurwicz, “On the Stability of Competitive Equilibrium, II," ibid., 

l 27 (January, 1959), pp. 82-109. Advanced mathematics is employed in these articles. 
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equilibrium using a Liapunov function (see Sec. 6-8) is easily extended to 
multimarket systems. Define a Liapunov function, V(t), as the squared 
distance of the prices from their equilibrium values: 


vit) E^ [p; - p. (10-25) 


This function has the necessary properties: it equals zero if all prices are at 
their equilibrium values and is positive if one or more prices are not. A 
system is globally stable if dV(t)/dt <0 whenever Dj * Pje for some j. 

The analysis is illustrated by proving the following theorem: A system 
that possesses a unique equilibrium and satisfies the Weak axiom of revealed 
preference (see Sec. 3-5) in the aggregate is globally stable. Differentiating 
(10-25), substituting dp/dt — E; from (10-19), and invoking Walras' law, 


dV m m m 
C ood 1E o-pE- 2$ p,E, (1029) 


In terms of excess demands the Weak axiom states that 
m m m m 
= i 1 E we A 
D> PE = à p;E, implies > py Ej, < » PiE; (10-27) 


where the p; are prices such that Pi* Pie for one or more j, and the E; are the 
excess demands that correspond to these prices. The left side of the first 
expression in (10-27) equals zero because E, = 0 for all j, and the right side 
equals zero by Walras' law. Thus, the strict equality holds for the first 
expression, and the second expression is valid. The left side of the second 
expression in.(10-27) also equals zero, Therefore, =}: PjeE; > 0, the derivative 
(10-26) is negative, and the system is globally stable. 


10-3 UNIQUENESS OF EQUILIBRIUM 


Most existence proofs state that classes of multimarket systems have one or 
more equilibrium points. Uniqueness proofs state that subclasses of systems 
satisfying existence proofs have unique equilibrium points, Most of the 
observations about uniqueness for a single market in Sec. 6-7 can be extended 
to multimarket systems. In general, if the total derivatives dEjdp, (j = 
2,.-.,m) do not change sign and do not equal zero for any values of the Ph 


A variety of cases is illustrated for two-commodity systems in Fig. 10-3. 
In Fig. 10-34, dE,/dp, <0 throughout, but there is no equilibrium point, and a 
consideration of uniqueness is meaningless. This case emphasizes that an 
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R 5 P 
0 0 E, QURE TS Ej 
(b) (e) 


E, 
) 


(a 


0 E, 0 E, 0 E, 
(d) (e) [42] 


Figure 10-3 


is unstable. Cases of this type are of limited interest because of their 
instability. The systems illustrated in Fig. 10-3d and 10-3e have unique 
equilibrium points, but do not satisfy the condition for dE;/dp;. In Fig. 10-3f 
the condition is violated, and there are multiple equilibrium points. 

Hicksian stability [see Eqs. (10-15) to (10-18)] requires that dE/dp, — 0 for 
all j in a neighborhood of equilibrium. A system that satisfies the Hicksian 
stability conditions throughout has a unique equilibrium. Thus, a uniqueness 
Proof can proceed by proving Hicksian stability throughout. In the last 
Subsection it was proved that gross substitutability for a three-good system 
implies Hicksian stability throughout. Thereby, gross substitutability for a 
three-good system implies a unique equilibrium point. This theorem may be 
generalized to m goods. 

_If the Weak axiom (10-27) holds. for the aggregate excess demands, 
Uniqueness follows trivially. Proof is by contradiction. Assume that there are 
‘Wo equilibrium points, and evaluate (10-27) for these points. The first relation 
9f (10-27) is satisfied because E, = E, = 0. For the same reason both terms in 
the second relation of (10-27) are zero, and it becomes 0<0, which is a 
contradiction. 
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10-4 THE INPUT-OUTPUT MODEL 


The input-output model, sometimes called the Leontief model for its ori- 
ginator W. W. Leontief, provides a multimarket analysis with empirical 
orientation. Its basic assumptions are rather different from those of the 
models thus far considered. Utility functions are omitted, and consumer 
demands are usually treated as exogenous without explicit regard to the 
equilibrium of individual consumers. The industry, rather than the firm, is the 
unit of production. Each industry uses a single linear production activity to 
produce a single output. Both produced outputs and nonproduced factors 
serve as inputs. These assumptions allow equilibria to be determined from the 
solutions of simultaneous linear equations. The parameters for such equations 
are often determined empirically. 


Output Determination 


Assume that an economy has m produced goods and n nonproduced factors. 
A linear production activity (see Sec. 5-6) for the ith industry (j = 1,..., m) 
gives the minimum quantities of the two types of inputs necessary to secure 
one unit of the jth good: a, z 0 (i= l,...,m) for the produced inputs and 
by 20 (i — 1,...,n) for the factors. The^output of the ith industry, q, is 
absorbed by interindustry input uses and final consumption uses, y;: 


4i = andi + angat -` + aq, + y, iz1,...,m 


Moving the output variables to the left-hand side, the input-output balance 
equations may be written as 


(-a)di- Hoang —— aq, = » 
74nd, hinang 7: — aquo y (10-28) 
Tami — | didi — ++ + (1~ ann )qu = » 


Cramer's rule may be applied to express output levels as functions of final 

peser levels if the determinant of the coefficient array of (10-28), of, is 
zero: 

Qi = Buyi + Buys +--+ + Bis ys 

4:7 Bnyi + Bays +--+ B, y, 


(10-29) 


' An "open" input-output system contains one or more exogenous sectors. All sectors are 
in a "closed" system. Nearly all current analysis is for "open" systems, and the 
"pode feu a pM toa Mora ari "Eo 
system to . Leontief, , 1919... ed., 

New York: Oxford, 1951). " wea 
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where By = 4/4 is the cofactor of the element in the jth row and ith column 
of the array (10-28), sj, divided by the determinant of the array. Equations 
(10-29) provide a general solution for the input-output system (10-28) if q; = 0 
(i=1,...,m) whenever y,20 (i 1,...,m). A necessary and sufficient 
condition for (10-29) to be a general solution is that 8; 20 (ij = 1,..., m). 
Existence conditions in terms of the a; are considered below. In the mean- 
time limit attention to systems for which (10-29) is a general solution. 

The coefficient y for i j gives the direct and indirect input requirements 
for the ith good necessary to support one unit of final consumption of the jth. 
The direct requirement is ay. The indirect requirements are the inputs of i 
necessary to produce the inputs of the m goods necessary for j, the inputs 
necessary to produce those inputs, and so on. It follows that 8; = ay. The 
coefficient 8, gives the direct and indirect input requirements of j for j 
to cover the unit of final consumption. It follows that By = ! - ay. Factor 
requirements are easily determined from output requirements: 


x, = bygi + boda +: * + bimam i=1,...," 


where x, is the quantity of the ith nonproduced factor used as an input. 
Substituting for the q; from (10-29), 


X= yayi + Yay ++ YimYm — 00s n (10-30) 
i= hosil 
where n= È baby =0 roy bed (10-31) 


The nonnegativity of the yy follows from the nonnegativity of the ba and the 
By. The coefficient yy gives the quantity of the ith factor necessary to produce 
the quantities of the m goods which directly and indirectly support a final 
consumption unit of the jth good. 


o» 
Decomposability 


An input-output system is decomposable if it contains one or more self- 
Sufficient groups of less than m industries each. Industries. within a self- 
sufficient group do not require inputs from industries outside the group. The 
output levels of industries outside a self-sufficient group are independent of 
the output and final consumption levels of the industries within the group. The 


following five-industry system contains two self-sufficient groups: 


an 

än ân Gn au as 

0 0 ây 4d» ayj. (10-32) 
0 0 an 4a as 

e280. 0" 0. & 


where the listed coefficients are positive. Industries 1 and 2 form a self- 
Sufficient group. They secure inputs from each other, but not from the 


i » 
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remaining three industries. The output levels of industries 3, 4, and 5 are 
unaffected by the output and final consumption levels of 1 and 2. Industries 1, 
2, 3, and 4 form another self-sufficient group. They do not require inputs from 
5, and 5's output level is independent of the output and final consumption 
levels of 3 and 4 as well as 1 and 2. 

A decomposable input-output system can be solved by parts. If the 
coefficients of (10-32) are inserted in the balance equations (10-28), the fifth 
equation may be solved for q.. Given qs, the third and fourth equations may 
be solved for q; and q;; and given 4», Q4, and qs, the first two equations may 
be solved for q, and q;. 

In general, the coefficient Bj; in (10-29) will equal zero if and only if the ith 
industry is outside a self-sufficient group which contains the jth. The direct 
and indirect requirements matrix that corresponds to (10-32) is 


Bu Bu. Bn Bw Bis 
Bn Bn Bs Bu Bz 


B. 
0 0 0 0 Bs 


where the listed coefficients are positive. An indecomposable system contains 
no self-sufficient groups, and thereby, all the Bj are positive. 

An input-output system is completely decomposable if each industry. is 
contained in a self-sufficient group of less than m industries. For example, 


a an 0 0 

an à 0 0 
0 0 ay Ay 
0- 0 ag "ay 


other. If a system is completely decomposable, By > 0 for i and j in the same 
self-sufficient group, and Bi = 0 for i and j in different groups. 


Existence 


a general solution with q; =0 (i = 1,...,m) for all y;=0 (i = 1,...,m). Two 
equivalent, but rather different, sets of necessary and sufficient conditions for 
the existence of a general solution are presented here. The Hawkins-Simon 
conditions' require that all the Principal minors of the coefficient array of 


"See David Hawkins and Herbert A. Simon, “Note: Some Conditions of Macroeconomic 
Stability," Econometrica, vol, 17 Guly-October, 1949), pp. 245-248, 
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(10-28) be positive: 


>0 (10-33) 


3 first and subsequent inequalities) of (10-33) require. that ay <1 (i= 
i., m). If a; 21 for some i, one or more units of i would be required to 
E one unit of i, No net output can be secured under such circum- 
ces. The last condition of (10-33) anti thatthe determinant of (10-28) 
positive. 

1». An equivalent set of necessary uA sufficient Conditions for the existence 
0 fa general solution concerns the column sums of the input coefficients. 
‘These: conditions require that there exist a set of numbers Sida G= 
1,...,m) such that 


apui aiko oi (10-34) 
zt 


With the strict inequality holding for at least one j in each self-sufficient. group 
Of industries.' If a system is bei vecina the strict inequality need hold 
only one industry; 


Price and Income Determination 


Es the competitive condition that pipe equals unit cost for each 
stry, 


Pj = aypy*:- `+ iP + bre “+ bus jan duas), pitt 
Where p; ( 5 1,..., m) and r; (i9 L. CURED MA prices of goods and 
fa ors respectively. By rearranging terms, wal 


(~ay)pi- anp: Tu Vu ELIT 


-anpi (l—-4dz)pi—:7*—7 — dep» = (10-35) 
E T am O pot dae). = s 
i = birit bah + °° “+ bury j=1,...,m (10-36) 
es ask per uniiatitbee 


jth output... 

v. The coefficient array on the left of (10-35) is the same as the array on the 

t of (10-28) except that the rows and columns are interchanged. The 
Tminant values of the two arrays are equal, and the cofactor of the 
ent in the ith row and jth column of one array equals the cofactor of the 
nt in the jth row and dei conan of the other. The solution of (10-35) for 
Proof i is “Matrices with Dominant Diagonals and Economic 
"in K. pde ee ni P. Suppes (eds.), Mathematical Methods in the Social 
s, 1959 (Stanford, Calit.: Saalord University Press, 1960) p. 56 
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the pjs is 
Pi = Buti + Bav; t: Bats 
pi— Bui + Bnw T3 + Bn20m (10-37) 


Pm = Bim Basti + * + BrmOm 


where the £y are the same as the coefficients in (10-29) with rows and columns 
of the arrays interchanged. If (10-29) is a general solution for (10-28) with 
By € 0 (i,j — 1,..., m), it follows that (10-37) is a general solution for (10-35), 
that is, p, £0 (j=1,..., m) for all rn z0(i-1,...,n). 

Substituting from (10-36) and (10-31), (10-37) may be written 


Bi = Yuli t Yao t- + Yun j=1,...,m (10-38) 


The price of each good equals the value of the factors which are directly and 
indirectly required for its production. If (10-37) is a general solution, a 
necessary and sufficient condition that the prices of all goods be positive is 
that at least one factor with positive price be required for the production of at 
least one good in each self-sufficient group. An indecomposable system has 
the minimum requirement that at least one factor with positive price be required 
for the production of at least one good. 

If an input-output system has only one nonproduced factor, its price may 
be set at unity, and (10-38) may be solved for the prices of produced goods in 
factor units. If a system has more than one factor, additional information is 
required for a determination of the r, consequently, the p;. 

Income at market price equals the value of the final consumption levels. 
Substituting first from (10-38) and then from (10-30), 


D> Pi 2 ^x 257 $ TX 


Income at market price equals income at factor cost, or put in another way, 
factor payments just exhaust the value of net output, 


The Substitution Theorem 


If an input-output system has a general solution, produced and factor input 
levels are uniquely determined for any specified set of final consumption 


required to produce a unit of the jth using the kth activity for the jth, and let 
4j denote the output level of the kth activity for the jth good. The existence 
of multiple activities suggests that a prescribed set of final demands may be 
met by alternative sets of produced and factor input levels. 
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‘If an economy has only one scarce factor, it desires to minimize the 
uantity of that factor, x, necessary to meet its final consumption require- 
its. This optimization problem may be placed within the linear-program- 
g format (see Sec. 5-7): select nonnegative output levels, qj 20 (k = 
es, uj — 1,..., m), that minimize 


' x -$ Sorat | (10-39) 


here b is the unit factor requirement of the kth activity for the jth good, 
ct to the conditions that the net output of each good be sufficient to meet 
consumption requirement: 


ni 


Dla -atyat-ahat ==" ahead Ey 


> [dhat tU- atag atah] — E»... (0.4) 


PIE L ahi =- -+ (1~ahm)9n] 2 Yo 


for convenience that y, > 0 (i =1,...,m)- 

_ Each combination of m activities, one for each good, drawn from the um 
able activities constitutes an input-output system. There are u” such 
ms. Each system which has a general solution (assume that there is at 
one) provides a feasible solution for (10-40). Every feasible solution for 
0) must have at least one activity for each good since a positive net 
is specified for each. An important linear-programming theorem (see 


I = 5 pv = (10-41) 


to {Late nE tag py abi 
( Rati fev. Ory ip, ^^ 5l 


» wu bp B VII Beverage Oras icy 8 


Saip = alapi —*** - Ginn) Pm S bm (10-42) 
atanpi t "epi 2 ah, mbi 


eo J a o ds DUES ee ae 


[The initial system (10-39) and (10-40) is in the same format as the general dual system given 

BY (5-37) and (5-38), and the dual system (10-41) and (10-42) is in the same format as the general 
“system given by (5-31) and (5-32). The duality theorems of linear programming are 

p and hold regardless of the classification of the two systems as initial and dual. 


282 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


The dual variables are the prices of the m goods measured in factor units. By 
rearranging terms, the constraints (10-42) may be written 


PSD aipi* bd kb acedtd. (R= lop. m 


This is the familiar condition that unit revenue (in factor units) is less than or 
equal to unit cost (in factor units) for each of the linear production activities. 
The duality theorem stated by (5-42) ensures the competitive condition that 
price equals cost for each activity operated at a positive level in the optimal 
input-output system, and (5-46) ensures the equality of the optimal values of 
income at factor cost (10-39) and income at market value (10-41). 

The introduction of the possibility of substitution leads to questions about 
the constancy of empirical input-output coefficients. Will the coefficients 
remain at their observed base-year values as final consumption requirements 
change from their base-year values? The substitution theorem for input- 
output models answers yes. Specifically, it states that an input-output system 
is optimal for all y, £0 (i= 1,..., m) if it is optimal for any particular set of 
values for the y;'s. This theorem follows easily from a parametric property of 
linear-programming systems: a change in the requirements for a system will 
leave the set of activities contained in its optimal solution unchanged if they 
remain feasible.' Since the optimal input-output system has a general solution, 
its output levels will be nonnegative for all nonnegative final consumption 
requirements, and the substitution theorem is established. Output levels will 
be changed by changes in final consumption requirements, but the prices of 
goods are unaffected. The substitution theorem might be called the nonsub- 
stitution theorem. Substitution is possible, but it is never observed in a 


one-factor economy. The substitution theorem is not valid for economies with 
more than one factor. 


10-5 SUMMARY 


The mere formulation of a multimarket system gives no assurance that an 
equilibrium solution exists. Particular numerical systems may be examined 
individually to determine existence. An existence proof states that systems 
which satisfy a number of general restrictions possess equilibrium solutions. 
The existence of excess demand functions is proved for an illustrative 
system. Then Brouwer's fixed-point theorem is used to prove that one or 
more equilibrium price sets exist for the system. The Debreu existence proof, 
which is based upon much weaker assumptions, is outlined. 

The static and dynamic conditions for multimarket stability represent a 
generalization of the Walrasian condition for a single market. Perfect stability 


^ proof of the substitution theorem is given by David Gale, Theory of Linear Economic 
Models (New York: McGraw-Hill, 1960), pp. 303-305. ad 
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in the static Hicksian sense requires that the total derivatives dE/dp, (j = 
2,...,m) be negative for all possible combinations of rigid and flexible prices. 
Imperfect stability requires that the total derivatives be negative, given the 
assumption that all prices are flexible. An analysis of dynamic stability 
requires an explicit statement of the laws of price adjustment over time. A 
multimarket system is dynamically stable if all prices approach their equili- 
brium values over time following a disturbance. Dynamic stability and Hick- 
sian stability are synonymous for a system with continuous adjustment if all 
commodities are strict gross substitutes. A system with a unique equilibrium 
is globally stable if its excess demand functions satisfy the Weak axiom of 
revealed preference. If a solution exists for a system that satisfies the 
Hicksian conditions for perfect stability throughout, the solution is unique. 
The Weak axiom also implies uniqueness. 

A single linear production activity is used for each of m goods in the 
input-output model. Produced outputs and nonproduced factors serve as 
inputs. A general solution for an input-output system gives outputs as linear 
functions of final consumption levels. A system is decomposable if it contains 
one or more self-sufficient groups of less than m industries. Competitive 
(zero-profit) prices for the produced goods can be derived from factor prices. 
The input-output model can be generalized to allow more than one activity 
per good. The substitution theorem states that input substitution will not take 
place in an economy with multiple production activities if there is only one 
nonproduced factor. 


EXERCISES 


10-1 Use a Jacobian test to determine whether solutions exist for the following three-commodity 
Systems; 


(a) E; = -8p; + 24p,* 6 = 0; E, = 10p, - 30p, * 870. 
(b) E; = -3p,— pps + py 0; E, = pi- PPI- 3p 7 0 0 
(c) E,» — 4p, * 8py +4 = 0; Eye pl - 29 Apu t 4p + 493+ = 


10-2 Find equilibrium prices for the three-commodity system given by 


E, = 2p}+ 22p; — 13paps — 64ps + 20p) + 48 = 0 

E, = p;-2p,* 270 
10.3 Consider the system (10-14) with by «0 (9 2,. .. m) and by =0 for 1>} Show that the 
System possesses perfect Hicksian stability in this case. 
18-4 Assuming continuous adjustment, do the solutions for Exercise 10-2 satisfy the conditions 
for dynamic local stability? 
105 Consider a system with one primary Qu, and one produced good, Q;. Assume that each 
coe e a system wih one Primer of the primary good, and a positive share of the profits 


Gai, ..n), and that the production function for a représentative firm is of the form dio 
(Gu(qt; with a, 8^0 and atp <1. Show that this system meets the assumptions 
ing the existence proof of Sec. 10-1. 
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10-6 Consider pseudo excess demand functions for a consumer in pure exchange with the utility 
function U; = qi qhqf with a, 8 > 0. Show that the boundaries similar to those shown in Fig. 10-2 
are straight lines. 


10-7 The a, coefficients for a three-industry, input-output system are 


02 01 06 
0.5 04 04 
01 04 02 


Use the Hawkins-Simon conditions to determine whether this system has a general solution. 


10-8 Use the column-sum conditions given by (10-34) to determine whether the input-output 
system of Exercise 10-7 has a general solution. : 
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WELFARE ECONOMICS 


" 


The objective of welfare economics is the evaluation of the social desirability 
of alternative economic states. An economic state is a particular arrangement 
Of economic activities and of the resources of the economy. Each state is 
characterized by a different allocation of resources and a different distribution 
of the rewards for economic activity. Although the economist may not always 
be able to prescribe a method by which one state of the economy can be 
transformed into another, policy measures frequently will be available for 
Changing an existing situation. It is important to know in such cases whether 
the contemplated change is desirable. Imagine, for example, that the economy 
can attain multimarket equilibrium at two different sets of commodity and 
prices. Since the desires of consumers and entrepreneurs are consistent 
at both equilibria, society can choose between them, if at all, only on welfare 
grounds. The principles by which such problems might be solved fall within the 
nain of welfare economics. 
The welfare of a society depends, in the broadest sense, upon the 
ion levels of all its consumers.' But almost every alternative to be 
judged by welfare economists will have favorable effects on some people and 
unfavorable effects on others. In light of this, the economist has two choices. 
She may decline to deal with cases in which a proposed social change 


‘Statements of this kind are based on ethical beliefs or value judgments and cannot be 
Proved. It is reasonable to postulate that the concept of social welfare transcends the more 
Testricted notion of economic welfare. For example, social welfare may depend on, in addition to 
What goods are produced and how they are distributed among people, the manner in which 
Society is organized polifically, the extent to which social decisions are reached by a democratic 
Process, etc. The present analysis places primary emphasis on analyzing economic welfare. 
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improves the lot of some and deteriorates the lot of others and content herself 
with analyzing situations in which unambiguous welfare improvements are 
possible. Alternatively, she may decide to make interpersonal comparisons of 
utility and analyze a broader class of situations. In the former case she is 
primarily concerned with efficient allocation of resources. In the latter, she 
must make explicit value judgments. In principle one would hope that these 
will rest on a social consensus, since the economist has no more competence 
than anyone else to say that a particular move is desirable if it has unfavor- 
able effects upon some members of society. 

The Pareto conditions for economic efficiency are derived in Sec. 11-1. 
The possible fulfillment of these conditions under perfect and imperfect 
competition is discussed in Secs. 11-2 and 11-3. External effects in con- 
sumption and production, and the theory of public goods are the subjects of 
Sec. 11-4, and the attainment of the Pareto conditions through taxes and 
subsidies is described in Sec. 11-5. Social welfare conditions are considered in 
Sec. 11-6, and the theory of second best is presented in Sec. 11-7. 


11-1 PARETO OPTIMALITY 


An allocation is described by specific consumption levels for each consumer 
and specific input and output levels for each producer. Pareto optimality 
provides a definition of the economic efficiency of allocations that serves as 
the basis for much of welfare economics. An allocation is Pareto-optimal or 
Pareto-efficient if production and distribution cannot be reorganized to in- 
crease the utility of one or more individuals without decreasing the utility of 
others. Conversely, an allocation is Pareto-nonoptimal if someone's utility 
can be increased without harming anyone else. One allocation is said to be 
Pareto-superior to another if the utility of at least one individual is higher and 
the am of none is lower, even though the allocation may not be Pareto- 
op : : x 

à; Analyses of Pareto optimality usually stop short of value judgments and 
interpersonal comparisons of utility levels. Consequently, changes which 
improve the positions of some individuals but cause a deterioration in those 
of others cannot be evaluated in terms of efficiency; the net effects of the 
moves may or may not be beneficial. However, welfare can be said to 
increase (diminish) if at least one person's position improves (deteriorates) 
with no change in the positions of other. Clearly no situation can be optimal 
unless all possible improvements of this variety have been made. The 
abstraction from distributional considerations limits the number of questions 
that may be answered with the Pareto apparatus. For example, a society 


The present discussion is limited to static efficiency. No attention is paid to the welfare 
aspects of resource allocation over time, the time path of welfare, of the welfare aspects of 
alternative time paths for the economy. 
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might have a Pareto-optimal allocation in which one consumer had 99 percent 
of all goods, -but most people would not consider this to be a satisfactory 
allocation. 


Pareto Optimality for Consumption 


A distribution of consumer goods (including leisure and other withheld 
primary factors) is Pareto-optimal if every possible reallocation of goods that 
increases the utility of one or more consumers would result in a utility 
reduction for at least one other consumer. Pareto optimality will be achieved 
if each consumer's utility is a maximum given the utility levels of all other 
consumers. For illustration assume that there are only two consumers 
denoted by the first subscripts 1 and 2 and only two goods Q, and Q;. The 
utility functions of the consumers are Uj(qu,q:) and Ux(qa,q2) where 
Qu + qu = q? and qu * qn = q8. Now assume that consumer II enjoys the level 
of satisfaction U} = constant. In order to maximize the utility of consumer I 
subject to this constraint, form the function 


Ut = Uiqu, Qi) * ALUX q1 — qn, 42 —4:) — Ut) 
where A is a Lagrange multiplier, and set its partial derivatives equal to zero: 


aUt a 2U, y Uro 


dq ôqu Gan 
aUt _ aU; _ , 8U2_9 
ðqn OQ On 


NI. UXq1— qu, 4$- 4:2 - UL =0 


ated 3 P arem 11-1 
M aU /aqn Uod» I 
The left-hand side of (11-1) is consumer I's RCS, and the right-hand side is 
II's. The RCSs of the consumers must be equal to achieve Pareto optimality 
in consumption.' If (11-1) were not satisfied, it would be possible to redistri- 
bute the goods in such a way as to increase I’s utility without reducing II's. 
The argument is symmetric. Condition (11-1) also results from maximization 
of II's utility given a fixed level for I's. Thus, if (11-1). were not satisfied, it 
would also be possible to increase II's utility without reducing I's. The 
mathematical analysis for the two-consumer case is easily generalized for any 
number of consumers. 

The argument can be presented in terms of an Edgeworth box diagram 
(see Sec. 9-2). The dimensions of the rectangle in Fig. 11-1 represent the total 
available quantities of Q; and Qs in a pure-exchange economy. Any point in 


' Of course, the second-order conditions must also be fulfilled. It is postulated throughout the 
remainder of this section that the second-order conditions are fulfilled. 
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o 9n 9 Figure 11-1 


the box represents a particular distribution of the commodities between the 
two consumers. For example, if the distribution of commodities is given by 
point A, the quantities of Q, and Q, consumed by I are measured by the 
coordinates of A, using the southwest corner O as the origin; the quantities 
consumed by II are measured by the coordinates of point A, using the 
northeast corner O' as the origin. The indifference map of I is drawn, using O 
as the origin, and the indifference map of II, using O' as the origin. The RCSs 
of the two consumers are equal where an indifference curve of I is tangent to 
an indifference curve of II. The locus of all such points is the contract curve 
CC. The mathematical form of the contract curve is given by (11-1), which is 
a function of qi; and qp. 

The rates of commodity substitution are unequal at point A, and it is 
possible to increase the utility levels of both consumers by altering the 
existing distribution. If the final position (after a redistribution of Qi and Q)) 
is between M and N, both consumers will have gained, since both will be on 
higher indifference curves than at A. If the final point is at M or N, one 
consumer will have gained without any deterioration in the other's position. If 
a point on the contract curve is reached, it is not possible to improve further 
the position of either consumer without a deterioration in the position of the 
other. According to the conditions of Pareto optimality any point from M to 
N is unambiguously superior to A. However, the evaluation of alternative 
points on the contract curve would involve an interpersonal comparison of 
utilities and is therefore not possible within the present framework. 


Pareto Optimality for Production 


Assuming that consumers are not satiated and that each individual's utility 
level is independent of the quantities consumed by others, an increment in the 
quantity of any consumer good without a decrement in the quantity of any 
other consumer good can lead to a utility increment for at least one consumer 
without utility decrements for others. Therefore, Pareto optimality among 
producers requires that the output level of each consumer good be at 8 
maximum given the output levels of all other consumer goods. 
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Assume that there are two producers using two inputs to produce two 
goods with the production functions 


qı = f(X xi) 
and 92 = FAX21, Xn) 


where xı, + x3, = x? and xy + xz = x$ are the available input quantities and q, 
and q are the output levels. Maximize the output of good I subject to the 
constraint that the output of II is at the predetermined level q2. Form the 
function 


L = fiu Xn) + AUG — Xin x$—x1)— q3] 


and set its partial derivatives equal to zero: 


3L _ fi a hig 
Oxy OX OX 
3L _ fi, th 9 
9X12 OX12 OX» 
2L — f o — xu, x0-x5)- 41-0 
ofi àxu _ fil dx2 11-2) 
d Af Axi. Afr! Axx : 


The left-hand side of (11-2) is I's RTS for X; and Xz, and the right-hand side is 
l's. The RTSs of producers must be equal to achieve Pareto optimality in 
- production. If (11-2) were not satisfied, it would be possible to increase the 
output of one good without decreasing the output of the other. In fact, as the 
reader may verify, it would be possible to increase the outputs of both goods. 


Pareto Optimality in General 

The Pareto conditions derived for consumers and producers are generalized 
and extended in a consideration of the economy as a whole. Consider an 
economy with m consumers, N producers, n primary factors, and s produced 
Boods. For simplicity assume that each consumer consumes all produced 
goods, and each producer uses all primary factors and produces all goods. 
The consumers’ utility functions are 


U= U(qf...,qixh- xf... xh-x5) f= 1,...,m (11-3) 


Where q1 is the quantity of Q, consumed by the ith consumer, xj is her fixed 
endowment of the jth primary factor, xj is the amount that she supplies to 
.. Producers, and x} — x} is the amount that she consumes. Production functions 
are given in implicit form: 


| 


Fidi... dXX) -70  h-1...,N (11-4) 
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where qw is the output of Q, by the Ath firm and x» is the amount of X; 
which it uses. The aggregate amounts of primary factors supplied by con- 
sumers equal the aggregate amounts used by producers: 


Sat $ u Shae (11-5) 


and the aggregate consumption levels of produced goods equal their aggregate 
output levels: 


$a-Xa k-1,...,s (11-6) 


Pareto optimality will be achieved if the utility of each consumer is a 
maximum given the utility levels of all other consumers subject to the 
constraints (11-4), (11-5), and (11-6). Consider the maximization of consumer 
I's utility subject to these constraints. Form the Lagrange function 


Z= Ulat.: x, xh) +Ë MUR... x1) UI 


+È oasis) a(S -S a) a(S qu - $t) 


where the Ai, 6, 8, and c, are Lagrange multipliers. Setting the partial 
derivatives of Z equal to zero, 


E OB) ig ZU, 

dah agh ~ 9 Ox aaya 93-9 

aZ _, QU, az aU, 
—^A42u-9-0 $9... K * 
"t Page ds axf M3 x59 79 (11-7) 
Oe Sg Bu bZ _ 4 9F. 

àqu D ag, ^ 0170 na PAN hele 


where i =2,...,m;h=1,...,N; k=1,...,8; and j=1,...,n. The partials 
with regard to the multipliers must also be set equal to Zero; i.e., the constraints 
must be satisfied. 

The conditions for Pareto optimality may be written in more familiar 
form. Solving (11-7) for oTr, 


g _ 9UVogt, Uloq _ 9Filàqy _,. _ AF aqny 
oy Ug 9U,/óqz.  OFdóqu — .. AF yl que 


LES. (11-8) 


Conditions (11-8) state that the RCSs for all consumers and the RPTs for all 
producers must be equal for every pair of produced goods. Imagine that (11-8) 
were violated for Q and Q, so that RCS =} for some consumer and RPT =3 
for some producer. Three units of Q; could be transformed into two units of 
Q, by moving along the producer's transformation curve. If the consumer 
surrendered three units of Q, (the position of all other consumers remaining 
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unchanged), she would require only one unit of Q, in exchange in order to 

remain on the same indifference curve and ayoid a diminution of utility. The 

satisfaction level of this consumer could therefore actually be increased by 

performing the technological transformation of three units of Q, into two of 

Q, Such an improvement is not possible if the RCSs and RPTs are equal. 
Solving (11-7) for 5/6, 


& _ Ulay- xf) |... 9U nl O(n x&) — OFX _ | _ OF ul ox 
à 2aUJo(xh xt) = QU pl 0°, — x&) OF xn OF ul Oxn 


jk=1,... n. (11-9) 


Conditions (11-9) state that the RCSs for all consumers and the RTSs for all 
producers must be equal for every pair of primary goods. If this condition 
were violated for some consumer and some producer, it would be possible to 
increase the consumer's utility by an exchange between the consumer and 
producer. 

Finally, solving (11-7) for 8/ox, 


& Uday xt) L o a Uaa x8)... Elax _ ., . EMO 

% aU laqgk |... PU nl OG OF 0a OF yl Que 
j=l,...,n ti 
Ku. nid 


Conditions (11-10) state that the consumers’ RCSs between factors and 
commodities must equal the corresponding producers’ rates of transforming 
factors into commodities, i.e., their MPs.' If (11-10) were violated for some 
consumer and producer, the consumer's utility could be increased by sur- 
rendering some of the factor for more of the commodity, or some of the 
commodity for more of the factor. "m 

A Pareto-optimal state is described by the marginal conditions (11-8), 
(11-9), and (11-10) plus the additional condition that it is not possible to 
increase the utility of one or more consumers without diminishing the utility 
of others by discontinuing the production of one or more goods. It is assumed 
here that the latter condition is always fulfilled. Pareto optimality is defined in 
terms of physical rates of substitution between factors and commodities 
Without reference to market prices. The Lagrange multipliers & (j = 1, ..., n) 
and o, (k —1,...,s) are efficiency prices; Pareto optimality would be 
achieved if all consumers and producers adjusted their rates of substitution to 
efficiency price ratios. Any set of market prices for factors and commodities 
such that r; = ad; (j = 1,...,n) and py = eai (k-1,..., 8) where a 7 0, will 
Serve as efficiency prices and lead to a Pareto-optimal state. It is of interest 
for welfare economics to ask whether particular market prices are efficiency 
Prices, or equivalently, to ask whether particular forms of market organiza- 
tion will lead to Pareto optimality. 


| The reader unfamiliar with the MP definition used in (11-10) should consult Sec. 4-6. 
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11-2 THE EFFICIENCY OF PERFECT COMPETITION 


Consumers buy commodities and sell primary factors. Firms sell commodities 
and buy primary factors. In perfect competition all consumers and firms face 
the same set of prices for commodities and factors, and no consumer or firm 
has an effect on these through its actions. If consumers are utility maximizers, 
each will equate her RCS for any pair of goods to the corresponding price 
ratio: 

RCS, = 2 (11-11) 

Pk 


where j and k can each refer to either commodities or primary factors. If 
firms are profit maximizers, they will equate their RPTs, RTSs, and MPs to 
the corresponding price ratios: 
RPT, = 2 i 
“ee (11-12) 
if j and k both refer to commodities, 


RTS, = 2 (11-13) 
Pk 
if j and k both refer to factors, and 
zi E 
MP, p: (11-14) 


if j refers to a commodity and k to a factor. Comparison of (11-11) through 
(11-14) with (11-8), (11-9), and (11-10) shows that the conditions for Pareto 
optimality are fulfilled in perfect competition. 

The foregoing argument establishes that perfect competition is sufficient 
for Pareto optimality. The following indicates that it is normally necessary as 
well. Assume conditions (11-8) through (11-10) hold. Equations (11-11), (11-12) 
and (11-14) can be written combined as 


_ marginal cost of Q; in terms of X; _ p/ MP; - 
RPTy marginal cost of Q, in terms of X; p/MP, - i T RCS 


(11-15) 
where j and k refer to commodities and i to a factor. If prices were not equal 
to marginal costs, (11-15) could hold only if prices were proportional to 
marginal costs, i.e., if 

p-8uP- p = 9 PE (11-16) 
But rearranging (11-16), 


Pi- MP; Pi- MPa (1-1) 
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‘The left-hand sides of (11-17) equal the consumers’ rate of substitution 
between Q; (or Q,) and X;; the right-hand side is 1/@ times the producers’ rate 
of transformation between Q; (or Q,) and X;. Conditions (11-10) are violated; 
the consumers' and producers' corresponding rates of substitution and trans- 
formation are not equal. Consumers do not provide the optimal amount of X; 
(labor), and allocation cannot be Pareto-optimal. 

Perfect competition represents a welfare optimum in the sense of 
fulfilling the requirements of Pareto optimality unless one or more of the 
assumptions mentioned earlier in this section are violated. Second-order 
conditions must be fulfilled for all consumers and producers. If they were 
violated for one or more producers or consumers, the equality of the relevant 
‘tates of substitution or transformation would not ensure optimality. In fact, 
‘the point at which the rates of substitution and transformation are equal may 
be a “pessimum” rather than an optimum. The optimum is then represented 
by a corner solution (see Fig. 2-4a). Pareto optimality may not be achieved 
under perfect competition if one or more consumers are satiated. The mar- 
‘ginal utility increments of a satiated consumer equal zero for each good, and 
her rates of substitution are not defined. Goods may be diverted from her to 
Other consumers with no reduction of her utility and increases of theirs. 
Illustrations of Pareto nonoptimality under perfect competition if external 
‘effects exist for consumption or production are given in Sec. 11-4. 

There are cases in which perfect competition is Pareto-optimal, but some 
of the marginal equalities are not satisfied. Corner solutions may result even if 
all utility and production functions are of appropriate shape, provided that the 
Consumers’ RCSs are always greater (or smaller) than the corresponding 
‘producers’ RPTs. One of the goods will not be produced, and Pareto opti- 
mality for the goods in question must be described in terms of marginal 

ities, 


^ i 
* 


11-3 THE EFFICIENCY OF IMPERFECT COMPETITION 


With few exceptions monopoly, oligopoly, monopsony, and other forms of 
competition will lead to. Pareto-nonoptimal resource allocations. 
The marginal conditions realized under imperfect competition will normally 
Violate the Pareto-optimal conditions given by (11-8), (11-9), and (11-10). 
___ A partial-equilibrium approach is used here to judge the efficiency of 
Particular sectors of an economy. It is assumed that conditions (11-11) 
‘through (11-14) are satisfied by all sectors other than the one under con- 
sideration, Consequently, that sector is judged by whether or not it satisfies 
conditions. In the multimarket approach used in Sec. 11-1 conditions for 
, Optimality are derived without reference to market prices. Here, 
„External prices are assumed to allocate efficiently. Situations for which this 
assumption is violated are considered in Sec. 11-7 below. 
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Imperfect Competition in Consumption 


Imperfect competition will exist if one or more consumers are unable to buy 
as much of a commodity or sell as much of a factor as they desire without 
noticeably affecting its price. For illustration assume that there are two 
consumers, one factor, and two commodities. The utility functions are 


U= Ullqu an xix) | Ui- Uan, d, X1 — x2) 


where x? is the factor endowment of the ith consumer, x; is the quantity of 
factor that she supplies, and qa is her consumption of Q,. Let the supply price 
of Q, depend upon the aggregate amount demanded: p; = g(q;) where q, = 
Qu + qx and g'(q)) ^ 0. The budget constraints of the consumers are 


rxi—g(q)4qu — p:q1; = 0 
TX» — 8(4:)4n - P2gn = 0 


Each maximizes her utility index subject to her budget constraint. Form the 
functions 


Ly = Ulan di x? — xi) + Ai[rxi — g(a — Poul 
L; — Ua. aa, X? — X2) + Arx; — gladan — Pran] 


and set the appropriate partial derivatives equal to zero: 


au; 
2— — Alpi +qig'(q)) =0 


Ogi 
A au; 
—-—Ap,=0 - = i= - 
TAP 308-3) M 0 i=1,2 (11-18) 
rx; — g(q)4n — p;q5 =0 
" 
8U/àqu _ Pit qng'(q)) 8UJóqu .Pvtqag(q) —.. 

ay 3Ujàqi p: Ua (x? — xi) r i*12 
The consumers behave as duopsonists (see Sec. 8-3). Their equilibrium RCSs 
given by (11-18) reflect the marginal costs of acquiring additional quantities of 
Q; rather than p;.t 

If qi ~ qn, the marginal costs of Q; differ for the consumers, their RCSs 
differ, and the allocation of Qı, Q, and X between them is Pareto-nonop- 
timal. If qi; = qn, their RCSs are equal, but differ from the RPTs and MPs of 
producers which are equated to price ratios. 


Imperfect Competition in Commodity Markets 


For convenience limit attention to a single commodity, Q, with price p, and a 
single factor, X, with price r. Conditions (11-10) for Pareto optimality will be 
satisfied if producers equate their MPs and cohsumers equate their RCSs to 


+ Again it is assumed that the second-order conditions are fulfilled. 
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the factor-commodity price ratio: 
=1=RCS (11-19) 
P 


"If it is assumed that consumers always satisfy (11-19), Pareto optimality will 
be achieved if producers equate price and MC (marginal cost): 


r 
p MP^ MC (11-20) 
If one or more producers fail to satisfy (11-20) the resultant allocation will be 
Pareto-nonoptimal. The equality of price and MC is a normal result under 
perfect competition, but it is an unusual result under imperfect competition. 
The simple monopolist (see Sec. 7-1) equates MR (marginal revenue), 
Which is less than price, to MC and thereby creates a Pareto-nonoptimal 
allocation. The perfectly discriminating monopolist (see Sec. 7-2) is an excep- 
tion to the rule that imperfect competition is Pareto-nonoptimal. She equates 
marginal price to MC. Conditions (11-19) and (11-20) are satisfied if p is 
appropriately interpreted as marginal price for both consumers and producer. 
In perfect competition both buyer and seller gain from trade; in perfectly 
discriminating monopoly all gains are absorbed by the seller. The income 
distributions which result from these two forms of market organization are 
quite different, but both are Pareto-optimal. y 
__ The revenue-maximizing monopolist (see Sec. 7-3) maximizes her sales 
Tevenue subject to the condition that her profit equal or exceed a minimum 
acceptable level. Her minimum acceptable profit is generally less than her 
Maximum monopoly profit, and her output level is generally higher than the 
level that would be achieved under simple monopoly. The revenue-maximiz- 
Ing monopolist would satisfy condition (11-20) if (1) her minimum acceptable 
Profit equaled the profit that is earned at an output for which price equals MC 
nd MC is increasing, and (2) her MR were nonnegative at this point. Since 
She has no particular motive to select such a point, the occurence of both (1) 
and (2) would be a remarkable coincidence. In general, one cannot expect the 
Tévenue-maximizing monopolist to satisfy the conditions necessary for Pareto 
Optimality. 
- —.. Duopoly and oligopoly also will normally result in Pareto-nonoptimal 
allocations. Condition (11-20) is violated in all the cases considered in Sec, 
1. In each case one or more of the market participants equate some form of 
MR to MC. The same comment applies for the analysis of monopolistic 
tition presented in Sec. 7-5. 


t 
- Imperfect Competition in Factor Markets 


‘Consider a factor market in which the sellers behave as perfect competitors. 
‘Conditions (11-10) for Pareto optimality will be fulfilled if each buyer of the 
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input equates the value of her MP to the factor price: 
pMP=r (11-21) 


If one or more buyers fail to satisfy (11-21), the resultant allocation \ ill be 
Pareto-nonoptimal. Condition (11-21) is normally satisfied under perfect 
competition, and normally violated under imperfect competition among 
buyers. 

The monopsonist (see Sec. 7-4) equates the value of her MP to her 
marginal cost for the factor, which is greater than its price, and thereby 
creates a Pareto-nonoptimal allocation. It is left as an exercise for the reader 
to formulate an analysis for a perfectly discriminating monopsonist parallel to 
the analysis for a perfectly discriminating monopolist, and to demonstrate that 
the resultant allocation is Pareto-optimal. Nearly all theories of duopsony and 
oligopsony involve equating the value of MP to some form of marginal input 
cost, and thereby violate (11-21). 


The Efficiency of Bilateral Monopoly 


The markets thus far considered have imperfect competition on the seller’s 
side and perfect competition on the buyers’, or perfect competition on the 
sellers’ side and imperfect competition on the buyers’. The term bilateral 
monopoly in its broadest sense covers markets in which there is imperfect 
competition on the part of both buyers and sellers. 

The case of a monopsonistic buyer and a monopolistic seller is covered in 
Sec. 8-5. The specific outcome for such markets depends upon the relative 
bargaining strength of the participants. In Sec. 8-5 it was shown that input and 
output levels will be identical with those that would be achieved by perfect 
competition if the monopsonist and monopolist maximize their joint profit. 
The resultant allocation is Pareto-optimal. The distribution of their joint profit 
is immaterial from the viewpoint of Pareto optimality, although it may be 
rather important to them. This result is easily generalized to cover markets in 
which the aggregate number of buyers and sellers is greater than two, 
provided that they maximize their joint profit. 


11-4 EXTERNAL EFFECTS IN CONSUMPTION AND PRODUCTION 


The conclusion that perfect competition leads to Pareto-optimal allocations is 
contingent upon the assumption that there are no external effects in con- 
sumption and production, i.e., that the utility level of a consumer does not 
depend upon the consumption levels of others and that the total cost of an 
entrepreneur does not depend upon the output levels of others. Pareto 
optimality may not be realized under conditions of perfect competition if 
there are external effects in consumption and production. 
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erdependent Utility Functions 


"Assume that the utility level of one consumer depends upon the consumption 
Of another. Extreme altruism may increase the satisfaction of the ith con- 
‘Sumer if the consumption level of the jth consumer is raised. The desire to 
_ Keep up with the Joneses” may have the opposite effect. 

_ Assume that there are two consumers with the utility functions 


U; = Ui(du, d, d, In) 
U; = Uan, dis Gas 42) 


here qi + qz = q3, qr q — q}. In order to maximize the utility of I sub- 
“Het to the constraint that the utility of II is at the predetermined level 
—U$ - constant, form the function 


Ut = Ulan, an, 40 ai, a8- an) + AL[Ux (qi, an, d1 — Qui, 92 — G2) — UY] 
and set the partial derivatives equal to zero: 


3Uf aU, 20, , [Uy 20) 

óqu — óqn qn E aa] x 

Ut 20, as, [205 20]. 

9912 qn 4n qn ðq - 

Nu. Uu. 412, 41 — 41, 42- Qn) - US - 0 
8Uy6qi — 9UJóq; _ aU. u— ôU 1 : (11-22) 
ôUilðgn— 8U,/dqn a T ; 


ation (11-22) is a condition for Pareto optimality. It generally differs 
fom (11-8) which states that I's RCS must equal II's. Perfect competition 
ts in the attainment of (11-8), but not of (11-22). Since the partial 
derivatives of the utility functions are functions of all variables, the optimum 
Position of each consumer depends upon the consumption level of the other. 
TOr example, assume that the only external effect present in the two- 
sumer system is àU;/àq;; <0. Equation (11-22) becomes 


2Uyàqu _ QU aqu — 2Uyéqu 
aUidàqu —ôU ðqn 


i ensure Pareto optimality in the presence of external effects. Figure 
12a and 11-25 give the indifference maps of consumers I and II respec- 
ively. Assume that in the initial situation I consumes the commodity batch 
sented by A and II consumes the batch represented by F. These 
at which their RCSs are equal—are reached by individual utility 
ization with no regard for possible external effects. Assume that I is 


298 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


9 


(a) 


Figure 11-2 


not affected by II's consumption, and II's utility level is reduced by I's 
consumption of Q, (but not of Qj. Ils indifference map (solid curves) is 
drawn on the assumption that I's consumption is given by A. In their 
individual equilibrium situations I's utility index is 100, and IT's, 80. Let the 
distribution of commodities be altered such that the aggregate quantities 
consumed remain unchanged and I moves to C and Il to D. The utility level 
of consumer I has not been changed by this reallocation. However, the 
diminution of her consumption of Q, changes II's utility level for every 
commodity combination consumed by the latter: II’s relevant indifference 
curves after the change in I's consumption are given by the dotted curves in 
Fig. 11-2b. Consumer II's utility level is increased to 90 since her new position 
is at D. One can conclude that II's utility level can be increased without 
diminishing I's utility level; hence the equality of the RCSs does not ensure 
Pareto optimality. ] 5 


Public Goods 


A different type of externality in consumption occurs when goods are con- 
sumed collectively. Each member of society gains satisfaction from the total 
output of a public good. No one's satisfaction is diminished by the satis- 
faction gained by others, and it is not possible for anyone to appropriate a 
public good for her own personal use, as is the case with ordinary goods. 
The conditions for Pareto optimality given by (11-8) and (11-10) are not 
valid for public goods. New conditions must be formulated. No essentials are 
lost by the simplifying assumptions that there are two consumers, one 
producer, one ordinary good, one public good, and one primary factor. The 
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rs’ utility functions are 
= Ui, az, x} Ls xj) i- L 2 


here qj, is the consumption of the ordinary good Q, by the ith consumer, q, 

total output of the public good Q», x? is the ith consumer’s endowment 
f the primary factor X, and x, is the amount that she supplies for production. 
implicit production function is aT 


F(a, qz x) = 0 
vhere q, = qı, + qo is the output of Q; and x = x; + x; is the amount of X used 
n production. 
f- Conditions for Pareto optimality are obtained by maximizing I’s utility 
assuming that II's utility is at a predetermined level and that the production 
unction is satisfied. Form the Lagrange function 

Z = Un, q5, x - xi) + ALUX qn G2, x$ — 15) — U3) 

+ OF (qi, q2, X) + 6(xi + X2 = X) + o(qi— qui — Gas) 

A, 6, 5, and o are undetermined multipliers. Setting the partial deriva- 
ves of Z equal to zero, 


OZ _ ôU = au; +§= 0 
óqu Aqui vse on aa- : 


oe LAU E TEE xU 48-20 
dqa 7 Ah anh OX, ^ 36 =X) 

aZ _ ah, Ur, g 2E 

L m +9—=0 

9d; ôq aa: ðq 


(11-23) 


OZ _, OF êZ ig SF 5.9 
dm Wut ax d $ 


It is assumed that the partial derivatives with respect ip the Lagrange 
ultipliers are also set equal 

"or ordinary goods (11-8) states that the RCS for every OMM must 
the corresponding RPT for every producer. Equations (11-23) imply 


EC * SUL. = a m 


è sum of the RCSs T Q, for o for the consumers must equal the RPT 
| Qi for Q, in production. The RCSs of the individual consumers need not be 


wal. Imagine that I and II have respective RCSs of 3 and 2 units of Q, per 
it of Q, but that the producer's RPT is 4 units of Q per unit of Qz. 


bstiti te A = of (QUJ Aq) and 0 = -eK(3FIaq.) in the equation for 2Z/aq, divide through by 
Ji/àq,,, and rearrange terms. 
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Condition (11-24) is violated and the allocation of Q, and Q, is Pareto- 
nonoptimal. If I and II surrendered 3 and 2 units of Q, respectively, the 
producer could increase the output of Q, by more than 1 unit and thereby 
increase the utility levels of both consumers. 

Equations (11-23) also imply that 


3Uy3q; aU, sa ..9Flàq; : 
aU, a(x1 =x) * 3UJaG1 - xj ds OF) ax (1123) 


The sum of the RCSs of X for Q, must equal the reciprocal of the MP of X in 
the production of Q,. Finally, solving (11-23) for d/o, 


5 _ aU /a(x} =X) _ 8Uda(xi-x) _ _ 8Flóx k 

o — àUj3q, EAT «.. 8F/àq, Eis 
The RCS of X for Q, for each consumer should equal the MP of X in the 
production of Q,. Condition (11-26) is the same as (11-10). 

The analysis of public goods is easily generalized. If there is more than 
one primary factor, (11-9) is in force: the RCSs of all consumers and the RTSs 
of all producers must be equal for every pair of primary factors. If there is 
more than one ordinary good, (11-8) is in force: the RCSs of the consumers 
must equal the RPTs of the producers, If there are two public goods, their 
aggregate RCS, which may be expressed as the ratio of their aggregate RCSs 


for an arbitrarily selected ordinary good, must equal their RPT (see Exercise 
11-4). 


Lindahl Equilibrium 


Public goods cannot be purchased and sold in the market in the same way as 
ordinary goods. No consumer can acquire a quantity of a public good that is 
exclusively hers. However, it is Possible to design a scheme that results in 
equilibrium in a “pseudo market” for a public good. 

Consider an economy with two Consumers, one producer, one ordinary 
good, one public good, and a primary factor which is available in a fixed 
amount and yields no utility to the consumers. The utility functions are 


U= Ulanga)  U- Uan, q) (11-27) 

where Q, is the ordinary and Q, the public good. The production function is 
Flan 4) -x* - 0 (11-28) 
with 47 Qu * q5 (11-29) 


the amounts held by the two consumers, Let pı be the market price for Qi, 
and p; the price received by the producer Per unit of the public good. Assume 
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The consumers maximize their utility functions (11-27) subject to the 
budget constraints 


Piqu tapı =x) Piqu (1— @&)prqg2 = x$ (11-30) 
They equate their perceived price ratios to their RCSs 
, 


ap; .. aU aq; (1—a)p; _ 3Ujlàq; (11-31) 
pi GUV qu pi aUi óqn 


Adding Eqs. (11-31), 


pı_ JUVàq; , 9Udàq; : 
pi" BUi/aqu* Udag (11-32) 


The producer maximizes profit (with x^ considered fixed) subject to the 
Constraint given by (11-28). She thus equates the price ratio and her RPT: 


: v orate (11-33) 


It follows from (11-32) and (11-33) that (11-8) is satisfied and a Pareto-optimal 
allocation is achieved. The system formed by (11-28) through (11-33) has 
Seven independent equations in seven variables: qi, d» 4n» 421» Pi, P2, and a.t 
The solution values represent Lindahl equilibrium. i 
An alternative way of visualizing the process is as follows. Utility 
maximization is used to derive demand functions for goods fu(pi ap), 
fupi, ap), falpi, (1 —a)p3l, falpu (1— a)p: where fy is the ith consumer's 
demand for the jth good. The producer's supply functions are derived from 
Profit maximization and are g\(P1, pz), (P1, P). Equilibrium in the market for 
_ the ordinary good requires 


fupi apd) falpi (1 — @)pal = 81(P P) (11-34) 
Equilibrium in the pseudo market for the public good requires 
. fps ap) = falpi (1 e)p] = BAP. Pd (11-35) 


where the first equality expresses the requirement that each consumer con- 
Sume the same amount of the public good, and the second that the amount 
demanded equal the amount supplied. The three equations in (11-34) and 
(11-35) determine p,, p», and a; the quantities are then determined from the fy. 
_ For illustration assume that the utility and production functions are 


U,-4iiq  U:-4hq agitqi-x°=0 


— f Equation (11-32), which is the sum of two of the other equations, is not independent. 
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and assume that x°= 1600 with x}=128 and x2— 1472. The independent 
equations of (11-28) through (11-33) are 


gi+q3=1600  qi-qu-*qa 


P-Q aP: 24u — (l—a)pi. qu 
Pi q P dq pi 2q 


Piqu tapı =128 piqa +(l-a)pıq: = 1472 
The reader may verify that this system has the following solution: 


4732 4u-l qn =308 
Q=24 p,-32 p-24 a=$ 


External Economies and Diseconomies 


It was shown that the p = MC criterion is necessary for Pareto optimality in 
the producing sector. The equality of price and marginal cost for all com- 
modities and firms implies that the corresponding RPTs of different firms are 
the same. The RPT (the slope of the transformation curve) measures the 
Opportunity cost or the real sacrifice, in terms of opportunities foregone, of 
producing an additional unit of a commodity. Until now this opportunity cost 
has been considered internal to the firm: in order to produce an additional unit 
of Q; it has to sacrifice the production of a certain number of units of Q,. The 
relevant measure of the sacrifice from society's point of view is the number of 
units of Q, that society has to give up in order to produce an additional unit of 
Q. The opportunity cost is the same from the private and social points of 
view in the absence of external economies and diseconomies. If such external 
effects are present in the productive sphere, one must take into account the 
interdependence between the costs of the ith firm and the output of the Ath 
(see Sec. 6-3). 


Assume for simplicity's sake that there are only two firms with the cost 
functions 


Ci-C(q.4) Cr = CXqu, gy) (11-36) 


where q, and q, are the output levels. The cost functions (11-36) express the 
existence of external effects. If each firm maximizes its profit individually, 
price will equal MC or 


x a ID 
"i ag P ie 
The profit of each firm depends upon the output level of the other, but neither 
can affect the output of the other, and thus each firm maximizes its profit with 
respect to the variable under its control. 

The welfare associated with production can be measured by the 
difference between the social benefit created and the social cost incurred. The 
social benefit derived from q, + q; units of the commodity can be measured by 


n——————— G8 


ind dé us Dn 
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the total revenue p(q; + q), i.e., by the amount that consumers are willing to 
pay for the output. The social costs are measured by the sum of the costs 
incurred by both entrepreneurs producing the commodity, C,(q1, 42) + 
CAq:, q). In order to attain Pareto optimality, one must maximize the 
entrepreneurs' joint profits on the assumption that neither can influence price: 


m = m +m = (ait 4) — Cía, q) - CXay Q) 
Setting the partial derivatives equal to zero, 


9T sp—————5m) 

di Pq, 94 (11-3) 
an 901. 96.9 

ôq 4q2 942 


The second-order conditions require that the principal minors of the relevant 
Hessian 


ig i padi 2 #C, C, 
qi qi àqióq; ôq 942 
esc 20, 8€, 8C 


~ 9q ðq ðq: ðA ag od 
alternate in sign. These conditions imply that 


PC, PCr HC, , 2C 
>0 ^ai + ^? 20 

The partial derivatives àCi/àq; and àC;/àq; are the private marginal costs 
because they measure the rate of increase of an individual entrepreneur's 
total cost as her output level rises. Individual maximization requires that price 
equal private marginal cost and that private marginal cost be increasing. The 
sums 3C,/3q-- Cyaq, and aC\/dq2+ @C2/dq2 are social marginal costs 
because they measure the rate of increase of the industry's costs as the output 
level of a particular firm increases. Pareto optimality requires that price equal 
the social marginal cost of each entrepreneur and that social marginal cost be 


consumers’ RCS will equal not the individual firms’ RPTs but society's RPT, 
since the ratio of the social marginal costs measures, from society's point of 
view, the alternatives foregone by producing an additional unit of a com- 
modity. 

Assume that firm I experiences external economies and firm II 


means that the firm which is the cause of external diseconomies should 
Produce a lower level of output for welfare maximization than in the case of 
individual maximization. By analogous reasoning the firm which is the cause 
of external economies should increase its output. These output changes can 


304 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


generally be accomplished by appropriate taxation and subsidization of the 
output levels of the firms concerned. 
Assume that the cost functions of the two firms are 


C,=0.1g}+5q,—0.193  C,=0.2q3+7q; + 0.025q? 


Firm I experiences external economies and is the cause of external dis- 
economies; the converse holds for firm II. Assuming that the price is 15 
dollars and setting it equal to MC for both firms, 


15-02q5 qi=50 7-290 
15 = 0.4q.+7 92. = 20 m= 17.5 
For Pareto optimality form the joint profit function 
7 = 15(q + q) — 0.1259} — 5q, — 0.192 — 7q; 
and set the partial derivatives equal to zero: 


on 
oa 15—0.25q,-5=0 
on 
aho 15—0.20q.-7 =0 


Here q, =40, q; — 40, and 7 = 360. The reader may verify that the second- 
order conditions are satisfied. Total profits are greater in this case than under 
individual maximization 

290 + 17.5 = 307.5 < 360 
Individual maximization does not ensure Pareto optimality. Pareto optimality 
requires that the RCS equal the rate at Which society can transform one 
commodity into another. In the absence of external effects, the private and 


aggregate profits have to be redistributed among the individual firms. Without 
such redistribution, some firms would experience a diminution in their 
profits, and the resulting position could not be said to be socially preferable. 
In the present example, 400 dollars accrue to firm I and —40 dollars to firm II 
as a result of joint maximization. A redistribution of any amount greater than 
57.5, but less than 110, dollars from firm I to firm II will leave each better off 
than under individual maximization, 


11-5 TAXES AND SUBSIDIES 
Sections (11-3) and (11-4) contain many examples in which market economies 


deviate from the marginal conditions necessary for Pareto optimality. Such 
economies usually can be led to Pareto optimality through the imposition of 
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appropriate taxes and subsidies. Per unit taxes (subsidies) will decrease 
(increase) the levels of consumption and production activities by increasing 
(decreasing) their marginal costs if marginal costs are increasing. Accom- 
panying lump-sum taxes and subsidies, which do not affect activity levels, 
may be used to distribute the gains from a movement to a Pareto-optimal 
allocation. 

The achievement of Pareto optimality through taxation is illustrated for 
two specific cases: external effects in production, and monopoly. Unit taxes 
and subsidies are designed to lead market participants to observe the desired 
marginal conditions, and lump-sum taxes and subsidies are designed to leave 
consumers and producers at initial utility and profit levels. It is then demon- 
strated that positive net tax revenues provide social dividends that can be 
used to increase the utility of one or more members of society. 


External Effects in Production 


If external effects are present, Pareto optimality normally can be achieved by 
imposing unit subsidies to increase the outputs of firms that generate external 


external diseconomies. Return to the two-firm example presented in Sec. 11-4. 
A Pareto-optimal allocation is determined by equating the social MC of each 
firm to the competitive price: 
0.25q#+5=15 qt =40 at =400 
0.204} +7=15  qf-40 at = -40 

Let a tax of t dollars per unit be imposed on the output of firm I, and a 
subsidy of s dollars per unit be imposed on the output of firm II. Assume that 
each firm continues to equate its private MC to the competitive price: 

O2q+5tt=15  04q,+7-s=15 (11-38) 
The tax and subsidy are designed to achieve the Pareto-optimal outputs. 
Substituting q, = 40 and q; = 40 in (11-38), the appropriate values for the tax 
and subsidy are £ —2 and s =8. Lump-sum taxes, Li and Lz, are imposed to 
leave the profits of the firms at their initial levels: 
L,= nt- 7) —tat =30 
L= afa sqt = 262.5 
Since profits remain unchanged, the utility levels of those who receive the 
Profits are unchanged by this move to Pareto optimality. A social dividend, S, 
is defined as the net tax proceeds: 
S=tqt-sqtt Lit L5 7 25 

The social dividend may be used to increase the utility levels of one or more 
members of society. 
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Monopoly , 


Consider an economy in which a monopolist producing good Q is the only 
cause for deviation from Pareto optimality. The monopolist's demand and 
cost functions are p = f(q) and C = C(q). Her profit-maximizing output and 
price, q^ and p^, are determined by equating MR and MC: 


p° q*f'(q*) = C'(q*) (11-39) 
Her equilibrium is pictured as point E in Fig. 11-3. The monopolist's price is 


too high and her quantity too low for Pareto optimality. Pareto-optimal 
quantity and price, q* and p*, are determined by equating price and MC: 
p* = C'(q*) (11-40) 
which occurs at point A in Fig. 11-3. 
A unit subsidy will increase the monopolist’s MR and may be used to 


induce her to expand her output to the Pareto-optimal level. The relevant 
equilibrium condition is 


D* * q*f'(q*) * s = C'(q*) (11-41) 
Solve (11-41) for s utilizing (11-40) and the definition of MR: 
= —-q*f'(q*) = p* - MR* 
The desired unit subsidy equals the difference between price and MR at the 
Pareto-optimal output, the distance CA in Fig. 11-3. The monopolist's 
effective MR curve is shifted upward until it intersects the original demand 
curve at A. 
The total subsidy is given by the area of the rectangle FCAp* in Fig. 11-3. 
The monopolist's cost increment for the move from q" to q* is given by the 


area lying under her MC curve between these outputs, and her revenue 
increment from sales is given by the corresponding area lying under her MR 


o , ere q Figure 11-3 
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curve. Her profit reduction is the area CAB which lies between her MC and 
MR curves. In general, 


ant - [^ ataf- C) dq 


It is obvious from Fig. 11-3 that the subsidy exceeds the profit reduction. The 
imposition of a lump-sum tax equal to the area FCBAp* will leave the 
monopolist's profit at its initial level. In general, the lump-sum tax, Ly, is 


Ly = m* — ^4 sq* 


The net cost of the movement to the Pareto-optimal output equals the 
monopolist's profit differential. A social dividend will remain if consumers 
may be taxed by a larger amount without utility reductions. 

Assume that the income elasticity of demand for the commodity under 
consideration is zero for every consumer. In this case, the ordinary demand 
curve coincides with the compensated demand curve that passes through the 
monopoly equilibrium point (see Sec. 2-3). The area under the demand curve 
from q? to q* gives the amount that consumers can pay while retaining the 
utility levels that they achieved under monopoly (see Sec. 3-7). The cor- 
responding area under the MR curve gives the amount that they actually pay 
for a move from q’ to q*. The area that lies between the demand and MR 
Curves is the total of lump-sum taxes, Lc, that can be collected from 
consumers leaving them at their initial utility levels: 


» 
1 =f; [-af'(q)] da 


and the corresponding social dividend is the net tax collected from consumers 
and the producer: 


S- Lc Ly -sq* 


Figure 11-3 shows that the social dividend is always positive under monopoly. 
The lump-sum taxes for consumers are given by the area BCAE, the net 
Payment to the monopolist by the area BCA, and the social dividend by the 
area BAE which is sometimes called the dead-weight loss due to monopoly. 

The assumption of zero income elasticities is not necessary to secure a 
Positive social dividend. Assume that each consumer has a positive income 
elasticity. The price reduction for Q will have positive income effects, 
Consumers can pay the lump-sum taxes given by the area BCAE, the social 
dividend BAE can be achieved, and in addition each consumer can have a 
Utility higher than her initial level. 

Let the monopolist's demand and cost functions be 


p=240-8q  C-2q 
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Equating MR and MC, 
240—16q°=4q°  q'-12  p?- 144 
MR°=MC°=48  n’= 1440 
The Pareto-optimal quantity and price are obtained by letting price equal MC: 


240 — 8q* = 4q* q*=20 p*=MC=80 
MR*--80  5*-800 


It is of interest to note that MR is negative for the Pareto-optimal solution in 
this case. The optimal unit subsidy and lump-sum tax are 


s=p*-MR*=160  L,-*— a4 sq* = 2560 


Assume that all consumers have zero income elasticities for Q. The con- 
sumers' lump-sum taxes and the social dividend are 


20 
Le= Í , 8a dq = (4)20) - (4X2) = 1024 
S= Lc + Ly — sq* = 384 


11-6 SOCIAL WELFARE FUNCTIONS 


The determination of socially optimal allocations of resources requires expli- 
cit comparisons of the utility levels of the various members of society. It is 
necessary to know whether a change from which some individuals gain and 
some lose is desirable. Pareto optimality is not sufficient for this purpose, but 
such decisions can be made after the explicit introduction of a social welfare 
function. A common procedure is to express social welfare as a function of 
the utility levels of all members. Social welfare might be an ordinal index, but 
individual utilities must be cardinal, at least in the sense that they are unique 
except for origin and units of measure. The form for a social welfare function 
is not unique. It depends upon the value judgments of its formulators. It might 
be derived from a common consensus, or it might be imposed in a dictatorial 
fashion. 

In this section, first, the properties of social Optima are considered on the 
assumption that a social welfare function exists. Second, the determination of 
social welfare functions is discussed in the light of the Arrow impossibility 
theorem. Third, interpersonal utility analysis is illustrated for a particular 
form of social welfare function. 


Determination of a Welfare Optimum 
Assume that there exists a social welfare function of the general form 
W= W(U,, U,...,U,) (11-42) 
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U, is the level of the utility index of the ith individual. Assume that 
consists of two individuals whose utility functions are 


U, = Ulan, qo. x1 — x) Uz = Ukqa, G22 X2 — x:) 


re qy is the amount of the jth commodity consumed by the ith individual 
x, the amount of work performed by the ith individual. Assume that 
iety's production function is 


F(qut Qa, dn + qn, Xi + X) = 0 (11-43) 
ume finally that the social welfare function is 
W = W(Ui, U) (11-44) 


goal of society is to maximize (11-44) subject to the constraint given by 
11-43). Form the function 


= W[U(qu, di x1 — x), UX 421, az» X2 — x2] 
4+ AF(qu + qas 42 + qn Xi + X) 


pi 
and set its partial derivatives equal to zero: 


ELA ELI 
ow" = wa + AF, =0 
I WS + AF =0 (11-45) 
owe Wie AR =0 
Ce Wie yon 
f 9W* — Figu+ am dn qn i29 70 


j i 
It is assumed that the system of seven equations given by (11-45) can be 
Solved for its seven variables. A welfare optimum is completely determined as ` 
à result of the introduction of distributional value judgments in the form of 
the social welfare function! It can easily be verified that the resulting 


diagram discussed in Sec. 9-2, the introduction of the social 
function is equivalent to ranking all points on the contract curve from the point of view 
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allocation is Pareto-optimal. Move the second terms of the first six equations 
in (11-45) to the right and then divide the first equation by the second and the 
third and fourth equations by the fifth and sixth respectively: 


3Uióqu _ Fy _ 3U ðq aU Joan =F _ _ 2U ðq 

aUilðga F, AUYdqn Udai- x) F, UJ a(x3- x) 
The RCSs are the same for both consumers and equal the corresponding RPT. 
The rate at which consumers substitute leisure (the counterpart of work) for 
commodities equals the MP of labor. This proves Pareto optimality if the 
second-order conditions are also satisfied. 


Social Preference and Indifference 


In an effort to create a social analog to individual indifference curves, 
economists have tried to derive contour lines in the commodity space which 
represent alternative combinations of aggregate quantities of commodities 
among which society as a whole is indifferent. Scitovsky contours are derived 
in the following fashion. Assume that all individuals enjoy specified levels of 
utility and that the outputs of all commodities but one are at specified levels. 
Then determine the smallest quantity of the remaining commodity necessary 
to meet the above specifications. The problem is expressed mathematically 
for a two-person, two-commodity economy as follows. Minimize 


qu + d» 
subject to Ui(qu. qi) — U2 =0 
Uxq2, 9n)— UL 20 
qu*4»7 qi 
This problem can be solved by forming the function 
V74ntqutAfUiqu qi) - UN ++ ALUL q2—4,)- U3] — (11-46) 


where A, and A; are Lagrange multipliers, and setting the partial derivatives 
with respect to qi, qi, qa, Ài, and A; equal to zero. The minimum total 
quantity of Q, necessary to satisfy the conditions of the problem is generally 
determinate. For each possible value of q3 a different optimal value of qf 
(74u + q2) can be determined. The locus of all (aĵ, q9) points for given values 
of U, and U; forms a Scitovsky contour.' 
If the individual indifference curves are convex, the Scitovsky contours 
` will be convex. However, these contours are not “social” indifference curves, 
as it might appear from their shapes alone. A completely different Scitovsky 
contour is obtained if the specified values of U, and U; are changed. Take for 
example point A on the Scitovsky contour S, in Fig. 11-4. For any point on Si 


'The reader may verify that points on a Scitovsky contour represent a Pareto-optimal 
distribution of commodities by finding the partial derivatives of (11-46). a 


a E 


w= 


f 
f 
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the total quantities of Q, and Q, must be distributed between the two 
consumers in such a manner that I enjoys the utility level U? and II the level 
U$. But the quantities corresponding to A could also be distributed in a 
different manner, one that results in a utility level U{” for I and U?" for II. By 
carrying out the maximization process as indicated in (11-46) for these new 
values of U, and U, an entirely new set of points is determined, which 
describe a new Scitovsky contour corresponding to the different utility levels 
assigned to individuals. This new contour S, must have a common point with 
S; at A, but there is clearly no reason to expect that the two contours will 
coincide throughout their lengths. S; and S; may therefore either intersect at 
A (as in Fig, 11-4) or be tangent to each other. Neither case is consistent with 
the usual properties of indifference curves. í 

. ntersecting social indifference curves can be eliminated through the 
introduction of optimization. Let the social welfare function be W= 
Wi U,, U;) in a two-person society. Find the Scitovsky contours correspond- 
ing to all distributions of utility (Un U2) for which W(U,, U2) = we. These 
Contours are shown in Fig. 11-5. The least ordinate corresponding to any 
value of q, represents the minimum amount of Q, necessary to ensure society 
the welfare level W°. Therefore the envelope B of the Scitovsky contours in 
Fig. 11-5 is the locus of minimal combinations of Q; and Q, necessary to 
ensure society the welfare level W* and is called a Bergson contour 

. The problem of finding the point of maximum welfare can thus be solved 
In two equivalent ways. 


' See J. de V. Graaff, Theoretical Welfare Economics (London: Cambridge University Press, 
1957), chap. III. The felicitous terms Scitovsky contour and Bergson contour are due to Graaff. 
contours are nonintersecting in the absence of external effects but do not necessarily 


Possess the “right” convexity. 
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1. Each point on the aggregate transformation function defines a com- 
modity combination that can be attained with the available resources. Even if 
only Pareto-optimal distributions of commodities are considered, a contract 
curve and thus an infinite number of ways in which utility can be distributed 
among consumers correspond to each point on the aggregate transformation 
function.' Find all possible ways of distributing utility among consumers 
corresponding to all points satisfying the transformation function. Of all these 
utility distributions choose the one for which W(U;, U2,..., U,) is a maxi- 
mum. The solution is obtained by examining points in the utility space. 

2. Determine all Bergson contours. Each of these contours corresponds 
to a different welfare level. Choose that point on the aggregate transformation 
function which lies on the highest attainable Bergson contour. A solution is 
thus also obtained by examining points in the commodity space. The 
equivalence of the two procedures is obvious from the fact that both are 
equivalent to maximizing W(U;,..., U,) subject to the constraint given by 
the aggregate production function. 


The Arrow Impossibility Theorem 


K. J. Arrow has investigated the formulation of social preferences. He describes 
individual and social preferences in terms of the rankings of alternative states 
formed by the relation “is at least as well liked as” (see Sec. 2-1). Individual 
utility and social welfare functions are special cases of this more general 
relation. 

There are many ways in which social preferences may be formed from 
individual preferences. Social preferences might be determined by a dictator, 
or they might be determined by a majority vote of the individual members of 
society. Social preferences could be determined by vote, with the number of 
votes an individual casts depending upon the letter of the alphabet with which 
her surname begins. For example, people whose names begin with A cast one 
vote, those whose names begin with B cast two votes, and so on. It is obvious 
that not all conceivable ways of translating individual preferences into social 
preferences are equally desirable, acceptable, or sensible. Arrow has stated 
five axioms which he believes that social preference structures must satisfy to 
be minimally acceptable. The axioms are approximately as follows: 


Complete ordering As in the case of the individual, social preferences must be 
completely ordered by the relation “is at least as well liked socially as" and 
therefore must satisfy the conditions of completeness, reflexivity, and tran- 
sitivity (see Sec. 2-1). The Pareto ranking, which states that allocation A is 
socially preferred to allocation B if at least one person's utility is higher in A 


'The geometric representation of the Possible ways of distributing utility among two 


consumers corresponding to a given point on the aggregate transformation curve is called a utility 
possibility curve. 


À 
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i and no one's utility is lower, is not complete and therefore does not satisfy 


Responsiveness to individual preferences Assume that A is socially preferred 
to B for a given set of individual preferences. If individual rankings change so 
that one or more individuals raise A to a higher rank and no one lowers A in 
rank, A must remain socially preferred to B. This axiom would be violated if 
there were some individuals against whom society discriminates in the sense 
that, when their desire for some alternative increases relative to other 
alternatives, the social desirability of that alternative is reduced. 


Nonimposition Social preferences must not be imposed independently of 
individual preferences. If no individual prefers B to A and at least one 

ivi prefers A to B, society must prefer A to B. This axiom ensures that 
Social preferences satisfy the Pareto ranking. Let A be an allocation such that 
no member of society has a lower utility than at B and one or more members 
have higher levels. The nonimposition axiom requires that society prefer A to 


Nondictatorship Social preferences must not totally reflect the preferences of 
any single individual; i.e., it must not be true that society prefers A to B if and 
only if the ith individual prefers A to B. If this axiom were violated, the ith 
individual would be a dictator. 


Independence of irrelevant alternatives The most preferred state in a set of 
alternatives must be independent of the existence of other alternatives. 
Assume that when alternatives A, B, and C are available, society prefers A to 
B to C. If C were no longer available, it must not be true that society then 
Prefers B to A. 


Arrow's axioms reflect value judgments, but they appear reasonable and 
intuitively appealing to most economists. Unfortunately, his impossibility 
states that, in general, it is not possible to construct social pref- 

erences that satisfy all five axioms.’ Some sets of individual preferences will 
d social preferences that satisfy the axioms, but there are sets of well- 
behaved individual preferences that will not. If one of Arrow's axioms other 
than the complete-ordering axiom is discarded, social preferences that satisfy 
the remaining four axioms may be constructed from any well-behaved set of 
individual preferences. If the nonimposition axiom is discarded, social pref- 
frences that always give the same ranking to each alternative may be 
. If the nondictatorship axiom is discarded, social preferences may be 


"The i is based advanced mathematics. An intuitive 
Proof of the ibility theorem is upon 

Proof is given by James Quirk dd Rubin Saposnik, Introduction to General Equilibrium Theory 
4nd Welfare Economics (New York: McGraw-Hill, 1968), pp. 108-116. 


N 
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equated with the preferences of some individual. If the independence-of- 
irrelevant-alternatives axiom is discarded, social preferences may be defined 
as some weighted average of individual preferences. 

Another way around Arrow’s dilemma is to limit individual preferences 
so that social preferences that satisfy all five axioms can always be con- 
structed. One possibility is to assume that all individuals always assign the 
same ranking to each alternative. Other, more complicated, possibilities also 
exist. 


Income Distribution and Equity 


Until recently, most economists have believed that interpersonal utility com- 
parisons were outside the domain of economic analysis. Consequently, they 
had little or nothing to say about income distribution and equity. Attitudes are 
changing, however, and these subjects are being introduced explicitly into 
economic theory. An extreme is provided by Rawls’ principle of social justice 
which states that society is no better off than its worst-off member.’ The 
corresponding social welfare function is 


W = min (Ui, U», ..., Un) (11-47) 


where cardinal utility indices for society's n members are assumed to be 
comparable. This function is highly egalitarian. Maximization of (11-47) 
results in equal utility levels for all members of society in the absence of 
production. Some inequality would exist in a society with production if the 
inequality provided adequate production incentives. 

Consider the class of strongly additive (see Sec. 3-2) social welfare 
functions given by 


w-> Us (11-48) 


where the cardinal utility indices are strictly positive. A few properties may 
be derived from (11-48), but a complete analysis requires specification of the 
individual utility indices. One possibility is to let each individual's utility be a 
linear and homogeneous function of her income: 


U-By .(i-1,...,n) (11-49) 


where f, is the constant positive marginal utility of the ith consumer which 
reflects her capacity to "enjoy" income. Substituting (11-49) into (11-48) 
allows social welfare to be expressed as a function of individual income levels 


W=> ryt (11-50) 


For simplicity, assume that there is an income of given size, y^, to be 


' 5 
J. Rawls, A Theory of Justice (Cambridge, Mass.: Harvard University Press, 1971). 


——— 
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distributed. The introduction of production and production incentives is left 
as an exercise for the reader. 

Let income be distributed to maximize social welfare subject to an 
aggregate budget constraint. Form the Lagrange function 


= . ayay "- 
L 2, Bry? (y 2, x) 
and set its partials equal to zero: 


9L. aptys'—8=0 (i=l... n) 


dy; 
D I WO eor 
35 Žv 0 


The marginal social welfare of income for each individual is equated to ô. 
Evaluating the first principal minor requirement of the second-order con- 
ditions, 1 

2 2 

EW, FW g(a = IBtyr?* BEE ) «0 

yi OY3 
which is only satisfied for 0<a <1. Thus, the second-order conditions 
require that (11-50) be a strictly concave function of positive income levels. 

Though values for « outside the open unit interval are possible (see 

Exercise 11-12), attention here is limited to values that lie within this interval. 
If the B values are the same for all consumers, income equality is achieved for 
any æ value within the interval. If the 8 values differ, the degree of income 
equality is inversely related to a, Solve the appropriate first-order conditions 


for win: al\-a) 
Yin (8) $ 
yo MB 
As a >0, (y/ yj) > 1, the case of complete income equality; as a > 1, (y/y) 20 
or œ, depending upon whether £; is less than or greater than Bj. 
. Consider a two-person example with U,;=2y, and U2 = yz, A dollar of 
income for I yields twice as much utility as a dollar for II. In this case 
all-a) 
mi. E ie ald 
I receives 89 percent of total income for a = 0.75, 67 percent for a = 0.5, 56 
percent for a = 0.25, and 50.2 percent for a = 0.01. 


0 


11-7 THE THEORY OF SECOND BEST 


A positive social dividend can always be achieved by a move from a Pareto- 
nonoptimal allocation to a Pareto-optimal allocation. Therefore, the satis- 
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faction of the Pareto conditions is often considered the welfare target toward 
which society should move. It may well occur, however, that one or more of 
the Pareto conditions cannot be satisfied because of institutional restrictions, 
A best welfare position is unattainable in this case, and it is relevant to inquire 
whether a second-best position can be attained by satisfying the remaining 


the more complete system presented in Sec. 11-1. The necessary conditions 
for Pareto optimality are obtained by maximizing the consumer's utility 
subject to the production function. Form the Lagrange function 


L= U(ai....q,) - AF(q, «5 Guy x) 
and set its partial derivatives equal to zero: 


aL 
aq 7 -AR =0 i=1,...,n (11-51) 
where U; = aU/aq; and Fi = ôFl ôq: It follows that 
U F, 
[7 bLj-1l,...,n (11-52) 


If (11-51) is satisfied, the RCS for every pair of commodities will equal the 
corresponding RPT. 


where k is a positive constant Which differs from the Optimal iven 
by a solution of (1 1-51) and the production function. mns 

The conditions for a Second-best welfare Optimum are obtained by 
maximizing utility subject to the aggregate production function and (11-53). 
Form the Lagrange function 


L= Ulan ++» YAPAR Serqa 39) — sU, — RF) 


where A and p are both undetermined multipliers, and set its partial deriva- 
tives equal to zero 


L 
AL U-AE-R(U,-kF)-0 i=... n 


aL 
PA "^ F(qs..., 4, x9) =O ar 7 (Ui -kF)) =0 (11-54) 
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A solution for this system cannot have p =0.t Move the last two terms in 
each equation of (11-54) to the right-hand side and divide the ith equation by 
the jth: 
U,_ARit (Uy — kFu 
U, AF;*tu(Uy — kFy) 


In general, nothing is known a priori about the signs of the cross partial 
derivatives Ui, Uy, Fi, and Fy Therefore, in general, one may not expect 
any of the usual Pareto conditions to be required for the attainment of a 
second-best optimum. 

The theory of second best has been used to question the desirability of 
partial-equilibrium policies that might be used to attain the Pareto conditions 
on a piecemeal basis for markets considered in isolation. The counter- 
argument to this is that although piecemeal policy is not valid in general, it is 
valid for many specific cases. For example, assume that the commodities are 
numbered so that Paretian violations in consumption are limited to Q; with 
i<h, and violations in production are limited to Q with i <k. If the utility 
and production functions are both weakly separable (see Sec. 3-2) so that 


U = U[Ui(qs, - - ++ n), UX dios - ++» In) 
FUF Cais- + + Qs FXdkeo + - + + de x] =0 


the Paretian conditions (11-52) hold for all goods with index i > max (h, k), 
and piecemeal analysis is valid for these goods. 

Proponents of piecemeal policy argue that the Pareto conditions provide 
reasonable guidelines for policy for Q, i#1, unless Q; is closely related to a 
good for which the Pareto conditions are violated. Consider the derivative for 
qı in (11-54). The parenthesized term reflects the influence of the violated 
Pareto condition. If this term is small relative to the other terms, it is argued 
that the violated condition may be ignored in the formulation of policy for Q.. 
Chewing gum and railway locomotives, for example, are very distantly related 
in consumption and production. Therefore, policy for the locomotive industry 
should not be influenced by imperfect competition in the chewing-gum in- 


dustry. 


ij=l,...,n (11-55) 


11-8 SUMMARY 


The purpose of welfare economics is to evaluate the social desirability of 
alternative allocations of resources. In the absence of elaborate value judg- 
ments concerning the desirability of alternative income distributions, a simple 
value judgment is to consider a reallocation to represent an improvement in 
Welfare if it makes at least one person better off without making anybody 
Worse off. If it is not possible to reallocate resources without making at least 


tI p =0, the first equation of (11-54) becomes U, - AF, = 0, which contradicts the assump- 
contained in (11-53). 
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one person worse off, the existing allocation is Pareto-optimal. The usual 
first-order conditions for Pareto optimality require that (1) the RCS of each 
consumer and the RPT of each producer be equal for each pair of com- 
modities, (2) the RCS of each consumer and the RTS of each producer be 


conditions are fulfilled; nor does it ensure that the distribution of income (or 
of utility) is optimal in any sense. In addition, the definition of optimum 
minacy in the analysis, since every point on a contract curve is Pareto-optimal 
and one cannot choose between them without additional ethical judgments. 

Imperfect competition among consumers or producers will normally lead 
to violations of the first-order conditions for Pareto optimality, Even if, by 
accident, consumers’ RCSs were equal to producers’ RPTs for all com- 


Systems of taxes and subsidies generally can be designed to lead a market 
economy from a Pareto-nonoptimal allocation to a Pareto-optimal one. Unit 
taxes and subsidies are used to make market Participants observe appropriate 
marginal conditions, and lump-sum taxes and subsidies are used to secure a 
desired income distribution, 


welfare optimum is determined by translating the social welfare function into 
the commodity-space and finding a point on Society's transformation function 


WELFARE ECONOMICS 319 


that lies on the highest Bergson contour. Such welfare optima are always 
Pareto-optimal. The Arrow impossibility theorem states that, in general, it is 
not possible to construct social preferences from individual preferences 
without violating one or more of five axioms that most economists believe 
that social preferences should satisfy. In recent years economists have 
increasingly made interpersonal utility comparisons, and judged particular 
social welfare functions in terms of their effects upon income distribution and 
equity. 

The theory of second best states that if one or more of the first-order 
conditions for Pareto optimality cannot be satisfied because of institutional 
constraints, in general it is neither necessary nor desirable to satisfy the 
remaining Pareto conditions. This theory has been used to question the 
desirability of policies to attain the Pareto conditions on a piecemeal basis. 


EXERCISES 


11-1 Consider a two-person, two-commodity, pure-exchange economy with Ui = qig U- 
ahan, di + qn = q}, and qa * qn 7 q3. Derive the contract curve as an implicit function of qn 
and qu. What condition on the coefficients œ and £ will ensure that the contract curve is a 
straight line? 

11-2 An economy satisfies all the conditions for Pareto optimality except for one producer who is 
a monopolist in the market for her output and a monopsonist in the market for the single input 
that she uses to produce her output. Her production function is q = 0.5x, the demand function for 
her output is p = 100— 4q, and the supply function for her input is r = 2 + 2x. Find the values of q, 
X, p, and r that maximize the producer's profit. Find the values for these variables that would 


11-4 Consider an economy with two consumers, two public goods, one ordinary good, one 


_ implicit production function, and a fixed supply of one primary factor that does not enter the 


consumers’ utility functions. Determine the first-order conditions for a Pareto-optimal allocation. 
In particular, what combination of RCSs must equal the RPT for the two public goods? 


_ 11-5 Construct excess demand functions for the two goods of the Lindahl-equilibrium example 


given by (11-27) through (11-35), and solve these functions to obtain the equilibrium solution. 
11-6 Assume that the cost functions of two firms producing the same commodity are 
€,-2414200,-24 n C= 341 600: 

Determine the output levels of the firms on the assumption that each equates its private MC to a 

fixed market price of 240. Determine their output levels on the assumption that each equates its 

Social MC to the market price. 

11-7 Determine taxes and subsidies that will lead the producer described in Exercise 11-2 to a 

Pi oati allocation and leave her profit b bs ae Esc" os 
8 i i i the firms described in Exercise o their 

Sine A peor Hem aea unchanged. What is the size of the social 

dividend secured by this change in allocation? 
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11-9 Consider an economy with two commodities and fixed factor supplies. Assume that the 
social welfare function defined in commodity space is W = (q, + 2)g; and that society's implicit 
production function is q, + 2q: — 1 =0. Find values for q, and q, that maximize social welfare. 
11-10 Assume that there are two consumers and two commodities. Let the utility functions be 
U, = quqi and U: = guan with qi + qn = q, and qu + Gn = Gz. Show that Scitovsky contours are 
given by qıqı = (VU, + V Uf. 

11-11 Consider a society of n individuals and m alternatives with the following preference 
structure. Each individual ranks the alternatives from 1 through m in decreasing order of 
preference. The ranks are summed over individuals, and the alternative with the smallest sum is 
chosen. Verify that the first four of the Arrow axioms are satisfied by this method of social 
choice, and that the axiom of the independence of irrelevant alternatives is not. 

11-12 Determine the consequences of distributing a given income to maximize the social welfare 
given by (11-50) in each of the following cases: (a) a <0, (b) a — 0, and (c) a = I. 

11-13 Consider a simplified economy with one consumer, one implicit production function, three 
commodities, and a fixed supply of one primary factor where 


U-4qq«4 eq *o4:*mqQ-x*-0 


Find values for qi, qa, and q; that maximize utility subject to the production function. Assume 
that institutional constraints result in a violation of one of the Pareto conditions so that 


UI aq) _ | a. 
3Ulàqs a 


where k# 1. Find second-best values for qı, q:, and q; as functions of k. 
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CHAPTER 


TWELVE 
OPTIMIZATION OVER TIME 


The theories of consumption and production as presented in earlier chapters 
cover optimization for a single time period. In a short-run analysis entre- 
preneurs are assumed to possess plants of fixed size, but beyond this, the 
decisions of optimizing units for successive time periods are assumed to be 
independent. The consumer spends his entire income during the current 
period and maximizes the level of a utility index defined only for goods 
consumed during the current period. Similarly, the entrepreneur's production 
function relates inputs and outputs during the current period, and he maxi- 


each period. During the remaining days of each period the consumers supply 
the factors they have sold and consume the commodities they have pur- 
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The bond market and the concepts of compounding and discounting are 
described in Sec. 12-1. Section 12-2 contains an extension of the theory of the 
consumer to the multiperiod case with a consideration of time preference and 
the effects of interest rates upon consumption expenditures over time. Section 
12-3 contains a discussion of how production theory can be extended to the 
multiperiod case. Bond-market equilibrium and interest-rate determination are 
covered in Sec. 12-4. Continuous discounting is introduced and optimization 
criteria developed in Sec. 12-5. The retirement and replacement of durable 
equipment is the subject of Sec. 12-6, Exhaustible resources are covered 
briefly in Sec. 12-7, and investment in human capital is treated in Sec. 12-8. 


12-1 BASIC CONCEPTS 


Multiperiod analysis requires the introduction of several new concepts to 
describe the methods and costs of borrowing and lending. 


The Bond Market 


Borrowing and lending are introduced with the following simplifying assump- 
tions: (1) consumers and entrepreneurs are free to enter into borrowing and 
lending contracts only on the first day of each period; (2) there is only one 
type of credit instrument: bonds with a one-period duration; (3) the bond 
market is perfectly competitive; (4) borrowers sell bonds to lenders in 
exchange for specified amounts of current purchasing power, expressed in 
terms of money of account; and (5) loans plus borrowing fees are repaid 
without default on the following marketing date. 1 

These assumptions represent a considerable simplification of actual credit 
markets, but they allow the easy derivation of many basic results which can 
be extended to more complicated markets. Each of the above assumptions 
can be modified to broaden the coverage of the analysis. Assumption (1) 
follows from the discrete definition of time utilized in multiperiod analyses. 
This assumption is modified in Sec. 12-5. Assumption (2) could be altered by 
assuming the existence of different types of credit instruments, e.g., prom- 
issory notes and mortgages, with different maturities. Assumption (3) can be 
relaxed by drawing on the analysis of imperfect competition. Assumptions (4) 
and (5) can also be altered in a number of ways. 

Let b, be the bond position of some individual at the end of trading on the 
tth marketing date. The sign of b, signifies whether he is a borrower or lender. 
If b, <0, he is a borrower with bonds outstanding and must repay b, dollars 
Plus the appropriate borrowing fee on the (t+ l)st marketing date. If b, >0, 
he is a lender who holds the bonds of others and will receive b, dollars plus 
the appropriate borrowing fee on the (r + I)st marketing date. 

Since borrowing fees are also expressed in terms of money of account, 
they may be quoted as proportions of the amounts borrowed. On the (t + I)st 
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marketing date a borrower must repay (1+ i,) times the amount borrowed on 
the tth. The proportion i, is the market rate of interest connecting the tth and 
(t + 1)st marketing dates. Interest rates are frequently expressed as percent- 
ages. If the interest rate is ij, the borrowing fee is 100i, percent of the amount 
borrowed. For example, the borrowing fee is 5 percent if i, = 0.05. 


Market Rates of Return 


Individuals desiring to borrow for a duration of more than one period can sell 
new bonds on successive marketing dates to pay off the principal and interest 
on their maturing issues. Similarly, lenders may reinvest their principal and 
interest income. Consider the case of an individual who invests b, dollars on 
the tth marketing date and continues to reinvest both principal and interest 
until the rth marketing date. The value of his investment at the beginning of 
the (t + 1)st marketing -date is b,(1+ i). If he invests the entire amount, the 
value of his investment at the beginning of the (t +2)nd marketing date is 
b(1+i,)(1 + i+). The value of his investment at the beginning of the 7th 
marketing date is 


b i iu): Om ng) 
The total return on this investment is 
J 5 bi iu): 8 )- b 
The average and marginal rates of return (&,) for this investment are equal 
and constant: 
f= = E eH ei): 09-1 (12-14) 
For example, if 7 — t +2, i, = 0.10, and h+ = 0.06, 
£2 = (1.10)(1.06) — 1 = 0.166 


the order of their sequence, affect the market rate of return. The market rate 
of return remains 0.166 for i, = 0.06 and ks = 0.10, 
It is convenient to define 


& =0 (12-15) 


which states that an investor will earn a zero rate of return if he buys and 
sells bonds on the same marketing date, A positive return is earned only if 
bonds are held until a future marketing date. The market rates of return 
defined by (12-1) are applicable for borrowing as well as lending. 

If the investor expects a constant rate of interest, 


LIRE] 
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Equations (12-1a) and (12-1b) become 
& =U +i)" 1-1 


which can be evaluated from a compound-interest table for specific values of 
(T-t) and i. 


Discount Rates and Present Values 


The existence of a bond market implies that a rational individual will not 
consider ! dollar payable on the current (f = 1) marketing date equivalent to 1 
dollar payable on some future marketing date. If he invests 1 dollar in bonds 
on the current marketing date, he will receive (1-- ij) dollars on the second 
marketing date. One dollar payable on the second marketing date is the 
market equivalent of (1-- ij)! — I/(1-- ij) dollars payable on the first. It is 
possible to lend (1--ij)' dollars on the first marketing date and receive 1 
dollar on the second, or borrow (1+ i)" dollars on the first and repay 1 dollar 
on the second. The ratio (14 ij) is the discount rate for amounts payable 
on the second marketing date. The present value, sometimes called the 
discounted value, of y; dollars payable on the second marketing date is 
Y1 + ij)! dollars. 

Discount rates can be defined for amounts payable on any marketing date. 
In general, the discount rate for amounts payable on the tth marketing date is 


WADA +id+ hd’ E r&y" 


It follows from (12-1) that an investment of (1+ £)” dollars on the first 
marketing date will have a value of 1 dollar on the tth. , 

An entire income or outlay stream can be expressed in terms of its 
Present value, a single number. Consider the income stream yi, Yn... Yr 
Where y, is the income payable on the tth marketing date. The present value 
(Y) of this stream is 


y2 META ee 
y"*y»*aig9* "(62 


If all interest rates are positive, (1-- £y) increases and the present value of any 
fixed amount decreases as t increases. If all interest rates are 0.10, the present 
value of a dollar payable on the second marketing date is approximately 0.91 
dollars, a dollar payable on the fifth is approximately 0.68, and a dollar 
Payable on the tenth approximately 0.42. 

The computation of present values allows an economically meaningful 
Comparison of alternative income and outlay streams. Assume that the 
interest rate is 0.10 and consider two alternative two-period income streams: 
Yi = 100, y, 330, and y, = 300, y; — 121. The first income stream contains 9 
dollars more than the second, but the second will be preferred at an interest 
rate of 0.10, since its present value (410 dollars) exceeds the present value of 
the first (400 dollars). The preferability of the second stream can be demon- 
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strated by transforming it into a stream directly comparable to the first. The 
second income stream gives its holder 200 dollars more on the first marketing 
date than the first income stream. Let him invest these 200 dollars in bonds on. 
the first marketing date. This leaves a spendable income of 100 dollars on the 
first marketing date and adds 220 dollars to his spendable income on the 
second. The transformed income stream is y; = 100, y; = 341, which is clearly 
preferable to the first income stream. This result can be generalized: Regard- 
less of how an income stream is transformed through borrowing and lending, 
an income stream with a greater present value can be transformed into a 
preferred stream, 


12-2 MULTIPERIOD CONSUMPTION 


A consumer generally receives income and purchases commodities on each 
marketing date. His present purchases are influenced by his expectations 
regarding future price and income levels, and he must tentatively plan 
purchases for future marketing dates. If his expectations prove correct and 
his tastes do not differ from the expected pattern, his tentative plans will be 
carried out on future marketing dates. If his expectations are not realized, he 
will revise his tentative plans. The present discussion is restricted to a 
consumer who formulates an integrated plan on the current marketing date 
for his consumption expenditures on n goods over a horizon containing T 
periods. His horizon is simply the period of time for which he plans on the 
current marketing date. It may be of any length, but for simplicity assume that 
it corresponds to the remainder of his expected lifetime. It is not essential that 
he actually know how long he will live; it is only necessary that he presently 
plan as if he did. If his life expectancy should change in the future, he would 
alter his horizon accordingly and revise his plans. 


Multiperiod Utility Functions 


In the most general case the consumer's ordinal utility index depends upon his 
planned consumption of each of the n goods in each of the T time periods: 


U= Ular- «+ Aaima: «+ Ganes din s.s Gur) (12-2) 


where q, is the quantity of Q, that he purchases on the tth marketing date and 
consumes during the tth period. 

The construction of a single utility index does not imply that the con- 
sumer expects his tastes to remain unchanged over time. It only implies that 
he plans as if he knew the manner in which they will change. For example, he 
may know that a baby carriage will yield a great deal of satisfaction during the 
years in which he is raising a family and no satisfaction at all during the years 
of his retirement. The utility index (12-2) is not necessarily valid for the 
consumer's entire planning horizon. It merely expresses his present expec” 
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tations. A change in his objective circumstances or subjective desires may 
cause him to revise his utility index on some future marketing date. 

Though much of the analysis of multiperiod consumption is formally 
identical with the analysis for a single period, the explicit introduction of time 
and interest rates presents a number of new problems. Attention is centered 
upon the unique problems of multiperiod consumption by assuming that 
actual and expected commodity prices are fixed in value and remain un- 
changed. Consequently, analysis may be simplified by invoking the com- 
posite-commodity theorem (see Sec. 3-6). Let c, be the consumer’s total 
expenditure for commodities on the tth marketing date: 


a= Spa thus (12-3) 


and redefine (12-2) in terms of these composite-commodity consumption 


expenditures: 
U = V(cy..., cr) (12-4) 


Which gives the maximum value of the utility index corresponding to each 
consumption-expenditure pattern. 
The consumer's time-substitution rate: 


oc, V, s 

ANIM. tT»1,...,T 
is the rate at which consumption expenditure on the rth marketing date must 
be increased to compensate for a reduction of consumption expenditure on 
the fth in order to leave the consumer's satisfaction level unchanged. No 
generality is lost by limiting attention to the cases for which +>. If the 
consumer's time-substitution rate is 1.06, his consumption expenditure on the 
Tth marketing date must be increased at the rate of 1.06 dollars for each dollar 
of consumption expenditure sacrificed on the tth. In other words he must 
receive a premium of at least 0.06 dollars before he will postpone a dollar s 
worth of consumption expenditure from period t to period 7. This minimum 
premium is defined as the consumer's rate of time preference for consumption 
in period t rather than period 7 and is denoted by m: 


aC, _ T T 
=- C ves t>t (12-5) 
LE 702 


The consumer's rates of time preference may be negative for some con- 
sumption time patterns; i.e., he may be willing to sacrifice a dollar's worth of 
consumption in period t in order to secure less than a dollar's worth in a later 
Period. If expected consumption expenditures are 10,000 dollars on the tth 
marketing date and only 1 dollar on the rth, 7, would most likely be negative. 
The consumer's subjective rates of time preference are derived from his 
consumption-utility function and depend upon the levels of his consumption 
expenditures. They are independent of the market rates of interest and his 
borrowing and lending opportunities. 
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The Budget Constraint 


The consumer expects to receive the earned-income stream (Yis Y2,---, yr) On 
the marketing dates within his planning horizon. Generally, his expected- 
income stream is not even over time. One possibility is a relatively low -arned 
income during the early years of the consumer’s working life, which in:-veases 
as he gains training and seniority and reaches a peak during the middle years 
of his working life. The consumer's earned income may then begin to fall and 
become zero after retirement. Whatever his earned-income stream may be, it 
will seldom coincide with his desired consumption stream. Through borrowing 
and lending he is able to reconcile the two streams. 

The consumer's total income receipts on the tth marketing date are the 
sum of his earned income and his interest income from bonds held during the 
preceding period: y, + i,_;b,;. His interest income will be positive if his bond 
holdings are positive and negative if his bond holdings are negative, i.e., if he 
is in debt. His expected savings on the fth marketing date, denoted by s, are 
defined as the difference between his expected total income and total con- 
sumption expenditures on that date: 


Se = yet cabo c ELT (12-6) 


where i, is the rate of interest determined on the initial marketing date and i, 
(t 2 2,..., T — 1) is the rate of interest that the consumer expects to prevail 
on the tth marketing date. The consumer's savings will be negative if his 
expenditures exceed his total income. 

If the consumer is at the beginning of his earning life, his initial bond 

ings (bo) represent his inherited wealth. If he is revising his plans at a date 
subsequent to the beginning of his earning life, his bond holdings also reflect 
the results of his past savings decisions. To simplify the present analysis 
assume that he is at the beginning of his earning life and that b, = 0. On each 
marketing date the consumer will increase or decrease the value of his bond 
holdings by the amount of his savings on that date: 


b, = boa s, 8 rome i (12-7) 


A "typical" consumer might dissave and 8o into debt during the early years of 
his earning life while he is earning a comparatively low income, buying à 
home, and raising a family; then save to retire his debts and establish a 
positive bond position during the remainder of his working life; and finally 
dissave and liquidate his bonds during retirement. 

Taking (12-6) and (12-7) together, the consumer's planned bond holdings 
after trading on the rth marketing date can be expressed as functions of his 
earned incomes, his consumption levels, and interest rates: 


bi z(yi- c) 
bi (yi e) + i) + (2— 62) 
by-(yi- c+ BL i) »— 630 +i) - (y — c3) 
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and in general, utilizing (12-1a), 
b= X 0c od 69 £91... T (12-8) 
£ 


The consumer’s bond holdings after trade on the rth marketing date equal the 
algebraic su:r of all his savings, net of interest expense or income, through 
that date with interest compounded on each. 

In the single-period case the optimizing consumer would buy a sufficiently 
large quantity of each commodity to reach complete satiation if he did not 
possess a budget constraint. A similar situation would arise in the multiperiod 
case if there were no limitation upon the amount of debt that he could amass 
over his lifetime. The budget constraint for a multiperiod analysis can be 
expressed as a restriction upon the amount of the consumer's terminal bond 
holdings (br). He may plan to leave an estate (or debts) for his heirs, but for 
simplicity assume that he plans to leave his heirs neither assets nor debts. 
Evaluating br from (12-8), his budget constraint is: 


I 
br = Pic eX + Gr) -0 
Dividing through by the constant (1--£7) and moving the consumption- 


expenditure terms to the right, the consumer's budget constraint can also be 
written as 


$ yl + EuN = X all + Er) (12-9) 
t=l te 
since 
l*£r (01ti)::-(Ltír-) - 1 — heh 2) 
I Gti (E ED URS URS PU 
The Consumption Plan 


The consumer desires to maximize the level of his lifetime utility index (12-4) 
Subject to his budget constraint (12-9). Form the function 


V*= V(cs...,cr) th $ (y, - eX1* &)"* 


and set its partial derivatives equal to zero: 


ovs r! =1 T 
V =V, -u(i+ =0 t=l,..-, 
a V,- wl + u) dha 


T ^ X Qi e+ &)* =0 


-9 (t£) ^. prapor pie c»to (0200) 
UE Reo lg 
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and substituting ‘from (12-5), 
Wak doT-lLhogT = >t 


The consumer in this case adjusts his subjective preferences to his market 
opportunities by equating his rate of time preference between every pair of 
periods to the corresponding market rate of return. If ™, were less than £, 
the consumer could buy bonds and receive a premium greater than necessary 
to maintain indifference. If n, were greater than Ër» he could increase his 
satisfaction by selling bonds and increasing his consumption in period 1 at the 
expense of consumption in period 7. Though 7, may be negative for some 
consumption-expenditure patterns, the observed (optimum) values of n, will 
always be positive if the interest rates are positive, The reader may verify that 
second-order conditions are satisfied if (12-4) is regular strictly quasi-concave, 
or equivalently, if rates of time preference are decreasing. 

For a numerical example consider a hypothetical consumer with a two- 
period horizon. Assume that his utility function is U — cc and that his actual 
and expected incomes are y, = 10,000, y» = $250. Form the function 


V* = cic + u [(10,000 — c1) (5250 — ¢3)(1 + i] 
and set its partial derivatives equal to zero: 


av* 
de, - 7a =O 


av* 
‘acne: c- pI +iyt=0 


av* 
ue (10,000 — ci) + (5250 — c))(1-- i)! =0 


If the interest rate is 0.05 (5 percent), the optimum consumption expenditures 
are c, = 7500 and c; = 7875. The consumer's rate of time preference for these 
expenditures equals the interest rate (market rate of return): 


«dé 24 26) 5412875 
m: de, 1 e 1 7509 | = 0.05 


The regular strict quasi-concavity of the utility function ensures the second- 
order condition. 
The two-period horizon case can be described graphically by giving a new 


earned-income stream is given by the coordinates of point A in Fig. 12-1. Let 
y° be the present value of this income stream. The consumer's budget 
constraint is 


y’-e)-ef1 +i)" =0 


The locus of all consumption points with a present value of y’ forms a straight 
line with negative slope equal to the market exchange rate, (1+ i,), between 
consumption expenditures on the first and second marketing dates. One dollar 
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6 |y 


v 
0 €; Figure 12-1 


of income on the first marketing date can be transformed into (1 + i;) dollars 
of consumption expenditure on the second if the consumer lends at the 
market rate of interest. Likewise, (1-- ij) dollars of income on the second 
marketing date can be transformed into 1 dollar of consumption expenditure 
on the first if the consumer borrows at the market rate of interest. Assume 
that the consumer's budget constraint is given by the line labeled y^ in Fig. 
12-1. If he borrows on the first marketing date, he will move along his budget 
line going to the right of point A. If he lends, he will move along his budget 
line going to the left of point A. ^ 

The curves labeled U” and U® are members of the family of time 
indifference curves. Each is the locus of consumption expenditures yielding a 
given level of satisfaction. The slope of a time indifference curve ET ne. 
These curves reflect the assumption that the rate of time preference is 
decreasing. The coordinates of the tangency point B give the optimal con- 
sumption expenditures. The consumer will buy AC dollars worth of bonds on 
the first marketing date and will spend the principal and interest, CB, for 
Consumption goods on the second. 


Substitution and Income Effects 


The effects of a change in the rate of interest upon the consumer's optimal 
Consumption levels can be separated into income and substitution effects by 
Methods similar to those employed in Sec. 2-5. : 

Assume that the consumer's horizon encompasses two marketing dates. 
In order to determine the effects of changes in the interest rate and earned- 
income levels, differentiate the first-order conditions (12-10) totally for T = 2: 


Vi, de, + Vade; dy =0 S 
Va dey+ Vs dc; - (+ i) dp =—p(i+i) di, (12-12) 
=de, - (0 +i) dex 2 -dy - (1 +i)" dyz 


+ (yi cK +i)” di, 
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The array of coefficients on the left-hand side of (12-12) is the same as the 
array for the bordered Hessian which is positive by the second-order con- 
dition. 

Using Cramer's rule to solve (12-12) for dey, 

dc, = —p(1+ iy? a di,  [- dy (1 i)! dy; - (y; — c)(1+ i)? di] E 

(12-13) 


where 2 is the bordered Hessian determinant and Pı, is the cofactor of the 
element in its tth row and rth column. Dividing (12-13) through by di; and 
assuming that dy, = dy, = 0, 


ot = — (I ti? B+ (neg + iy? 2 (12-14) 


Let y denote the present value of the consumer's earned-income stream: 
y=ytyAl+iy 


óc; ac dc D 
aee alp ee D : 
ay ay C i05. a ae 


_ A change of i, will alter the present values of the consumer's earned- 
income and consumption streams. Consider those changes of i, which are 
accompanied by changes in c, and c, such that the level of the consumer's 
utility index remains unchanged: dU = Vi de, + V,dce,=0. Since (12-11) 
requires that V/V, = (1+ i), it follows that 

7de,- (10 iy! de =0 
and from (12-12) it follows that 


7 dy - (1 +i)” dyn (i - ca 9 ii)? di, «0 
Substituting into (12-13) 
ac, 
(e = -u(0 ei)? 9n (12-16) 


li J v econ 
Substituting —(y,— (1 +i)" =(¥:— ¢1+i)7, which follows from the 
budget constraint, and utilizing (12-15) and (12-16), (12-14) may be written as 
acy _ (3c m: 
e ( *n- el * i c iim 


ài, U «conet. 


The total effect of a change in the rate of interest ís the sum of a substitution 
and an income effect. The income effect equals the rate of change of 
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consumption expenditure with respect to an increase in the present value of 
the consumer’s earned-income stream weighted by his bond holdings multi- 
plied by a discount factor. 

The sign of the substitution effect is easily determined. From the first- 
order conditions u >0, and from the second-order condition 2 > 0. Evaluat- 
ing 25, 


Vn 
-(1 +i)" 


Therefore, the substitution effect with respect to c; in (12-14) is negative. The 
substitution effect with respect to c; is 


óc. ; 22 
(38) aa AR 
Since D» = —1 <0, the substitution effect with respect to c; is positive. An 
increase of the interest rate will induce the consumer to substitute con- 
sumption in period 2 for consumption in period 1 as he moves along a given 
time indifference curve. This follows from the fact that an increase of the 
interest rate is equivalent to an increase in the prices of commodities on the 
first marketing date relative to those on the second. If the consumer reduces 
consumption in period 1 and purchases bonds, his interest earnings will be 
greater, and he will be able to purchase a larger quantity of commodities on 
second marketing date for each dollar's worth of purchases sacrificed on 
the first. 

Although an increase of income may cause a reduction in the purchases 
9f a particular commodity, it is difficult to imagine a situation in which an 
increase of income will cause a reduction in the aggregate consumption 
expenditure on any of the marketing dates. One can assume that (3¢4/4y);,-cons 
is positive for all except the most extraordinary cases. If this is true, the 
direction of the income effect is determined by the sign of the consumer's 
bond position (y, — cj) at the end of trading on the first marketing date. If the 
Consumer's bond holdings are positive, an increase of the interest rate will 
increase his interest income and is equivalent to an increase of his earned 
income. If he is in debt, an increase of the interest rate will increase his 
interest expense and is equivalent to a reduction of his earned income. In this 
case both effects are negative, and the total effect, aci/ài, will therefore be 
negative. If his bond position is positive, the total effect will be positive or 
Negative depending upon whether the value of the income effect is larger or 
Smaller than the absolute value of the substitution effect. 


9.--] “{-atirt>o 


123 INVESTMENT THEORY OF THE FIRM 


Production is seldom instantaneous. Generally, time must elapse between the 
‘pplication of inputs and the securing of outputs. Assume that (1) the 


334 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


entrepreneur buys inputs and sells outputs only on the marketing dates within 
his horizon, (2) he performs the technical operations of his production process 
in the time between marketing dates, (3) during the tth period he applies the 
inputs he purchased on the fth marketing date, and (4) on the (f+ l)st 
marketing date he sells the outputs secured during the tth period. These 
assumptions serve to define the time sequence of production. The following 
analysis could be based on many alternative sets of time-sequence assump- 
tions without any major changes of its results. 

A many-input-many-output production function is introduced with a time 
dimension. An assumption of unchanged input and output prices makes it 
possible to treat the investment expenditures and revenues from sales on each 
of the marketing dates within the entrepreneur's horizon as the only variables 
and confine the analysis to an investigation of their interrelationships and the 
effects of the interest rates. 

Special cases have played an important role in the development of 
microeconomic investment theory. Cases are frequently distinguished on the 
basis of input and output time structures. The simplest case is point-input- 
point-output, which covers investment in working capital: all inputs are 
purchased on one marketing date, and all outputs are sold on a subsequent 
marketing date. Tree growing and wine aging often serve as examples. The 
multipoint-input-point-output case covers the production of an output which 
requires the application of inputs during a number of successive periods. 
Shipbuilding might fall into this category. The point-input-multipoint-output 
case covers an investment in a durable good which is purchased on one 
marketing date and is used for the production of outputs during a number of 
successive periods. Finally, there is the general multipoint-input-multipoint- 
output case. The first three cases are, of course, embraced by the fourth. In 
the present section attention is limited to the general and point-input—point- 
output cases. 


The Multiperiod Production Function 


Consider an entrepreneur who desires to formulate an optimal production 
plan for a horizon encompassing L complete periods and (L + 1) marketing 
dates. Following the notation of Sec. 4-6, the entrepreneur's production 
function can be written in implicit form as 


Flan. tede Xin. ses Xa) =O (12-17) 


where q (j=1,...,8; t=2,..., L+ 1) is the quantity of the jth output 
secured during the (1 — 1)st period and sold on the tth marketing date and Xi 
GL... nit L..., L) is the quantity of the ith input purchased on the 
tth marketing date and applied to the production process during the fth 
period. Any outputs which the entrepreneur may sell on the initial marketing 
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". 
date are the result of past production decisions, and their levels enter (12-17) 


‘as constants rather than variables. On the (L+1)st marketing date the 


entrepreneur plans to sell the outputs secured during the Lth period, but does 
mot plan to purchase inputs, since he does not anticipate production in any 
period beyond the Lth. The multiperiod production function relates the input 


"and output levels for all periods within the entrepreneur's planning horizon. 


The inputs applied during each period contribute to the production of outputs 
during all periods, and it is usually impossible to attribute a particular output 
to inputs applied during a specific period. However, it is possible to ascertain 
the effects of marginal variations and compute the marginal product for each 
input applied during each period with respect to each output secured during 
each period. 


The Investment-Opportunities Function 


The producer can maximize his profit from multiperiod production subject to 
(12-17) in a manner similar to that described in Sec. 4-6. The reader need only 
use present values of prices rather than simple prices. To focus attention 
upon the time aspects of production it is assumed here that present and future 
prices have known and unchanging values. Input expenditures and output 
revenues on each date are treated as composite variables which are related by 
an implicit investment-opportunities function: 


H lise +s dunat Rn (12-18) 
where L7 2, no and R, = 2; Pide 


are composite commodities representing investments and revenues respec- 
tively. The function (12-18) is derived from (12-17) and the assumption that 
the appropriate marginal conditions are satisfied for all pairs of input and 
output variables corresponding to the same date. Given all the revenues and 
all but one of the investment expenditures, (12-18) gives the minimum value 
for the remaining investment expenditure. Similarly, given all but one of the 
revenues and all the investment expenditures, (12-18) gives the maximum 
value for the remaining revenue. n r 

The entrepreneur possesses both external and internal investment oppor- 
tunities: he can purchase bonds and he can invest in his own firm. His 
external rates of return are the same as those for consumers, as given by 
(12-1). In the general case, average internal rates of return cannot be defined 
in a manner parallel to average market rates of return, since it is not possible 
to attribute the entire revenue on the rth marketing date to the investment on 
any particular marketing date. Each revenue depends upon all the investment 
expenditures. However, marginal internal rates of return can be defined for 
any investment-revenue pair, assuming that all other investments and rev- 
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enues remain unchanged. The marginal internal rate of return' from invest- 
ment on the tth marketing date with respect to revenue on the rth, denoted by 
Pin iS 
=R- ..9Hlal, _ Litas. ack: 
a Alita) +) eno ly Mie de 


Each of the marginal internal rates of return depends upon the levels of all the 
planned revenues and investment expenditures. 

The marginal internal rate of return functions given above by (12-19) are 
independent of the market rates of interest and the entrepreneur's borrowing 
and lending opportunities. For given input and output prices (12-19) provides 
a description in marginal terms of the objective technical framework within 
which the entrepreneur operates. For some investment and revenue com- 
binations p, may be négative. 


(12-19) 


The Investment Plan 


From the set of investment and revenue streams that satisfy (12-18) the 
entrepreneur desires to select one that maximizes the present value of his profit 
stream. Form the function 


Lit L 
"ats 2 R (1+ E-S I 5) + uH., Ry.) 


and set its partial derivatives equal to zero: 


"s mw. A 

aR, > (+E) +h oR = 0 12 Pp] 
Satay ay 9H. z 

al; (1+ £j) * 35i. =0 Ai HP edad A 
On*. 


du Hs... Rid 50 


where u <0.t Substituting from (12-19), the first-order conditions require that 


rh a 


NT te EOD MESE 


(12-20) 


! There is no generally accepted name for this concept. Friedrich Lutz and Vera Lutz, The 
Theory of Investment of the Firm (Princeton, NJ.: Princeton University Press, 1951), use 
‘marginal internal rate of return.” Irving Fisher, The Theory of Interest, (New York: Kelley and 
Millman, 1954), uses “marginal rate of return over cost.” Other names for this or closely allied 
Concepts include "marginal productivity of investment," "marginal efficiency tment,” and 
"marginal efficiency of capital.” T 
t The first-order conditions require that dH/aR, and 9Hlàl, be of ite si invest- 
po $ " ; Opposite The inve 
ment-opportunities function is assumed to be constructed so that 8HIàR, >0 and 2HÍàÍ <0 for 


> with the reversed, it would only 
be necessary to redefine (12-18) as —H to obtain the desired for 0 = 


Pa 
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‘The entrepreneur must equate each of his marginal internal rates of return to 
_ the corresponding market rate of return. 
_ The second-order conditions require that 


BD 
|| 
td; Hu Hn Hy Hi 
M Horn Hy Hn Hn» H, 
m Hy, Hn H;|«0, up (12-21) 
i. i Hy Hy Hs Hi 


| Hi Hj; Hi 0 
where H, is the first-order partial derivative of the implicit function (12-18) 


— With respect to the jth variable and Hj, is the second-order partial derivative 


ith respect to the jth and kth variables. All the above determinants must be 
negative.' These conditions must hold regardless of the order in which the 2L 
‘investments and revenues are listed. 
Expanding the first determinant of (12-21), 


2H,H;Hy -Hn H} -Ha H} «0 (12-22) 


The rate of change of the marginal internal rate of return for investment on 
the tth marketing date with respect to revenue on the rth is 

eye 5 

| Is — PR o — qn (Hy Hi 2HoH H + Halt) 
Where H, = dH/él, and H;  óHJ9R,. Since (12-22) must hold for the variables 
listed in this order and since H; 7 0, (12-22) implies that 


' 


Opi. t1, 23 
ah ein ve aic ibl "od 


Thus, the second-order conditions imply that all the marginal internal rates of 
return be decreasing. 

< -If conditions (12-20) and (12-23) were not satisfied, the entrepreneur could 
increase the present value of his profit by either selling bonds and expanding 
! investment or buying bonds and contracting internal investment. 


Point-Input-Point-Output 

In the simplest case the entrepreneur invests on one marketing date and 

Teceives the resultant revenue on the next. He may repeat the production 

Process over time, but his production on the first marketing date only affects 
revenue on the second, and his effective planning horizon includes one fuil 


Period and two marketing dates. 


Second-order conditions require that the principal minors of the Hessian determinant of the 
E Berivativel of n bordered by the first-order derivatives of H(I,..., Rr.) be 
k ly positive and negative. Conditions (12-21) are obtained by factoring out «<0. 
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The entrepreneur’s revenue can generally be stated as an explicit function 
of his investment expenditure: 


R:= h(l) (12-24) 


In this special case all revenues on the second marketing date can be 
attributed to investment on the first, and it is possible to define an average 
internal rate of return: 


Rh Rh) , 
I I M 


The average internal rate of return can be compared with the corresponding 
market rate of return ij. 
The entrepreneur desires to maximize the present value of his profit from 
operation: 
arm R1 + iy" -l 


Substituting from ( 12-24), 7 can be stated as a function of J; alone: 
7 =h iy! - m 


Differentiating, 9E = MIX ei)! - 1-0 (12-25) 
1 
Rearranging terms and substituting from (12-1) and (12-19), the first-order 
condition becomes i 
pni = fz 

The entrepreneur equates his marginal internal rate of return to the cor- 
responding market rate of return—in this case the market rate of interest. 

The second-order condition requires that 


d ; 
dr n * iy! <0 


and if jj —1, h") <0 (12-26) 


The marginal internal rate of return must be decreasing. 

Imagine that (12-26) is Satisfied, but p, > £,,. The marginal return from 
borrowing funds for internal use exceeds their interest cost, and the entre- 
Preneur can increase his profit by expanding investment. Conversely, if 
Piz € £s, he is earning less on the marginal dollar of internal investment than 


he must pay for it, and he can increase his profit by contracting investment to 
buy bonds. 


By total differentiation of (12-25), 
h"(I 1) dI )" di, 


and di, ia 9 (12-27) 
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I 1 


(a) 


Figure 12-2 


If the second-order condition is satisfied, (12-27) is negative: an increase in 
the rate of interest will cause the entrepreneur to reduce his investment 
expenditure. b 
Possible shapes for the average and marginal internal return functions, 
labeled ARR and MRR respectively, are pictured in Fig. 12-2a. Both the 
average and marginal rates increase, reach a peak, and then decline as 
investment is increased. If the interest rate is if, the entrepreneur will invest 
I? dollars. For this level of investment the marginal internal and market rates 
of return are equal (first-order condition), and the marginal internal rate is 
decreasing (second-order condition). The entrepreneur's total interest cost is 
ris by the area OFAi?, his total return by OITBC, and his net return by 
NABC. 
. Ina perfectly competitive system the net return of the representative firm 
in each industry will be driven down (or increased) to zero by the entry (or 
exit) of firms. A long-run competitive equilibrium is pictured in Fig. 12-2b. 
The optimal investment of the representative firm is I}. The average and 
marginal internal rates of return are equal, and the average internal rate of 
return now equals the rate of interest. 


12-4 INTEREST-RATE DETERMINATION 


The methods of partial and multimarket equilibrium analyses can be utilized 
for bond markets, and interest-rate determination can be included within the 
general pricing process. A closer analogy with the earlier analyses of market 
equilibrium is obtained if the use of loanable funds rather than bonds is 
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treated as the commodity for sale. A demand for (supply of) bonds is 
equivalent to a supply of (demand for) loanable funds. An interest rate is the 
price of using loanable funds for a specified period of time. By convention, 
interest rates are expressed as proportions of the amounts borrowed, but they 
can be expressed in terms of money of account, as are all other prices. Let 
100 dollars serve as a unit of purchasing power. An interest rate of i, is then. 
the equivalent of a price of 100i, dollars per unit of purchasing power. 

First, consider a partial-equilibrium analysis of the loanable-funds market. 
From the individual equilibrium conditions derived in Secs. 12-2 and 12-3 the 
current excess demand for loanable funds by each consumer and entre- 
preneur can be expressed as a function of the current and expected interest 
rates. It is convenient to use excess demand functions rather than demand 
and supply functions, since individual consumers and entrepreneurs may 
demand loanable funds at one interest rate and supply them at another. 

A theory of interest-rate expectations must be formulated before market 
equilibrium can be determined. Many different expectation theories might be 
utilized. One possibility is to assume that individuals expect future interest 
rates to be at fixed levels regardless of the current interest rate; future interest 
rates then enter the current excess demand functions as constants rather than 
variables. Another possibility is the expectation that future interest rates will 
equal the current interest rate: i;=i,=i;.... Still another possibility is the 
expectation that the current absolute change of the interest rate will be 
realized in the future: i,;—i9=i,-i;=i,-i,=..., or in general, i, = 
ig + t(i,— i). Each of these expectation assumptions allows the individual 
excess demands to be stated as functions of the current interest rate alone. 
An aggregate excess demand function is constructed by summing the in- 
dividual functions. Since the individual excess demands are transformed into 
functions of the current interest rate before aggregation, it is not necessary 
that all individuals plan for horizons of the same length. An equilibrium 
current interest rate is one for which the excess demand for current loanable 
funds equals zero, It reflects time preference and the productivity of invest- 


determined by the requirement that the excess demand for every commodity 
and for loanable funds simultaneously equal zero. . 


In the present analysis there is assumed to be mo circulating money, Loanable fund 
y. ` 
represent general purchasing power expressed in terms of a money of account 
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The formulation of the mathematical requirements for specific cases of 
single-market and multimarket equilibrium is left as an exercise for the 
reader. 


12-5 INVESTMENT THEORY AND THE ROLE OF TIME 


Investment theory is characterized by the fact that time elapses between the 
application of inputs and the attainment of the resultant outputs. The multi- 
period approach tends to obscure some of the time aspects of production. The 
variables are dated, but investment and revenue variations are limited to 
integral units of time. The discrete definition of time makes it difficult to deal 
with problems in which the elapsed time for which inputs are invested is of 
importance. The tools necessary for a continuous treatment of time are 
developed and applied in this section. The applications provide examples for 
the point-input-point-output, continuous-input-point-output, and point-input- 
continuous-output cases. The analysis of durable equipment in Sec. 12-6 
provides examples for the continuous-input-continuous-output case. 


Continuous Compounding and Discounting 


It is assumed that time is continuous and that transactions may take place at 
any point in time. A time period, such as a year, is necessary to provide a unit 
With which to measure time, but it has no other significance. Since elapsed 
time is now a variable, let t — 0 represent the present. The value t — 7 now 
Tepresents a point in time 7 periods hence, where 7 no longer need be an 
integer. 

The procedures of Sec. 12-1 do not allow the determination of compound 
and present values for sums due on dates for which t is not an integer. Since 
time is assumed to be a continuous variable, interest is assumed to be 
compounded continuously. If interest were compounded once a year, an 
initial amount of w would increase to w(1+i)' in t years. If interest were 
Compounded twice a year, one-half of the annual interest rate would be 
applied every six months, and w would increase to w(1 + i[2" in t years. In 
general, if interest were compounded n times per year, w would increase to 
(1+ in)" in t years. s : 

The effect of continuous compounding is obtained by letting n >%. Let 
Z=(1+ iJn)". Instead of finding lim (z) as n, it is convenient to take the 
natural logarithm and find lim [In (z)] as n>. The natural logarithm may be 
Written as the quotient of two functions of n: 


h 
In(z) = nt In (1+ din) = Im. Rd (12-28) 


The numerator and denominator of (12-28) both approach zero as mv. 
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L'Hópital's rule' is employed to find the limit: 


in H(A) us cmd kin) _ it 
lim (In (2)) = lim 705 = lim =O Im) im 1 i 


ne 


and since the natural logarithm is a continuous function, 


Era 


where the irrational number e ~ 2.71828 is the base of the system of natural 
logarithms. 

If interest is compounded continuously, the value of principal and com- 
pound interest after t years of a present investment of w is we" where i is the 
interest rate per year which is assumed to remain unchanged and where t may 
take any nonnegative value. The present value of the amount u payable at 
time t is ue~“ since a present investment of ue~“ in bonds will have a value of 
u at time t. 


Point and Flow Values 


Production and consumption are assumed to take place continuously over 
time in the multiperiod framework. However, inputs are purchased, costs 


work. Transactions may take place at any point in time, and their values may 
be functions of the time at Which they occur. For illustration, let Rr be a 
dollar revenue realized at time T, and let Rr be given by the continuous function 
R(T). The present value of the revenue is R(T)e^" with the time derivative 


-iT 
ART teer). Rer 


which is discounted marginal revenue with respect to time. 
Inputs, outputs, costs, and revenues also may be realized as flows over 


flow. Let R = R(t) be the rate of the flow at instant t measured in dollars per 


realized over a finite time interval, The Present value of the revenue stream 
R(t) from = 0 through t = T, denoted by Ror, is given by a definite integral: 


T 
Ror -f R(t)e^* dt 


' See the statement and application of L'Hópital's rule given in Sec. 5-2. 
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The time derivative of the discounted revenue stream: 


the 


is simply the present value of the rate of flow at t = T. 

The notation R(T) is used to denote both a point value and a rate of flow 
at a particular point in time. Their distinction, however, should be clear from 
the specific contexts in which they are used. 

Consider the income stream R(t) from 0 through T, and a point value at T 
with equal present value: 


T 
Í R(t)e^" dt = Rre ™ 
Solving for Rr, 
T 
ra f Re T dt (12-29) 
0 


= Which provides a means for converting a flow into an equivalent point value. 
Now consider a constant income flow, a, with present value equal to that 
of a point value T periods hence: 
T T 
Ret =f ae“ dt = a f e'* dt = aô 
0 


iT T 
where s= i Sl i e* dt (12-30) 
0 * 
is the present value of a I-dollar income stream for T years. Finally, solving 
or a, 
m i R: 

atqgr-p^T 
Which provides a means for converting a point value into an equivalent 
Constant flow. 


Point-Input-Point-Output 
The simplest investment problem in which time is a variable occurs if all 
inputs are applied at one point in time and all outputs are sold at a later point 
- in time, Imagine an entrepreneur engaged in the process of wine aging. He 
Purchases a cask of grape juice for Io dollars and waits while it ferments and 
ages. Assume that fermentation and aging are costless processes so that his 
- 9nly other cost is foregone interest on his initial investment. Further assume 
that the sales value of the wine, a point value, is a function of the length of its 
aging period, R(T). r : -ib 
The entrepreneur's optimization problem is to select an aging period, i.e., 
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a value for T, that maximizes the present value of his profit: 
m= R(T)e" -h 
Setting the derivative of m with respect to T equal to zero, 


GEA IRD - IRCJe? = 0 


Dividing by e`" 0 and rearranging terms, 


R(T) _ ? 
R(T) i (12-31) 
The entrepreneur must equate his proportionate marginal rate of return with 
respect to time [R'( T)/R(T)] to his proportionate marginal rate of cost with 
respect to time (i). 
GF = UR) -2IR CT) * PRCDe- <0 


Substituting from (12-31) for i and multiplying through by e"/R(T) > 0, 
R"(T)R(T)-[R' 

IRT) re 
which is the derivative of R'(T)/R(T). The proportionate marginal rate of 
return with respect to time must be decreasing; i.e., its derivative must be 
negative. If (12-31) and (12-32) are satisfied for T = T°, the entrepreneur's 
marginal earnings from wine aging would exceed his earnings from investing 
pe in the bond market if his investment period were slightly shorter than 

» and would be less than bond earnings if it were slightly longer than T°. 
The effect of a change of the rate of interest upon the aging period can be 
determined by total differentiation of (12-31): 


R'(T) dT - iRT) dT - R(T) di = 0 


(12-32) 


and T. x ER <0 (12-33) 


Continuous-Input-Point-Output 


Consider an investment process in which an entrepreneur incurs a cost flow 
over time, but sells his entire output at a single point in time. An example i$ 
provided by an entrepreneur engaged in tree growing. He purchases a seedling 
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for I; dollas at t =0, incurs a cultivation cost flow of G(t) dollars per year 
while the tree is growing, and sells the tree for R(T) dollars at t = T. The 
present value of the entrepreneur’s profit is 


T 
w= R(T)e" h- | Gte*at 
Setting the derivative of 7 with respect to T equal to zero, 
oF - (RT) - iRCT) - GC)" =0 


Multiplying by e” and rearranging terms, 
R(T)-G(T). , 
R(T) 

The entrepreneur sells the tree when his proportionate marginal rate of return 
with respect to time net of cultivation cost equals the rate of interest. The 
second-order condition requires that the proportionate net marginal rate of 
return be decreasing with respect to time. Again, an increase in the interest 
rate will shorten the growing period. 


Point-Input-Continuous-Output 

Consider now a case in which a single investment, say in durable equipment, 
yields a revenue stream over time, For simplicity assume that the equipment 
earns revenue at a constant rate of R dollars per year during its life, and 
assume that the investment cost of the equipment is a continuous function of 
its life: Js= I(T) where. I'(T)>0. The present value of the profit from 
operating the equipment is 


T 
m= | Re*a im 
L] 
Setting the derivative of m with respect to T equal to zero, 
dr _ Re" (T) -0 


and Re" = I(T) (12-34) 


The optimal life for the equipment occurs at a point at which the present 
value of the additional revenue from increased durability equals the marginal 


cost of durability. 
The vacant der condition for 8 masima requires that 
de iR -INT)e0 (12-35) 
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if I(T) 7 0. Differentiating (12-34) totally and solving for dT/di, 


aketi e «0 
di “zike T - (T) 


since the denominator is negative by (12-35). An increase in the interest rate 
will decrease durability, and a decrease will increase it. 


12-6 RETIREMENT AND REPLACEMENT OF DURABLE 
EQUIPMENT 


Further consideration of durable equipment based on another set of assump- 
tions provides examples of continuous-input-continuous-output processes. 


Assumptions 

Consider a machine used for the production of a single output, Q, which is 
sold for a competitive price, p, that is invariant over time. Let q, denote the 
flow of output at instant f. The corresponding revenue flow is pq. The 
machine is purchased at t = 0 at the fixed cost Ip. The input cost flow, C, is à 
function of q, and the maintenance cost flow for the machine, M, is a 
function of both output flow and machine age: 


C -C(a) | M» M(q,t) 


The machine can be sold for scrap when the entrepreneur no longer desires to 
use it for production. The scrap value of the machine at time T, Sr, is a 
decreasing function of the age of the machine: S; = S(T) where S'(T) <0. 
The derivative S'(T) gives the rate of loss of market value from continuing to 
use the machine, and is called depreciation. 

The entrepreneur's optimization problem can be separated into two parts: 
(1) the determination of optimum input and output levels for each point in 
time while machines are in operation, and (2) the determination of optimal 
lives for one or more machines. Optimal input and output levels are con- 
sidered first. Then criteria for an optimal lifetime are determined for a single 
machine and for an infinite chain of machines. 


The Quasi-Rent Function 


Assume that the entrepreneur has decided to operate a machine from t =9 
through t= T. Given this decision the initial cost and scrap value of the 
machine may be ignored. The entrepreneur's problem is to maximize the 
present value of the quasi-rent flow from the operation of the machine, i.¢-» 
the difference between the present value of his sales revenue flow and the 
present value of his variable cost flow. Since revenues and costs at different 
points in time are independent in the cases considered here, the entrepreneur 


OPTIMIZATION OVER TIME 347 


dx can maximize the present value of his quasi-rent flow over the life of the 
€ by maximizing his rate of discounted quasi-rent flow at each point in 
lime. Furthermore, since the discount factor, e^, is a constant for any fixed 
value of t, the entrepreneur can achieve the desired result by maximizing his 
rate of quasi-rent flow at each point in time without discounting. 
wu) The entrepreneur's rate of quasi-rent flow at instant f, Z, is 


Z, = pq. - C(q) - M(as t) (12-36) 
Setting the derivative of Z, with respect to q equal to zero, 


and T (12-37) 
Er dq, 
The entrepreneur equates his rate of marginal cost flow, which in this case is a 
sum of input and maintenance costs, to his fixed rate of marginal revenue 
flow, p. The reader may verify that the second-order condition requires that 
the sum of the marginal costs increase with output. 

Assume that (12-37) may be solved for the optimum value of q as a 
function of ż. Substituting this function into (12-36), an optimal quasi-rent 
stream may be expressed as a function of t: 

Z, = Z(t) 

The quasi-rent function gives the maximum quasi-rent obtainable at each 
point in time from the operation of the machine. It is based upon the 
underlying optimal combinations of inputs and output. The quasi-rent func- 
tion holds for all values of t, and its form is unaffected by the selection of a 
particular value for machine life. Thus, the quasi-rent function may be used 
for analyses of machine life without the explicit introduction of outputs, 
revenues, and costs. 


Retirement of a Single Machine 


Consider an entrepreneur who desires to purchase one machine, invest his 
quasi-rent stream in the bond market at the going rate of interest, invest his 
- scrap value in the bond market at the end of the machine's life, and then 
retire, The present value of his profit from the operation of the machine is the 
present value of his quasi-rent stream, minus the cost of the machine, plus the 


present value of the scrap receipts: 


me Í, 7 z(te* dt - o+ Se" (12-38) 


Differentiating, © AZ e IZ(D) -iS(D* STe - 0 
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and Z(T) * S(T) = iS(T) (12-39) 


Replacement for a Chain of Machines 


Consider an entrepreneur who plans for an infinite horizon and an infinite 
chain of ‘Machines succeeding each other. Assume that his quasi-rent func- 
tion, initial cost, and scrap value function are the same for each machine 


operation of the second and third machines are 
?T 
m= N Z(t — Te dt — het 4. S(T)e^"?T = qe 


3T 
T3 -f Z(t —2T)e~ dt = het 4. S(T)e-8T = m,e "T 
and in general, 


T 
ec] 20ca- pisa 
= = i] 
T à T. etu 

where l/(1—67T) is the sum to infinity of the i i 

J r geometric progression 
(+eT+e T eB Ly + Setting the derivative of 7 with bélglact to T 
equal to zero, 
dr '2(T)-iS(T) + SCTye* (1 ~e-7) -ie"[f T Ze dt -h+ sae] 
— m L] 
dT i (1—- eT 


Vet rae aier die geometris pocgiémimn a, ae RIEN ee d. ce urn 
ar^. If r < 1 the progression is convergent, and its sum to infinity is al(t p). In the present 


case a = and rs e T<]. 
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Multiplying by e" (1— e^") and rearranging terms, 
4^ 
zn*«sqm-;[ f Zie” dt - h+ sa] (12-40) 


where 6, as defined by (12-30), is the present value of a 1-dollar income stream 
for T years. A machine is replaced when its marginal rate of quasi-rent flow 
per year net of depreciation equals the present value of the average return per 
year of a new machine net of its investment cost less the scrap value of the 
old machine. The bracketed term on the right-hand side of (12-40) gives a 
return for T years. Division by ô converts it to an annual basis. The 
second-order condition requires that the marginal return on the old machine 
be decreasing more rapidly than the average return on the new machine. 

The first-order condition for the infinite-machine case (12-40) is quite 
different from the first-order condition for the one-machine case (12-39), Their 
difference reflects the difference in the options available to the entrepreneur. 
In the one-machine case he has a choice between continuing to operate the 
machine and investing its scrap value in the bond market. In the infinite-machine 
case he has a choice between operating an existing machine and operating a new 
machine. 


12-7 EXHAUSTIBLE RESOURCES 


Consider an entrepreneur who extracts output from an exhaustible resource 
such as a coal mine or an oil well. Let his horizon extend over n discrete time 
periods, ‘“‘Exhaustible” in the present context means that extraction is limited 


unchanging interest rate. For simplicity assume that the extraction cost for 
each period depends on the quantity extracted during that period according to 
the cost function C = C(q,) where C"(q)) > 0. The essential results derived 
below hold for more complicated cost functions. 

The entrepreneur desires to formulate a plan that maximizes the present 


value of his profit from extraction. Form the function 
i o 
2=$ ipa- coo à* (a $a) 

Where q’ is the aggregate extractable quantity. Setting partials to zero, 
BY tp, Clank +i -A =0 (t=1,....n) 
ôV |. = 
nt ya 0 


and (p-C(q)Ki*i'-A (tL... m (12-41) 
Second-order conditions are satisfied by the assumption of increasing MC. 
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The first-order conditions (12-41) require that the present value of the 
difference between price and MC be the same for each period. The magnitude 
of the multiplier A provides a measure of the scarcity of the resource. If pricé 
is constant over time, output must decline over time in order to satisfy 
(12-41). The entrepreneur will push output toward the present because of his 
opportunity to invest in the bond market. In order to maintain an even output 
for “future generations,” i.e., gq, =q (t — 1,..., n), price must increase over 
time at a rate sufficient to allow the gap between price and marginal cost to 
increase at the interest rate. Specifically, p,., — p,(1-- i) — iC'(q). The rate of 
increase for price approaches the interest rate as t increases. Price must 
increase even more rapidly if output is to increase over time. 


12-8 HUMAN CAPITAL 


Labor inputs are not necessarily of uniform and unchanging productive 
capacity. In many cases it is possible to invest in human, as well as physical, 
capital. The return from such investment is derived from the value of 
increased labor productivity. The costs for investment in human capital are of 
two types: (1) direct costs such as teachers’ salaries and textbooks, and (2) the 
opportunity cost of foregone earnings. If a student were not studying or being 
trained, he would be producing output and earning an income. 

The analysis of human capital investment is illustrated here with three 
problems. The first requires a yes-or-no decision as to whether an individual 
should continue his education or enter the labor force on a full-time basis. 
The calculation of rates of return for investment in human capital are 
introduced in this context. Second, the costs of training workers to meet 
specified job requirements are calculated and discussed. Third, a model is 
developed which allows the determination of optimal investment in human 
capital over an entire earnings cycle. 


Investment in Education 


Consider an individual who must decide whether to enter the labor force or 
continue his education. He, in effect, selects one of two alternative income 
streams. A hypothetical example is given in Fig. 12-3. The decision is made 
upon graduation from high school at f =0. Income Streams terminate with 
retirement at t — T. If the individual enters the labor force immediately, his 
income stream is g(t). If he goes to college, it is f(t). College entails an 
investment in human capital. The income difference 


è f o-ta 


is its cost, and the difference 


: 
Í [f(t) — g(t)) dt 


OPTIMIZATION OVER TIME 351 


Figure 12-3 


is its return. Investment cost involves both direct costs and the cost of 
foregone earnings. 

The rate of return for investment in a college education, denoted by 7, is 
determined by equating the present values of its costs and returns: 


T 
[ uo - sole" ar=0 


This equation may be solved for its single variable, r. A decision is made by 
comparing r to the market rate of interest, i. If r7» i, college is a desirable 
investment. If r <i, it is not. 

Consider a simple example with T — 50, f(t)=800e""", and g(t)= 
2400e°, which is somewhat different from the example pictured in Fig. 12-3. 
Here, 7 ~ 27.5, and the above integral is 

50 E en — 1 xem - 1) 
J, 180» -20eme" d = 900 Sr er ]^ 
" which has the solution r 0.088. A college education is a favorable invest- 
ment for rates of interest lower than 8.8 percent. 


Investment in Training 


Consider a competitive firm that employs homogeneous labor that is paid a 
wage equal to the value of its marginal product. For an illustration of 
investment in training, assume that the government requests that the firm hire 
some members of a disadvantaged group whose initial marginal product 
values are substantially below the wage rate. Specifically, let output price 
equal one, and assume that for the disadvantaged MP = f(t) where f(t)<w 
for t < T and f(t) =w for t= T. The cost of ~~ V, is the present value 
of the difference between the wage rate and f(t): 


T 
V -Í [w - f(O]e * dt 
o 
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The distribution of these costs among the firm, the disadvantaged, and the 
government depends upon the institutional setting. 

The entire cost would be borne by the disadvantaged in a competitive 
society without government intervention. The firm would be indifferent be- 
tween hiring a trained worker at a wage of w, and a disadvantaged worker at a 
wage of f(t). Another possibility is to let the government pay the training 
costs to the firm, and let the firm in turn pay the disadvantaged worker a wage 
of w. 

Consider an example for which f(t) = w(1— e^), where t is measured in 
years. Clearly, f(t)>w as t+, In fact f(t) converges rather quickly; 
f(5) = 0.99326w. The present value of the cost of training for a twenty-year 
employment period with an interest rate of 8 percent is 


20 20 NE 
f [w— w( — e7)e7"] dt =w [ gt dt = M 6 7, 9 9765 
o 1.08 
The present value of the training cost equals slightly less than one year's wage. 


Earnings-Cycle Investment 

Human capital, as well as physical capital, is subject to depreciation over 
time. Yesterday's knowledge may have less value than today's. Often it is 
possible to offset depreciation and increase one's stock of human capital 
through further learning. The determination of optimal rates of investment in 


human capital over the earnings cycle rovides an i t problem for 
economic analysis,’ ia oium 


_ Consider a person whose earnings cycle extends from £ = 0 through t = T. 
His stock of human capital at a point in this cycle is denoted by K, with 


K, -K,*K;, (12-42) 
where the subscripts 1 and 2 denote the quantities of human capital used to 


generate income and to generate more human ii i vd 
t, denoted by y, is capital respectively. Incom 


y * aKy (12-43) 


where @>0. New human capital is produced from current human capital 
according to the strictly concave production function 


4, * aKf (12-44) 
where a >0 and 0 — 8 <1. The rate of change of the human capital stock is 


Ld 
See Y. Ben-Porath, "The Production of Human Capital arnings. " 
Journal of Political Economy, vol. 75 (August, 1967), pp. mm poe 
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given by the differential equation 


dK oq -8K (12-45) 
where 8 is the human-capital depreciation rate. 

The investment cost for the production of human capital, C, is foregone 
earnings: 


C, = aKy (12-46) 


An optimal investment program is one which maximizes the present value of 
the individual's income stream 


T 
V -Í ye" dt (12-47) 
o 


subject to (12-42) through (12-46). 

Obtaining a complete solution for the maximization of (12-47) requires 
mathematical tools beyond those utilized here. However, a number of aspects 
of an optimal solution can be inferred and analyzed. The marginal cost of 
producing a unit of human capital at t is obtained by differentiating (12-46) 
subject to (12-44): 
dC, m a 1-88 1 
diy amga (12-48) 
Further differentiation of (12-48) shows that MC is increasing with respect to 
q, but is constant with respect to t. An additional unit of human capital at t 
generates an income stream of a less depreciation. The present value of this 
marginal revenue is 

Hi a "(148 o 7d 
dua etm de = oeste em) (12-49) 
Further differentiation of (12-49) shows that this MR is constant with respect to 
qn but is decreasing with respect to t. , 

Observation suggests phases for investment in human capital. During the 
early years of the horizon MR > MC for Kx = Kr. The entire stock of human 
capital is used to produce more human capital and income is zero. During the 
middle years as MR declines, the stock is used both to produce more and to 
generate income. In this phase MR = MC. Equating (12-48) and (12-49), 

i a-p) 
ah [se [e - em] (12-50) 
The reader may verify that dq/dt <0. The production of human capital 
declines continuously with the decline in MR during the second phase. 
Eventually, a point is reached at which additions are not adequate to offset 
depreciation, i.e., q, < 8K» and the human-capital stock declines thereafter. 


354 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


12-9 SUMMARY 


Consumers and entrepreneurs are assumed to have free access to a perfectly 
competitive bond market and may adjust their income and outlay streams 
over time through borrowing (selling bonds) and lending (buying bonds). An 
interest rate expresses the cost of borrowing, or income from lending, for a 
duration of one period, as a proportion of the amount borrowed or lent, 
Market rates of return for durations longer than one period are defined as 
compounds of the interest rates Connecting pairs of successive periods. 
Discount rates are defined as the reciprocals of the corresponding market 
rates of return. An entire income or cost stream can be reduced to a single 
number, its present value, by multiplying each of its elements by the ap- 
propriate discount rate and summing. 

The consumer's utility index is defined as a function of the quantities of n 
goods that he consumes during each of the T periods within his planning 
horizon. He desires to maximize the level of this index subject to a lifetime 
budget constraint, which requires the equality of the present values of his 
consumption and earned-income streams. If prices are assumed to remain 
unchanged, his utility index can be expressed as a function of his con- 
sumption expenditures. The consumer's rate of time preference for con- 
sumption during period t rather than period 7( t) is defined as the smallest 


An entrepreneur is assumed to formulate a production plan for a planning 
horizon encompassing L periods and (L +1) marketing dates. On the tth 
marketing date he sells the outputs produced during the (t — 1)st period and 


revenues subject to the technical rules specified in his multiperiod production 
function. 


RTSs and RPTs are equated to the appropriate price ratios. The entre- 
preneur's investment-opportunities function relates his investment expen- 
ditures and revenues on the assumption that he performs this preliminary 
optimization. Marginal internal rates of return are defined for each of the 
revenues with respect to each of the investments. First-order conditions 
require that each marginal internal rate of return be equated with the cor- 
responding market rate of return. Second-order conditions imply that each of 
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- the marginal internal rates be decreasing. The general analysis is applied to 
the special case of point-input-point-output. 

Single-market and multimarket equilibrium analyses can be extended to 
include the current interest rate and multiperiod expectations. In equilibrium 
the rate of time preference for each consumer and the marginal internal rate 
of return for each producer equal the interest rate. 

A continuous framework is developed in which interest is compounded 
continuously, transactions may take place at any point in time, and time itself 
may be treated as a variable. This framework is used for three applications 
with the following results: 


1. Point-input-point-output with input fixed and output variable; the marginal 
internal rate of return with respect to time equals the interest rate at the end 
of an optimal investment period. 

2. Continuous-input-point-output with both input and output variable; the 
investment-period criterion is the same as (1) except that the marginal rate of 
return is calculated net of variable cost. 

3. Point-input-continuous-output with input variable and output fixed; at the 
end of an optimal investment period the present value of the marginal 
revenue from lengthening the period equals the marginal cost of lengthening 
it. 


The operation of durable equipment provides examples for the con- 
tinuous-input-continuous-output case. A quasi-rent function gives the maximum 
difference between revenue and variable cost flows at each instant of time. Itis 
Obtained by equating the sum of marginal input and maintenance cost flows to 
price. An entrepreneur will retire a single machine when his marginal quasi-rent 
less depreciation return equals the alternative interest return on scrap value. A 
machine within an infinite chain will be replaced when its marginal quasi-rent 
less depreciation return equals the average return net of investment cost for a 
new machine. 

Profit from the extraction of an output from an exhaustible resource over 
a T-period horizon is maximized if the present value of the difference 
between price and MC is the same for each period. If price is constant, this 
implies a declining output level over time. . A 

Direct expenditures and foregone earnings are the costs of investment in 
human capital, and the values of increased labor productivity are the return. 
The rate of return from an investment in education is determined by equating 
the present values of the income streams that would be earned with and 
without the education. The investment is undertaken if its return exceeds the 
market rate of interest. The cost of job training is given by the present value 
of the difference between the value of the marginal product of a trained 
Worker and that of the trainee during the training period. In a simple model of 
à person's earnings cycle it is assumed that his income is proportional to his 
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human-capital stock. His stock is increased through investment with a cost of 
foregone earnings, and is decreased through depreciation over time. The 
entire stock of human capital may be used to produce more human capital 
during the early part of the earnings cycle. However, after such a phase the 
rate of investment in human capital decreases with time, and eventually 
investment is less than depreciation. 


EXERCISES 


D 


12-1 Consider two alternative income streams: y, = , Yo = 321, and y, = 100, y, 535. For what 
rate of interest would the consumer be indifferent between the two streams? 

12-2 A consumer's consumption-utility function for a two-period horizon is U = c,c$*; his 
income stream is y, = 1000, y; = 648; and the market rate of interest is 0.08. Determine values for 
c, and c; that maximize his utility. Is he a borrower or lender? 

12-3 An entrepreneur invests on one marketing date and receives the resultant revenue on the 
next. The explicit form of his investment-opportunities function is R, = 24V/T,, and the market 
rate of interest is 0.20. Find his optimum investment level. 


12-5 An entrepreneur will receive 1000 dollars at 1*5, Determine an equivalent constant 
comte ome stream from f=0 to t=S if the interest rate is 10 percent. Note: = 


12-6 Consider an entrepreneur engaged in a point-input-point-output wine-aging process. His 
initial cost is 20, the sales value of the wine is R(T) = 100VT, and the rate of interest is 0.05. 
How long is his optimal investment period? 
12-7 An entrepreneur is engaged in a repeated point-input-point-output i I 
process. He invests Jo 
dollars and receives a revenue of R(T) dollars T years later, At T he will again invest J dollars 
and receive another revenue of R(T) dollars at 2T; Assume that he repeats this cycle indefinitely. 
Interest is compounded continuously at the constant rate |. What is the present value of the 


12-8 An entrepreneur is engaged in tree growing. He purchases seedling i v! 
cultivation cost ow at a rate of G(t) =0.4¢ dollars per year during the ine of ihe mex and sells 
the tee at = T for R(T) = 4+ 8T — T° dollars: The market rate of interest is 020. Determine an 
optimal length for his cultivation period, T. Apply the appropriate second-order condition to 
verify that your solution is a maximum. 

12-9 An entrepreneur is considering the variable revenues and costs from the operation of a 
machine to produce the output Q which sells at the fixed price p = $2. His input cost flow would 
be at the rate C, = Sq} dollars per year, and his maintenance cost flow would be at the rate 


12-10 An entrepreneur plans for a one-machine horizon. He purchases the machine for 00 
dollars. Its scrap value at time T is S(T)  500— 40T. The rate of interest is 0.05. The machine 


yields a quasi-rent flow at the rate Z, = 85—4t dollars per year, When should the entrepreneur 
retire this machine? 
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12-11 An entrepreneur with a two-year horizon desires to extract 100 units of output from an 
exhaustible resource. His extraction costs are C, = 0.5q1, the interest rate is 10 percent, and the 
constant selling price for the output is 100 dollars. How much output should he extract in each 


year? 
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APPENDIX . 
MATHEMATICAL REVIEW ; 5 


This appendix contains a brief review of some of the mathematical concepts 
that are used in the text. Rigorous proofs are generally omitted; in fact, many 
statements are not proved at all. 

The major tools of analysis are algebra and differential and integral 
calculus. The solution of simultaneous equations and the use of determinants 
are outlined in Sec. A-1. The fundamentals of differential calculus are dis- i 
cussed in Sec. A-2. The analysis of maxima and minima is discussed in Sec. 
A-3. The basic properties of integrals are reviewed in Sec. A-4, and the 
appendix ends with discussions of difference and differential equations in 
Secs. A-5 and A-6 respectively. 


A-1 SIMULTANEOUS EQUATIONS, MATRICES, AND 


DETERMINANTS 

A system of n equations in n variables can be written as | 
anXı dpXi ++ + + aux, = b, a 
AX, dnXi ++ ++ + 3X, = b; (A-1) 


Gy) XU Aq2Xp ++ ++ aX. =b, 


where the a’s are coefficients and the b's constant terms. Any set of n — 
numbers that preserves all n of the equalities in (A-1) when substituted for 
the x’s is a solution for this system. A simple example of a system of 1 
simultaneous equations is 


3x, -$= ll 
Xx, +2x;=11 
Its only solution is x, = 7, x; = 2. 
358 
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The a’s, x’s and b’s of (A-1) may be collected into rectangular arrays 
called matrices and denoted by boldface letters: 


An An «++. Gin Xi b, 

m b. 

A= ay an An . ka * } rae bi 
Ani An? +++ nn Xe b, 


A matrix with m rows and n columns is of order (m xn). An (m X 1) matrix is 
a column vector and a (1 X n) matrix is a row vector; each may be simply 
called a vector. The typical element of the matrix A is aj where the first 
subscript denotes a row and the second denotes a column. For example, as is 
the element in the fifth row and seventh column of A. Addition and subtrac- 
tion are defined for matrices of the same order. In this case the typical 
element of C=A+B is c; = aj + by. Subtraction is defined by replacing the 
plus signs with minuses. Addition and subtraction are not defined for matrices 
of different order. The multiplicative product € = AB is defined if and only if 
the number of columns in A is the same as the number of rows in B. If A is of 
order (m x n) and B is of order (n X p), € is of order (m x p), and the typical 
element is cy = 2f-1duby. A special case of interest is one in which A is a row 
vector and B is a column vector with the same number of components. The 
vector product AB is the sum of the products of like-numbered elements. A 
square matrix has the same number of columns as rows. If A and B are square 
and of the same order, the product BA is defined as well as AB. In general, 
matrix multiplication is not commutative, and BA # AB. The typical element 
of the scalar product kA, where k is a number and A is a matrix, is Kay. —— 
The system of linear equations in (A-1) may be written compactly in matrix 


Notation as ^ 
Ax-b (A-2) 


where A, x, and b are as defined above. 
A determinant is a number derived from a square array of numbers 
according to rules to be specified. It is denoted either by vertical lines on both 


sides of the array from which it is calculated or by a letter. If A denotes the 


matrix, of denotes the determinant: 


an an s Gin 

a An 

P E prim 
An mn occ Ann 


The rule by which a determinant is calculated from an array is merely stated 
here.' Products of numbers (or elements) are formed from A such that each 


1 For more extensive discussion see A. C. Aitken, Determinants and Matrices (New York: 
Interscience, 1951), peg Il; S. Perlis, Theory of Matrices (Cambridge, Mass.: Addison-Wesley, 
1952), chap. IV: or G. Birkhoff and S. MacLane, A Survey of Modem Algebra (rev. ed., New 


York: Macmillan, 1953), chap. X- 
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product contains one and only one element from each row and one and only 
one element from each column. Thus a determinant is defined only for square 
arrays. All such products can be written with the row indices in natural order 
(1,2, 3,..., n). Examples are the products 41,45; . .. à, and ananas... ann. If 
the number of inversions! among the column indices is even, the sign of the 
product is left unchanged. If the number of inversions among the column 
indices is odd, it is changed from minus to plus or from plus to minus. The 
value of the determinant is the algebraic sum of all such products. Consider 
the determinant 
d= s : | = 4105 — anan 

Only two products can be formed from the matrix A according to the rule 
stated above. A negative sign precedes the second term, since it contains one 
inversion (an odd number) of the column subscripts when the row subscripts 


are written in natural order.” 
[at 2 
=! 4 
the determinant is 12+2= 14, 


If the matrix is? 

The above rule is very cumbersome if the matrix contains a large number 
of TOWS and columns. Generally, a determinant is more easily evaluated by an 
expansion in terms of cofactors. For any element ay of the matrix A form an 
array by striking out the ith row and the jth column of the original matrix. 
The determinant of the remaining array, which contains (n— 1) rows and 
(n - 1) columns, is the minor of the element ayt The cofactor of this element 
is its minor multiplied by +1 if (i + j) is even and by —1 if (i + j) is odd, The 
determinant s can be written as 


A= lEn + an Ent: +++ au, 
for any given row index i where €y is the cofactor of the element in the ith 


' An inversion is an instance in which a lower index follows higher , the 
indices 1, 2 are in natural order; the sequence 2, | contains one anon opis 2,5, 


"The matrix or the array itself is written with square or round bracket The operation of 
forming the determinant, however, is indicated by vertical bars instead of brackets 


Minors of elements on the principal diagonal (ievot aj,, y, etc.) are called principal minors The 
principal minor of a); in the original determinant «f is à determinant of the order (n - 1) x in - D 
and is denoted by af, The principal minor of a; in the minor wl, i« a determinant of order 


n - 7) * (n - 2) and is denoted by 2$; 5. This (n — 2)* (n — 2) determinant is itself » principal 
- r of the original determinant 
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row and jth column. Similarly, 
w= aj; + A762; Te ay €,j 
for any column index j. Since a determinant can be expanded in terms of any 
single row or column, the multiplication of any row or column of the array A 
by a number k changes the value of the determinant by the same multiple. 
Imagine that the ith row of the matrix is multiplied by k. Then expanding 
the new determinant in terms of the ith row and denoting it by .5*, 


At= kai €i + kai $5 1 + kai €i, = ká 
The expansion i 
anit an€2+°** + a6, ^ foris j 
is an expansion by alien cofactors and equals zero.' Using this theorem it can 
be proved that adding a multiple of any row (or column) to any other row (or 
column) leaves the value of the determinant unchanged. For example, mul- 


tiply the jth row by k, add it to the ith row, and denote the new determinant 
by «f**. Expanding f** in terms of its ith row: 


3£** = (an + kap) Cn (aa + kag) Cra + * * * + (an + kan) Cin 
= ay €4 nia? ** + Gin in + KG Gir + annt: + ay Fin) 
= of 
since the term in parentheses in the second equation is an expansion by alien 


cofactors and therefore equals zero. ; 
The system of simultaneous equations in (A-1) can be solved by Cramer's 
rule, which states that the solution for x, is given by the ratio of two 


determinants, the denominator being the determinant of the coefficients of the 


provided that the determinant in the denominator r 
applying the rule that multiplying a column of the array multiplies the value of 
the determinant by the same number and then applying the rule that adding 
multiples of one column to some other column does not alter the value of the 
determinant, the solution for x, is derived as follows: 


anxi ay itan [Gnxétasm (nu o: Ain 


P O E A Mint ba 
ar MA... 4- 
aX t apt Faa n cU di voe, iR 
w | ani + ant tts ke da c dau 22 7 Om 
eee) oA t ded d. da o de 


' See Birkhoff and MacLane, op. cit, p. 286. 
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by substituting the column of constants from (A-1) for the sums in the first 
column. Denoting the determinant on the right-hand side by .;, the solution 
for x, is 


n= (A-3) 


as stated. The expression (A-3) is meaningless if = 0. In this case no unique 
solution exists, and the rows of the array are linearly dependent or, 
equivalently, the matrix is singular.' 

If the value of a determinant is zero, any of the n equations can be 
expressed as a linear combination of the remaining (n — 1). For example, the 
nth equation might then be obtained by multiplying the first equation by 6 and 
adding 3 times the second to the first. The nth equation contains no new 
information and can be omitted, because it depends linearly on the first (n — 1) 
equations. For example, assume that the nth equation is a linear combination 
of the first (n — 1) equations. The ith equation is 


Š a=b 
F a$ an= 5 ch 


where the c’s are constants not all equal to zero. Any set of x’s which 
satisfies the first (n—1) equations necessarily satisfies the nth. The last 
equation adds no new information. The system is reduced to (n — 1) equations 
in n variables. If no (n — 1)-rowed minor vanishes, it is possible to solve for 
any (n-—]) variables in terms of the constant terms and the remaining 
variable. 

If the original system of n equations is homogeneous (all constant terms 
equal zero), all the x's are zero if the determinant of the system is nonvanish- 
ing. According to Cramer's rule each x is expressed as a fraction. The 
denominator is nonzero by hypothesis. The numerator vanishes for every X, 
because all b's equal zero, and the determinant of any array with a column of 
zeros is itself zero. If the determinant vanishes, it is possible to solve only for 
the relative values of the variables, and the solution is unique except for à 


factor of proportionality. For example, if the system of simultaneous equa- 
tions is 


and the nth is 


3x,- 4x3 - 0 
6x, — 8x; - 0 


"The rows of the matrix A are defined to be linearly dependent if it is possible to find à 
set of numbers cı, C»... , c, such that 37.,c,, =0 for all values of the index j, provided that the 
€'s are not all equal to zero. It can be proved that the value of the determinant of the array is zero 


if and only if the rows (or the columns) of the matrix are linearly dependent. See Aitken, op. cit- 
pp. 62 and 64, 
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the determinant is (3)(—8)—(6—4) =0. Hence the two equations are not 
independent, and the second equation can be omitted.' Then 


3x,- 4x - 0 


x4 
X 


Any set of values satisfies the system as long as the relation between x, and x; 
is as 4:3, Numerical values for the variables can only be obtained by choosing 
an arbitrary value for one of them. 

The rank of a matrix is the order of the largest nonzero determinant that 
can be formed from its rows and columns. Since a determinant is defined only 
for square arrays, if the matrix A is of order (m X n), m <n, its rank cannot 
exceed m. The rank is also equal to the number of linearly independent rows 
(or, what is the same thing, columns) in the matrix. Necessary and sufficient 
conditions for solving a system of simultaneous equations can be stated in 
terms of the rank of certain matrices. These conditions hold irrespective of 
whether the number of equations is greater than, equal to, or less than the 
number of variables. Given the system of equations Ax=b where A is 
(m x n), there may be no solution, exactly one solution, or many solutions. 
Define C as an m X (n +1) matrix the first n columns of which are A and the 
(n+ 1)th is b. A necessary and sufficient condition for the existence of a (not 
necessarily unique) solution is that the rank of A equal the rank of C. If C has 
greater rank than A, the system is inconsistent and no solution exists. An 
example is 


or 


5x, + 2x2 =10 
10x, + 4x, = 11 
The rank of A is 1 and the rank of C is 2. Subtracting 2 times the first equation 
from the second yields the impossible result 0 — —9. 


A-2 CALCULUS 


Functions, Limits, Continuity ^ 


The relation y — f(x “y is a function of x") means that a rule exists by 
Which it is Rat has fed values of the variable y with values of the 
variable x. Examples are y = 1/x, y = 3x, y = In sin x, and y = 1 when x is an 
odd integer and y =0 for any other value of x. In each case values of y 
Correspond to given values of x according to the rule of association specified in 
the form of the function. 

A function may not be defined for all possible values of x: y = 1/x cannot 


| It does not matter which equation is omitted. Discarding the first leads to the same answer. 
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be evaluated for x = 0, and y = In sin x cannot be evaluated for values of x for 


which sin x is negative. The subset of all real numbers for which a functionis _ 


defined is a region called the domain of the function. Thus the function y=x" 
has all the real numbers as its domain. The function values corresponding to” 
the x values in the domain may themselves constitute a subset of the real 
numbers. This region is called the range of the function. The above function 
has the nonnegative real numbers as its range. P 

The relation y = f(x) is an explicit function, since y is expressed in terms 
of x. If the functional relation between y and x is denoted by g(y, x) =0, y is 
an implicit function of x. Specifying a value of x implicitly defines a value of 
y such that the expression on the left-hand side reduces to zero when the 
appropriate values of x and y are substituted in it. The relations y =x, 
y=ax+b, and y = Wx provide examples of explicit functions; the expres- 
sions ax+b-—y=0, x'— y? - 0, and e€'*y-x-lnx-0 are examples of 
implicit functions. In order to rewrite an implicit function in explicit form it is 
necessary to solve the equation g(y, x) = 0 for y. This is not always possible. 
The implicit function e” + y — x -Inx =0 cannot be written in explicit form 
because the equation cannot be solved analytically for x or y. An explicit 
function can always be rewritten in implicit-function form. For example, the 
explicit function y = 3x‘+2sinx-1 becomes y — 3x*—2sinx + 1=0 in im- 
plicit form. 

A function may have more than one argument. It is then a function of 
several variables and may be denoted by f(x}, x»... > Xa) or, letting x be the 
vector (xi, X2,...,%,), by f(x). The concepts discussed above are equally valid 
for functions of several variables. 

A function f(x) is convex over the interval (a, b) if 


fxi - (07 A)x] S Af (x) - (1 — Af) (A-4) 


for all a 5 x, X:5 b, and all OSA S1. It is strictly convex over the interval 
if the strict inequality holds in (A-4) for all 0<A <1. A function is concave 
over the interval (a, b) if 


fpi (0 — A)x] = f(x) - (1— Af) (A-5) 


for all 05A S1, and strictly concave if the strict inequality holds for p 
0cA«I. 

The left-hand sides of (A-4) and (A-5) give function values at points 
which are interpolations between the values X, and x. The right-hand sides 
give interpolations of the function values Corresponding to x, and x;. Strict 


values in the interval, x, and x, with Xi < x», the function values f(x) for 
Xi < x <% lie below (above) the line segment connecting f(x,) and f(x;). The 
function pictured in Fig. A-la is concave over the interval (a,b). The 


(A-5), and the two interpolations give identical values. Thus, a linear function 


ERSTE v v^. oc ue "o 


APPENDIX 365 


f(z) fiz) 


oO }--------- = 


(a) 
Figure A-1 


is both convex (but not strictly convex) and concave (but not strictly con- 
cave). 

These definitions and concepts are adapted in straightforward fashion to 
functions of several variables. Thus, the function f(x, Xz . .. , X4) is convex 
over a region if 


f[Axf? + (1 — A)xP, AxfP - (1 — A)x85, ... , Ax - (1 A)x2] 

S M(x9 aP, x0) - (0 — Af, x8,...,x2) (A6) 
for all pairs of points (x{?, x, . . . , xP) and (xP, x®, . . . , x) in the region and all 
0s A 5 1. The function is strictly convex if the strict inequality holds for all 
0 — A <1. The function is concave over the region if 


fU? (1 —A)xP, AxP (0.— ADP... AXP + (1 A)R] 
z Af(xes, x8, LL. xP) + (LAMP, x£,...,x2) (A-7) 


and strictly concave if the strict inequality holds for 0<A <1. 

A related but different concept is that of quasi-concavity. Consider the 
above function of n variables at two points x” =(x{”, x^, ..., x") and 
X? = (x®, x9)... x9), The function is quasi-concave over a region if 

fIAx + (1 = A)x?] = minfa), f(?)] (A-8) 
for all x and x in the region and all 05A S1. The function is strictly 
quasi-concave if the strict inequality holds for 0 < A < 1. Quasi-convexity and 
strict quasi-convexity are defined by reversing the inequality in (A-8). 

It is easy to show that a concave function is quasi-concave. No generality 
is lost by assuming that f(x) = f(x). Putting the concavity definition of 
(A-7) in vector terms 

FLAX! + (1 A)x?] z Af) + (1 — ASX) z fx?) 
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proving quasi-concavity. Quasi-concavity does not imply concavity. If 
F(x") = f(x) = y, (A-8) becomes 


FAX +(1—A)x®] = y 


This special case is of particular interest in the theory of consumer behavior 
and in the theory of the firm. 

A sequence of numbers is a list or enumeration of numbers such as 1, 2, 
3, 4, 5,...5 or 1,2, 4, 4 §..5 0r2, 1,442) Sor 1, 0, -1, 0, 1..... Each 


Sequence converges to a limit K if there exists a number K with the property 
that the numerical magnitude of the difference between K and an item in the 
sequence is arbitrarily small (can be made as small as one desires) if one takes 
an item in the sequence sufficiently “far out,” i.e., an item with sufficiently 
high index, and if the difference remains at least as small for every item in the 
sequence with even higher index. The first and fourth of the above sequences 
have no limit. The second and third have the limit zero. 

The explicit function f(x) (or, what is the same thing, the variable y) 
approaches the limit L as x approaches the number a, if the value of the 
function can be made to be as near the number L as is desired by taking x 
values which are sufficiently close to a, and if the value of the function 
remains at least as near L for all x values even closer to a. The process of 
finding the limit of f(x) at x =a may be visualized in the following manner. 
Take successive values xi, X»... etc., of x that form a sequence converging 
to a. Substitute these values of x in f(x). This results in a sequence of values 
f(x), foo), . . . , etc. If this Sequence converges to a number L, f(x) has the 
limit L at x — a. A limit exists if L is finite. The operation of taking the limit 
of f(x) is denoted by lim, ., f(x) = L. 

The function f(x) = 1-- 1/x approaches the limit 1 as x —« (x approaches 
infinity). However, this result cannot be obtained by substituting œ for x in 
1+ 1/x because 1/ does not equal zero. ALB =C implies that A = BC. If 


fact, © is not a number, but rather a direction. Its appearance in a formula is 
equivalent to the command to list the positive integers in increasing order and 
go as far as possible, i.e., to take the limit. The value of y can be made to 
differ from 1 by less than 0.1 by selecting a value for x greater than 10. If 
x = 20, I+ I/x = 1.05, which differs from 1 by only 0.05. Likewise, y can be 
made to differ from 1 by less than 1/1,000,000 by selecting a value for x 
[jest PU FEES E difference between the value of y and the number 
can s than any prespecified taking that is 
sufficiently large. y EA Sid x 


The function f(x) is continuous at the point x=a if the following 
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conditions are fulfilled: (1) lim f(x) exists, (2) f(a) exists, (3) f(a) = lim f(x).t 


The function is continuous in the interval a <x <b if it is continuous at every 
point in the interval. This definition of continuity implies that the function 
must be "continuous" in the everyday sense of the word: one must be able to 
draw the graph of the function without lifting the pencil from the paper.' 
Analogous definitions for the limit of a function and for continuity exist for 
functions of several variables. 


Derivatives for Functions of One Variable 


Assume that the function y =f(x) is continuous in some interval. If the 
independent variable x changes by a small quantity Ax, the value of the 
function will change by the quantity Ay. Hence y + Ay =f(x+Ax). The 
change in the value of the function can be expressed as 


Ay = f(x + Ax) - f(x) (A-9) 


Dividing both sides of (A-5) by Ax: 
A x + Ax I (x ‘A-10) 


The average rate of change of y per unit change of x for the interval x to 
x+Ax is d by (A-10). For example, imagine that if one walks another 
half-hour, one covers an additional distance of 2 miles. The independent 
variable time is changed from x to x +7 hours; Ay = 2 miles, Ax =} hour, and 
Ay/Ax = average speed = 4 miles per hour. The derivative of f(x), denoted by 
dy/dx, f'(x), or y, is defined as the rate of change of f(x) as Ax approaches 


zero; 
d ee? f(x Ax) - fe) 
mem enis 


The derivative is the rate of change or the speed in terms of ihe til 
example, or, to put it differently, the limit of the average rate o! eri 
(average speed) as Ax (the time interval) approaches zero. If the graph of f(x) 


" i jual the 
* At this point x = a the value of the function must be finite, and this value must eq 
limit of the function as x approaches a. The function y= 1 when x is an odd integer and y = 0 for 
any other value of x is not continuous when x is an odd integer. If f(x) and g(x) are two 
functions which are both continuous at x = a, then f(x) + g(x), {(x)g(2), and f(x)/g(x) [provided 
that continuous. 
EE that has “corners” or “kinks” but no gaps is continuous. The absolute 
value of a number x (denoted by |x|) is defined as follows: 
|x| =x ifxz0 
|xj=-x  ifx«o 


The function y = |x| has a kink at x = 0, but is continuous. 
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Jiz + az) 


[^] x x + âr Figure A-2 


is plotted, the derivative calculated at the point x = a is the slope of the curve 
representing f(x) at the point x = a. The average rate of change is the slope of 
the secant between two points on the curve, and the derivative is the slope of 
the tangent to the curve at a given point. These concepts are illustrated in Fig. 
A-2. Continuity of f(x) is a necessary but not sufficient condition for the 
existence of a derivative. The function Y 7 |x| is continuous everywhere, but 
lima, (Ay/Ax) does not exist at the origin. 

The derivative of a derivative is a second derivative, denoted by d^y/dx?, 


and is defined as 
d? a>" f(x Ax) — f'(x) 
dii lim Ax 


The second derivative is the rate of change of the first derivative, i.e., the rate 
at which the slope of the function is changing. In terms of the previous 
example it is the acceleration or the rate of change of speed. Higher-order 
derivatives are defined similarly. 


Techniques of Differentiation 


To differentiate a function is to find its derivative. Some of the more 
important techniques of differentiation are stated below without proof:' 


1. f(x) = c (constant), f'(x)-0 

2. f(x) = x", f(x) = nx" 

3. f(x) = g(x)hQ), f'(x) = g'G)h(x) +8(x)h'(x) 

4. f(x) = g(x)/h(x), h(x) #0, f'(x) = [e G)h(x) — g(x)h'GOMEAGOT: 
5. f(x) = g[hG)], f'(x) = g'thG)]h'(x) (function of a function rule) 


'Proofs can be found in any standard elementary text on calculus. See R. Courant, 
Differential and Integral Calculus (2d ed., New York: Interscience, 1936), vol. 1, pp. 136-140, 173, 


175; or A. C. Chiang, Fundamental Methods of Mathematical Economics (2d ed., New York: 
McGraw-Hill, 1974), pp. 164-184. i: 
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6. f(x) =In x, f'(x) = I/x 

7. f(x) = In [£6)], f'(x) = g'G)/gG) 

8. f(x) = e*'9, f'(x) = g'G)ef? 

9. f(x) =a", f'(x)  a*lna 

10. If y = f(x) is single-valued and continuous, and can be written in inverse 
form as x = g(y) such that f'(x) is continuous and #0, f'(x) = l/g'(y) or 
dyldx = 1/(dx/dy) (inverse-function rule). 


Partial Derivatives for Functions of Many Variables 


The definitions of a limit and continuity are easily generalized to a function of 
n independent variables 


yzfGQn x. ^e) 
The partial derivative of y with respect to x, is 


x 22 Ax; 
which is the rate of change of the function with respect to x, all other 


variables remaining constant. The techniques of differentiation are the same 
as those for a function of a single variable; all variables other than x, are 


treated as constants. For example, if 
y = 3xyxi * xi In xi 
à 
th OY @ 34242 d Z -6éxx4Inx 
en ax 3t an p 1X2 1 


Higher-order derivatives are determined by successive partial differentiation; 
@ylax? is the partial derivative of f, with respect to x; also denoted by f; 
8y/ax, ax, is the partial derivative of f, with respect to x, (one of the second 
cross partial derivatives) and is denoted by fy. For the previous example 


hp bump 0 
8X2 OX, z x 


If the first and second cross partial derivatives are continuous, fu = fj. The 
partial derivatives of the implicit function f(xi, Xz» - x,) = 0 are obtained by 
assuming that y = f(xi, X» ©.» X4) and calculating dy/dx;, ày/àxs, etc. 


The Total Differential 
For a function of a single variable 


dy _ p 
ae fo) 


The symbol dy/dx denotes the derivative and was not interpreted as a fraction 
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composed of the quantities dy and dx. Defining dx as an increment or change 
in the independent variable, dy can be defined as 


dy = f'(x) dx (A-11) 


This is the differential of f(x). Ata given point x° the value of the function is 
y* = f(x°), and (A-11) can be rewritten in terms of deviations from this point 
as 


y - y= f'a*)x — x (A-12) 


which is the equation of the tangent to y = f(x) at the point (x^, y^. Hence, 
(A-11) is the general form of the equation of the tangent to the function. For 
small changes of x (A-12) gives the approximate value of the corresponding 
change of f(x). 

The total differential of a function of n variables is defined as 


dy —- f, dx; + f, dxy - - -+ f, dx, (A-13) 


are permitted to vary, provided that the variation in the independent variables 
is small. The total derivative of the function with respect to x, is 


ay ,du,... 2. y di 
d hat tf The 


or the rate of change of y with Tespect to x, when all other variables are 
permitted to vary and where all X; are specified functions of x, 

Let the first-order partial derivatives be denoted by the vector Vt = 
(fi, fi... f) which is called the gradient of f. Now consider values for the 
dx's such that the value of the function remains unchanged with dy = 0. This 
special case of (A-13) can be written as the vector product 


Vtdx =0 (A-14) 


where dx = (dx, dx... , dx,). Contour or level curves of f are defined by 
(A-14), and dx is a displacement vector tangent to the contour. The gradient is 
perpendicular to the tangent and Points in the direction in which the function 


The second differential of y = f(X1, Xh +, Xa) is obtained by taking the 
total differential of (A-13): 
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derivatives of y with respect to wy and w, are determined by the composite- 
function rule derived below. Taking total differentials 


E 2E : 
dy ax, duty dx; (A-15) 
dx, = 2 gy, + 2% aw. into 
le uud ee 
E yy, j 
dx, = aw, dw,+ ow; dw, (A-17) 


and substituting (A-16) and (A-17) into (A-15) and collecting terms on dw; and 
dw. 


= (22 ôx 2» 2x) (zm dy OX, A-18 
g (z aw; * ax; aw, dw + ax; wi. x; aw. dw; (A-18) 


The expression (A-18) is itself a total differential in which the first term in 
parentheses equals dy/aw, and the second one equals dy/dw2. Hence 

By 2Y 9x: , OY 9 pg, 

dw, Ox, dw, T OX OW; figs *fhh 


dy _ dy 9X1 , dy 0x» _ 
OW, x, 3w: OX, OW: figs + fahz (A-19) 


If the independent variables of a function f(x, x2) are themselves functions of 
some other variables w, and wz, f(x), x2) is differentiated partially with respect 
to w, and w, according to (A-19). This is the composite-function rule. By 
further differentiation of the first equation of (A-19), 


rey fugiga + fil(gih + gh) falis figo + fiho 
Ow, ôw: 


Given the implicit function fQu, ay os -s Xa) = 05 the partial derivative 
4x/ x; is obtained by first finding the total differential 


fi du * fads: f dx, =0 
dividing by dx, 
au 
n ees fiore tht the ge no 
and setting all differentials other than dx, and dx, equal to zero. Then 
fede f et 


x. di A-20 
and din f (A-20) 
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Equation (A-20) is the implicit-function rule. By further differentiation of 
(A-20), 


9x fa ful ox) ax) — filfy + (ax ax;)] _ 1 2f ff, + faf? 
Go Mtl s od gb 


Envelopes 


Let f(x, y, k) =0 be an implicit function of the variables x and y. The form of 
this function is assumed to depend on the magnitude of the parameter k. In 


family. The equation of the envelope is obtained by taking the partial 
derivative of f(x, y, k), with Tespect to k and eliminating k from the two 
equations 

f(x, y, k) - 0 

fi y, k)=0 


This method of obtaining the envelope is generally applicable, provided that 
fu* 0 and ffa -ffa 0.4 , 


Implicit-Function Theorem and Jacobians 


Assume that the implicit function f(x, y) = 0 is continuous and has continuous 
first partial derivatives. Consider a Point (x°, y?) for which f(x", ^) = 0 and 
assume that f,(x*, y) #0. The implicit-function theorem states that there 
exists a neighborhood of points about (x°, y0) such that for any x value in the 
neighborhood there corresponds a unique y value in the neighborhood with 
the Property that f(x, y)=0. The implicit-function theorem thus asserts the 
existence, under the stated conditions, of a unique solution, y = $(x).t It 
gives a sufficient condition for the local univalence of solutions. Solutions 
may exist if f,(x°, y°)=0, but if f, vanishes throughout an entire neighbor- 
hood, then no unique solution exists in that neighborhood. This is true a 
fortiori if f, vanishes identically, 

An example where f,(x*, y) =0, but where à unique solution exists 
nevertheless, is given by f(x, y) = (x — yf. The equation (x — y)? = 0 possesses 
the unique solution y —Xx; yet f, =-%Ax—y)=0 at any point satisfying the 
original equation. An example where (x, y) = 0 throughout a neighborhood is 
given by f(x, y) =x — 1. It is clear that f(x, y) =0 is satisfied by x = 1 and any 
value of y; hence no unique solution exists.’ 

The question of the existence of a locally unique solution for n simul- 


t For proof see W. F. Osgood, Advanced Calculus (New York: Macmillan, 1 186-193. 
ł Moreover, the solution is differentiable under the stated m 925), pp. 
For rigorous proofs and geometric arguments see Courant, op. cit., vol. II, pp. 111-122. 
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taneous equations in n unknowns requires a generalization of the implicit- 
function theorem and the concept of the Jacobian. Consider the system of 
simultaneous equations 


f'Ga, Xz- -a Xn) = Yi 


f'Gi Xn.. Xn) = y 
TSE) sing ae LER ades (A-21) 


F"(X1, X»... Xn) = Yn 
The Jacobian of (A-21) is the determinant of the first partial derivatives of the 
functions f' and is denoted by 


ày ay ... 2n 
Ox, 0X; X, 

PEDUS EAM aene Dici TRIS V (A-22) 
LCS lays ayn OMe 
OX, 0X; 9X, 


The appropriate generalization of the implicit-function theorem is the 
following: If the functions f'(i, X» .. » Xn), (i= L2 25 1) are continuous 
and possess continuous first partial derivatives and if the Jacobian (A-22) is 
nonvanishing at the point (x9, x$,..., x2) satisfying (A-21), then, in some 


neighborhood about the point (y$, y3,..-» Ya) there exist unique inverse func- 
tions x, = $'(yi ys... Yo), (6 — 1,2,.... n). As in the case of the simple 


implicit-function theorem, no general assertion may be made if the Jacobian 
vanishes at (x9, x2,...,x2). However, if 4 —0 in an entire neighborhood 
about (x9, x2,..., x?), local univalence does not hold. The proof of this 
theorem is suggested by the following argument for the two-variable case. 
Consider the equations 


f&n x)= Yi (A-23) 
g(xi, X) 7 Y: (A-24) 


If the Jacobian does not vanish, not all partial derivatives may equal zero. 
Assume that f, #0. Then by the implicit-function theorem 


xi = (x2, Y) (A-25) 
Substituting in (A-24), 
F =g(6(x, y), x3 - Y; 7 0 (A-26) 
Then 
Ba = Bibi + 82 (A-27) 


Substituting (A-25) in (A-23), 
G = flo, y). x5] - v: 7 0 
Since G is identically equal to zero, its partial derivative with respect to x; 
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also equals zero: 
ar ~hidith=0 (A-28) 
[27] 


Solving (A-28) for 6, and substituting its value in (A-27), 
OF gf 1) 4 o. = D am F 
a (7) + E a 


Since by hypothesis the Jacobian (the numerator) and f, do not vanish, 
Fl Ax, * 0 and (A-26) can be solved for X». Therefore 


X= h(yi, yj) (A-30) 


Substituting (A-30) into (A-25) gives the solution for PN 

A second relevant theorem States that the existence of a function 
Hv Y»... , Ya) 0, that is, functional dependence among the equations of 
(A-21), is necessary and sufficient for the Jacobian of (A-21) to vanish 
throughout a neighborhood of the point (xi, x8,...,x9). The proof of 
sufficiency can be suggested as follows. Assume that there exists a functional 
dependence H(y,, ys) = 0, Taking the total differential, 

P H; dy, + H, dy, = 0 
Substituting for dy, and dy, their values obtained by differentiating (A-23) and 
(A-24) and collecting terms, 
(Hifi + Hygy) dx, (Hif, + Hg: dx; =0 


Since this must hold for all values of dx, and dx;, the bracketed terms must 
each equal zero: 


Hifi Hag, =0 Hifi Hig, 0 
Moving the second terms to the right-hand side and dividing the first equation 


by the second, 
H, =H; 
HA-HA 


or fit - fag, =0 (A-31) 


The left-hand side of (A-31) is the Jacobian which equals zero, 
As an example, consider the functions 


xi-25-2- y 
xi - 4xix, + 4x] y, 


The functional dependence between them is given by (y, + 2)’- y; 7 0. The 


Jacobian 


yi»). 2x, 


-2 
Alx X) 4x} Rr, dr} + Sr] ^ C919 6x) - (-8x] + 16x.) = 0 
vanishes identically. 
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If the functions (A-23) and (A-24) are linear, the first theorem reduces to 
the familiar proposition that the determinant of the array of coefficients must 
be nonvanishing. This condition is fulfilled if the number of equations equals 
the number of variables and if the equations are not functionally dependent. 
If the Jacobian of a system of linear equations vanishes, the equations are 
linearly dependent (see Sec. A-1). 

Local univalence means that a unique solution exists in a particular 
neighborhood. Global univalence means that a unique solution exists over an 
entire region. Global univalence obviously implies local univalence. However, 
a nonvanishing Jacobian will not ensure the global univalence that is often 
desired in economic theory. Global univalence theorems are normally based 
upon the properties of underlying functions, e.g., strict concavity.' Global 
univalence is discussed briefly in Sec. A-3, and two theorems are described in 
Sec. 10-1. 


A-3 MAXIMA AND MINIMA 


A (relative) maximum (minimum) of a function of one or more variables is an 
extreme point within the domain of the function such that all other valid 
points within a small neighborhood have function values that are no larger 
(smaller). All extreme points are stationary points, i.e., points at which the 
value of the function does not change. However, not all stationary points are 
extreme points. A strict maximum (minimum) is strictly larger (smaller) than 
neighboring points. A global maximum (minimum) is the largest (smallest) 
value over all valid points within the domain of the function. An un- 
constrained maximum (minimum) might be anywhere within the domain of 
the function. A constrained maximum (minimum) can only occur at points 
within the domain that satisfy one or more specific constraints. 


Unconstrained Maxima and Minima 


Let y = f(xy, xs... X.) be denoted by y = f(x) where x is an n-component 
vector. A Taylor series expansion is used to provide a proof of necessary 
conditions for an ? Assume that the point x’ provides 
a maximum, let Ax =(Ax,..., 4%) be an arbitrary displacement in the space 
of the x variables, and let 0; and 6; be two numbers with 6, restricted to be 
positive and 6, restricted to 0-6: « 1. Then, if f(x) is continuous with 


' See H. Nikaido, Convex Structures and Economic Theory (New York: Academic, 1968), 


chap. 13. 

? A. C. Chiang, op. cit- pp. 268-270. osha i 

po hiang fad (o maxima that occur at points within the interior of the domain of the 

function. Maxima that occur at the boundary of the domain are covered in the discussion of 
constraints. 
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continuous first and second partial derivatives, the value of the function at the 
point x°+ 0,Ax (i.e., at a point displaced from the location of the maximum by 
the vector 6,Ax) is 


£08  6,Ax) = f(x) + 0, D> fi(x*)Ax, + Lid fix? -0,0:AX)AxAx, (A-32) 
2£íf 


Since f(x’) is a maximum, f(x") = f(x + 6,Ax) for all sufficiently small values 
of 6,, and (A-32) therefore implies 


4 X fix; + g > D> Fg? + 0, 0,Ax)Ax,Ax, S 0 (A-33) 
Dividing both sides of (A-33) by 6, and taking the limit as 6, approaches zero, 
È tomas so (A-34) 


Since Ax is an arbitrary vector, this result also holds for the vector Az= 
(—Ax),...,—Ax,), in which case (A-33) becomes 


ai fi)Ax, s 0 (A-35) 


The only way in which (A-34) and (A-35) can both hold is if fix) 7 
af (x°)/ ax, 70 for all i2 1,..., n. Consequently, a necessary condition for a 
maximum (and for a minimum) is that all first-order partial derivatives equal 
zero. Otherwise, it would not be possible to satisfy both (A-34) and (A-35). 
These equalities are called the first-order conditions. 


Substituting 0 for f,(x") in (A-33), dividing by 01/2 and letting @, approach 
zero, 


X » fi(X)Ax Ax, s 0 (A-36) 


The left-hand side of (A-36) is a quadratic form with the Ax, as variables and 
the second-order partial derivatives as coefficients. The inequality (A-36) 


possible Ax. 


It can be shown that (A-36) is negative definite (negative for all possible 
Ax except x = 0) if and only if the principal minors obtained from the Hessian 
determinant of second-order partial derivatives 
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by deleting the last (n — i) rows and columns (i = n —1, n —2, . . . ,0) alternate 


in sign: 
fu fo: fin 
fu<olft Piso... fe i Piao m 
Ín p T fa 


The quadratic form is positive definite if and only if the principal minors are 
all positive. Extreme values are determined by solving the m equations 
fi) = 0, fo(x°) = 0,..., f(x) = 0 for the n variables x1, x$, . . . , x5, calculating 
the signs of the principal minors of the Hessian, and determining whether 
they are appropriate for a maximum or minimum. 

Let f(x) be a function of one variable. Necessary conditions for a 
maximum at x = x" are 


(A) f'a) 0 and  f'(x5z0 
and sufficient conditions are 
(B) f(x)=0 | and = f"(x°) <0 


The inequalities are reversed for a minimum. Conditions (A) are not sufficient 
and conditions (B) are not necessary. The former assertion is illustrated by 
the function f(x) = x°. Then f'(x) = 3x? and f"(x) = 6x. At x =0 conditions (A) 
are satisfied, but the function does not possess an extreme point at 0 (although 
it does have a stationary point). The latter assertion is illustrated by f= 
-x' which has a maximum at the origin so een n ed EN M 
well as the first) vanishes at that point. If the second derivative ot y = 
zero, there are three possibilities: (1) d’y/dx’#0, (2) d'yldX! -0 and 
d'yldx* 7 0, or (3) d'yldx? = 0 and d*y/dx* = 0. If (1) holds, the function has an 
inflection point (i.e., the first derivative has an extreme value) rather than a 
maximum or minimum. If (2) holds, the function has a maximum or minimum 
according to whether the fourth derivative is negative or positive. If (3) holds, 
the signs of the fifth and sixth derivatives must be examined and (1) and (2) 
applied with dy/dx" replacing d'y/dx? and d*y/dx* replacing d"yldx*. Not all 
cases are covered by this criterion, however, as is illustrated by the function 
y = e71"? for x#0 and y «0 for x =0.t The function has a minimum at the 
origin and has infinitely many derivatives with a zero value at that point. 
Similar considerations hold for functions of several variables. : l 
The satisfaction of the first-order condition at a point in an interval in 
Which a twice-differentiable function is strictly concave (strictly convex) is 


x ign conditions on the principal minors 
The numbering of the variables is arbitrary. The sign h i 
imply that all minors of order are of the same sign. For example, in the two-variable 


saxis conditions f, <0 and fifss -fl> 0 imply that fn is negative. 
tea I Onako E M S ae Ger Frequently Occurring Errors in the 


Economic Literature Concerning Problems of Maxima and Minima,” Journal of Economic 
Theory, vol. 9 (December, 1974), pp. 464-466. 
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necessary and sufficient for the existence of a unique global maximum 
(minimum) at that point. If the case of the vanishing second derivative 
mentioned in the last paragraph is ignored, the proof is easy.' Consider the 
case of a strictly concave function. Select two distinct x values, x; and x, in 
the interval. Rewrite (A-5) as a function of A, 


8(A) = fDoii + = A) xz] = Af(x) — (1 Af (x) > 0 


for 0<A <1, with the limiting values g(0) = 0 and g(1) = 0. It follows from the 
continuity of f(x), and hence the continuity of g(A), that g(A) has a maximum 
in the closed interval 0= A 5 1. The first-order condition for this maximum is 


8'(A) = f'xi = x: — fou) + f(x) = 0 
where x represents Ax, + (1 — A)x;. The second-order condition is? 


fe) = f'(x x - xy! «0 


which implies that f"(x) «0. A similar derivation implies that f"(x) >0 for a 
strictly convex function. Thus, strict concavity (strict convexity) ensures 
satisfaction of the second-order condition for a maximum (minimum). Let x* 
provide a maximum with f'(x*) = 0. Since f"(x) <0, f'(x) <0 for all x > x^, and 
f'(x) 7 0 for all x < x°. There cannot be a second value of x for which the first 
derivative equals zero; x° is a globally unique maximum. Similarly, minima for 
strictly convex functions are globally unique. Analogous arguments hold for 


pose of n variables. Assume strict concavity and let x denote a vector. In 
is case 


80) = È fixu- x3) - f(x) + fox) = 0 


and &'(A) = 5 Dr = Xu MX — x3) <0 


which implies that the Hessian matrix is the matrix of a negative definite 
quadratic form which is (together with the first-order conditions) sufficient for 
a maximum which can be shown to be 

Allied theorems state that if f"(x) » 0 over an interval, f(x) is strictly 
convex over the interval, and if f"(x) «0 over an interval, f(x) is strictly 
concave over the interval. These theorems provide an easy means of testing 
the convexity or concavity of particular functions. For example, consider the 
function f(x) = x? - 3x? 3x, Its second derivative is f(x) = 6x - 6 which is 
negative for x < | and positive for x » 1. Hence, f(x) is strictly concave for 
x < 1, and strietly convex for x ^ 1. In the n-variable case, the determinants 


The second derivative of a strictly convex or strictly concave function can only vanish at 
isolated points. It cannot vanish in a neighborhood, 


The function of a function rule for second derivatives is used. In general, ) = fh) 
6°) = OTROS + IG)" Un. xime 
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given by (A-37) provide a means for testing for the convexity or concavity of 
particular functions. If the determinants alternate in sign as shown for (A-37) 
over an interval, the corresponding function is strictly concave over the 
interval. If the determinants of (A-37) are all positive over an interval, the 
function is strictly convex over the interval. For example, consider f(x), x) = 
2x95x%4 Evaluating the first two determinants of (A-37), 


fu = -05xi 32^ fufa- f? = 0.08x;'x;? 


If follows that f(xi, x2) is strictly concave for xy » 0, x;7 0. 

A function of several variables may have stationary points that are 
neither maxima nor minima. Such stationary points may be points of 
inflection (as in the one-variable case), or they may be saddle points. The 
latter are stationary points of the function for which there is no counterpart in 
the one-variable case, and are characterized by the fact that the function 
reaches a maximum along some directions but a minimum along some others. 
A simple example is provided by f(x, y) 2 X - y! which has a saddle point at 
the origin. 


Maxima and Minima with Equality Constraints 


independent variables are not permitted to take on all possible values; the 
variables are "constrained" to satisfy some side relation. The constrained- 
maximum problem is to maximize the function fas X2 «5 p 
constraint that only those values of Xi, Xz» -  » Xa that satisfy the equation 


g(xi X» «+ + Mn) 70 


are admissible. For example, the function 
fi xj) = Qa = 1} + (2-27 


has an unconstrained minimum ät the point x)= 1, x» 7 2. However, if this 
function is subject to the requirement that xi -x-2 = 0, its minimum value is 
achieved at the point x, =$, X: =}, The function f(xi, X2) defines a surface in 
three-dimensional space. The equation x, x; - 2:7 0 defines a straight line in 
the horizontal xx; plane. The i problem is one of finding 
the lowest point of the surface defined by f(x, x2) such that this point is 


abo i defined by the constraint. These concepts are illus- 
rene v A in Fig. A-3. The unconstrained 


points on the surface other than those lying above the line AB, namely the 
points along the curved line PNQ, are irrelevant. The constrained maximum 
occurs at the point N, The result will generally differ from the unconstrained 
trained maximum will generally be lower than the un- 
constrained maximum. It, of course, cannot be higher. 
See méxdhiga for » maximum are derived for a two-variable 
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constrained example with reference to the unconstrained case. Sufficient 
conditions for the n-variable case are stated, but not derived. 

Let f(xi, x2) be maximized subject to the constraint g(x, x;) = 0. Assume 
that at least one of the partial derivatives of 8(x;, X2), say àg/àx;, does not 
vanish in some region. Then, by the implicit-function theorem, one can find a 
unique solution x; — h(x;), and substituting in the function to be maximized 


de" fi fd uo (A-38) 


But dh/dx, = dx,/dx, = —gi/g,, since the constraint must be satisfied for all 
eligible (x;, x) values, and hence gidx, + g,dx, — 0. Substituting in (A-38), 


fe f(-8)- o (A-39) 
Now define —f,/g, = A. Then (A-39) becomes 
h*àg 70 (A-40) 
It is also true that 
fitàg 0 (A-41) 


Equations (A-40) and (A-41) and the constraint are the first-order conditions 
for a maximum. 


The first-order conditions can also be obtained by forming the Lagrange 
function 


F(X, xy A) = f(t, X) + Agla, xy) (A42) 
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where A is called a Lagrange multiplier, and setting its partial derivatives with 
respect to xi, x», and A equal to zero. This yields three equations in the three 
variables x, x», and A, and the solution to this system gives the point or points 
at which f(x,x;) achieves a maximum (provided that the second-order 
condition to be discussed below is also satisfied) subject to g(x), x)= 0.t 

The second-order condition requires the second derivative of f[x;, h(xi)] 
to be negative. Differentiating (A-38) with respect to xı, 


d? dh dh dh Y ah 
dd = fut fa t+ fu ge fo (an) T E (A-43) 


Noting that fn = fa for functions with continuous second partial derivatives 
and that dh/dx, = —g,/g2, (A-43) becomes 


PL- fy ~2falE) + (B) - s [sts * ded] 
= Jl fuel + fngi* 2fugig1i— (2) enei+ sasi- 2eneie.)| <0 


Further noting that — fg; was defined as A, this becomes 


2 

PE- Mu + Agued+ nt Agnetha Aenderesl <0 (A4 
1 2 

Since g?>0 (note that to be able to invoke the implicit-function theorem £ 

has to be assumed nonzero), condition (A-44) is easily verified to be 

equivalent to the following condition on the bordered Hessian determinant: 


fu*Agu fntàgn fi 
fotAgn fntA£m 8 
£ 8? 0 


The terms in the upper-left-hand 2 x 2 portion are the second partial deriva- 
tives of F(x;,x2,A) with respect to x, and x; the rightmost column and 
bottom row contain the first partial derivatives of the constraint, and the 
element in the southeast corner is zero. The second-order condition (A-45) is 
equivalent to the requirement that the quadratic form Tia Zj., fy dx; dx, be neg- 
ative for all values of the dx's that satisfy gi dx, + 82 dX; = Oexcept dx, = dx, = 0. 

The first-order conditions for a constrained minimum in the two-variable 
case are also given by (A-40) and (A-41). The second-order condition requires 
that the bordered Hessian be negative. In this case the quadratic form must be 
positive for values of the dx's that satisfy g: dx; + g2 dx» = Oexcept dx, = dx; =0. 

First- and second-order sufficient conditions for maxima and minima for 
functions of n variables with m <n constraints can be derived in analogous 
fashion. The one-constraint problem is to maximize f(X1,...,%n) subject to 


>0 


tIf the function F were formed by writing g—Ag rather than f +Ag, the only difference 
would be a change in the sign of A. 
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G3, ...,x,) 2 0. Form the Lagrange function 
FG... Xm A) 7 f(x)... X.) ABC, DX) 
First-order conditions require that the first partial derivatives of F must 


vanish for both maxima and minima. This condition gives (n + 1) equations in 
(n + 1) variables 


P = fe t+ Age =0 (A-45) 


oF 
A C 800x»...,x)-0 


The last equation ensures that the constraint is satisfied. The solution 
Of this system of Simultaneous equations gives the point or points at 
which F(X, 33... x.) achieves a maximum (or minimum) subject to 
800, X4...,3,) 5 0. 

Second-order conditions require that the quadratic form 


be negative for a maximum (positive for a minimum) for all values of the dx's 
that satisfy 


8i dxy gi dx, + "+ 8, dx, =0 
other than dx, — 0 for all i. Form the determinants 


BINE ... F, £i 
F, F, F, LE] n In 
FQ F, n #2 Fin gy 
F Bi d ^ Fn Fs & Po ‘Fe... Fw gj 
"BLUE niis occa E PI EIE PERDERE a 
&i & 0 £g "4 E A Fa Fy see Fa En 
£i R2 A Bn 0 


which are obtained by bordering the principal minors of the Hessian deter- 


the first partial derivatives of the constraint, The element in the southeast 
corner of each of these arrays is zero, 

The second-order conditions for a constrained maximum will be satisfied 
if these bordered determinants alternate in sign, starting with plus; i.e., the 
signs of the determinants from left to right must be +, —, +, etc. The 
second-order conditions for a constrained minimum will be Satisfied if they are 
all negative. These conditions together with (A-45) are sufficient for constrained 
maxima and minima.’ 


! See Samuelson, op cit., appendix A; Allen, op. cit., chap. XIX; and for à rigorous treatment 
of some aspects of this problem, G. Debreu, "Definite and Semi-definite Quadratic Forms,” 
Econometrica, vol. 20 (April, 1952), pp. 295-300. 
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The Lagrange function for the two-constraint case is 
Fa, ... Xs Aty An) = fi Xas Xn) A ABA, Xa o o o s Xa) HABA, Xs, . o o p Xn) 
where A, and A; are both undetermined Lagrange multipliers. First-order 
conditions for extreme points require that 
oF 
ax; Pit Aisi + Agi = 0 


oF 
Bx, ftot Area = 0 


BF ges e) =O 


OF, ou 
Bag E Ob Hy -- x) =O 


Second-order conditions require that the quadratic form of second-order 
partials be negative for a maximum (positive for a minimum) for all nontrivial 
‘sets of values of the dx's that satisfy 


gi dx, +g} dx; gi dx, =0 
gi dx; + gi dx, +++-+gi dx, =0 


Border the following principal minors of the Hessian of F with the first 
Partials of the two constraints 


Fy Fo Fa gi gi Fu Fir gi gt 
Ri; Fe ytgh gh OPAL. assa esas 
Fy Fn Fs 8i 3) ,.-+5| Fu Fat giga 
g gh gh 0 0 gl: gp! 000 
si gd goo gio. ep 070 


In the two-constraint case, the second-order conditions for a maximum will be 
satisfied if the above determinants alternate in sign, starting with minus, and 
those for a minimum will be satisfied if they are all positive. If there are m <n 
constraints, border the principal minors of order (m + 1) through n with the 
partial derivatives of the m constraints. The second-order conditions for a 
maximum will be satisfied if the determinants alternate in sign, starting with 
the sign of (—1)"*!, and those for a minimum will be satisfied if all the 
specified determinants have the sign of (—1)". 


Constrained Optima and Quasi-Concavity (Quasi-Convexity) 


By advanced methods it has been proved that f(x, x2, . . . , Xa) cannot have more 
than one constrained maximum (minimum) in an interval if the determinantal 
conditions for a constrained maximum (minimum) hold over the interval. In this 
case the satisfaction of conditions (A-45) is sufficient for the existence of a 
uniaue elohal maximum (minimum) within the interval. 
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Form a determinant by bordering the Hessian of f with its first-order partial 


derivatives: 
fu S fin fi 
fa * NS Ka f. K^ 
fi ne fa 0 


alternately nonnegative and nonpositive.' If f is strictly quasi-concave, they are 
alternately positive and negative almost everywhere. The only possible 
exclusions are subsets of points which have no interiors, i.e., isolated points, 
lines or curves.? If f is regular strictly quasi-concave within a domain, such 
subsets of points do not exist within that domain, and the principal minors of 
(A-46) are strictly positive and negative, 

In the one-constraint case if f is regular strictly quasi-concave and g is 
linear, the second-order conditions for a constrained maximum are satisfied 
Whenever the first-order conditions are. Substitute fi = Ag; from (A-45) into 
(A-46), and divide the last row and last column of the resultant determinant by 
1/A so that (A-46) becomes 


fre farte 
x Su b En 
& cg 


the principal minors of Which have the signs required for satisfaction of the 
second-order conditions, Similarly, if f is regular strictly quasi-convex and 
minimized subject to a linear constraint, the second-order conditions follow 
from the first-order conditions, 


If there is more than one constraint and/or g is nonlinear, the connections 


Maxima and Minima with Inequality Constraints 


One sometimes desires to maximize lieet Subject to two sets of 
inequality constraints 


£Gn....x)E0 del. m (A47) 
Xi... X, m0 (A-48) 


' See K. J. Arrow and A. C, Enthoven, "Quasi-Concave Programming." Econometrica, vol. 29 
(October, 1961), pp. 779-800. rE 

* For examples of such functions see D, W, Katzner, Static Demand Th (New York: 
Macmillan, 1970), pp. 54, 211 
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The first set restricts relationships among the x’s, and the second requires the 
variables to be nonnegative. This is a nonlinear-programming problem. Neces- 


sary and sufficient conditions for a maximum may be stated in terms of a function 
similar to the Lagrange function used for the equality case. Form the function 


FQxy -.- Sap Acc An) = fs) Ag Gr s) (A-49) 


The Kuhn-Tucker conditions for (A-49) are as follows 


aF_..8 " y 

ay Ait a j=1,...,n (A-50) 
ae is 3 

dcs m0 i=l.m (A-51) 
x20 j-2L...,n (A-52) 

XE0 i-L...m (A-53) 

(n+ rei) =0 j=1,...,0 (A-54) 
Ag's0 "P-L...,m (A-55) 


The first two sets of conditions, (A-50) and (A-51), are similar to the first-order 
conditions in the case of equality constraints; the difference is that these partial 
derivatives are not required to be zero, but nonpositive and nonnegative 
respectively. The second pair of conditions ensures that all variables, including 
the Lagrange multipliers, are nonnegative. The last set of conditions are the 
complementarity conditions. , 
The reason for the presence of inequalities in (A-50) and (A-5 1) can be given 
intuitively in terms of a one-variable case subject to a nonnegativity require- 
ment. Imagine that one wishes to maximize f(x) subject toxz 0. There are two 
possibilities, if a maximum exists: (1) An unconstrained maximum occurs at 
some point where x is positive or zero, in which case the appropriate first-order 
condition is f'(x) = 0. (2) An unconstrained maximum exists at a point at which 
x « 0. Since negative values of x are not admissible by the statement of the 
problem, the largest admissible function value must occur at x — 0. But at this 
point the function must be declining in value, i.e., f'(x) must be negative, for if 
this were not true, an unconstrained maximum would occur at some positive x 
value, contradicting the assumption that it does not. Hence f'(x) $0 Covers all 
possible cases when the restriction x 20 is imposed. Moreover, and this givesan 
intuitive underpinning to the complementarity condition (A-54), f'(x)x must 
equal zero at the maximum: if x > 0, then f'(x) must equal zero as argued above; 
if f'(x) is nonzero (i.e., negative), then x must equal zero and the maximum 
B. fn. ee the (xi... X) i=1,...m are all concave, the 
Kuhn-Tucker conditions are sufficient conditions for a maximum. In other 
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words, if concavity holds, x? and A? vectors that solve (A-50) through (A-55) have 
the property that the x? vector solves the maximum problem. The Kuhn-Tucker 
conditions are necessary conditions for a maximum if the so-called constraint- 
qualification condition is met. This condition basically ensures that the region of 
points in x-space not ruled out by the constraints, called the feasible region, has a 
shape that is well-behaved. Feasible regions are not well-behaved in this sense if 
the constraints become tangent to one another (see Exercise A-15). Such regions 
are not often encountered in economics, In the text it is assumed that the 
constraint qualification is met so that given concave functions, the Kuhn-Tucker 
conditions are necessary and sufficient. 

The above framework is easily modified to accommodate minimization 
subject to inequality constraints, Reverse the inequalities in (A-47), (A-50), and 
(A-51). The modified Kuhn-Tucker conditions are necessary and sufficient for a 
minimum if the underlying functions are all convex and the constraint 
qualification is met. An alternative is to maximize the negative of the function for 
which a minimum is desired with the conditions unaltered. 

The Lagrange multipliers for the inequality constraints have similar 
interpretations to the multipliers for equality constraints and the dual variables 
of linear programming (see Sec. 5-7). They give the rate at which the optimal 


A-4 INTEGRALS 


The integral of a function f(x) is another function F(x) which has the property 
that its derivative equals f(x); F'(x) = f(x). An integral is unique except for an 
arbitrary additive constant c, since a constant vanishes on differentiation. Thus if 
F(x) is an integral of f(x), so is F(x) + c, Integration is the process of finding the 
integral and is in a sense differentiation in reverse. The integral F(x)--c is 
known as the indefinite integral and is denoted by 


[fe d= Fc 


The techniques for finding the indefinite integrals of various kinds of functions 
can be difficult. Some of the simple rules of integration are stated below without 


1. f(x) = g'(x), f f(x) dx = g(x) 
2. f(x) = g(x) + h(x), f f(x) dx = f g(x) dx * f h(x) dx 
3. f(x) = cg(x) (c a constant), f f(x) dx = € f g(x) dx 


* See Courant, op. cit., vol. f, Pp. 141-143, 207-210. 
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4. f(x) =x* (k#-1), f f(x) dx = x**'/(k +1) 
5. f(x) = 1/x, f f(x) dx = log x 


6. f(x) =e, f f(x) dx -le 


7. If x = g(u), then f f(x) dx =f f[g(u)]g'(u) du 
8. If u= u(x), v 7 v(x), then f u'(x)v(x) dx = u(x)v(x) — f u(x)v'(x) dx (in- 
tegration by parts) 


Integration can be used to calculate the area under a curve. The function f(x) 
is plotted in Fig. A-4. To calculate the area between the x axis and the curve 
between points a and b, subdivide the distance (b — a) into segments of width 
Ax; and then erect rectangles of height f(x) over each segment. The height of 
each rectangle is the value of the function evaluated at the left-hand boundary of 
each segment. The required area A is approximately Xf (x;) Ax,.t As the width of 
the rectangles becomes smaller, the expression Xf(xj) Ax; comes closer to the 
true area A. In fact, 


A = lim Xf(x) Ax 
Axo 


provided that this limit exists.! Now change the right-hand-side boundary b of 
the area under consideration to a variable boundary x. The area from a toa 
variable right-hand-side boundary x is a function of x and will be denoted by 
A(a, x). A somewhat larger area would result if the right-hand-side boundary 
were somewhat farther to the right, i.e., if this boundary were x + Ax. The 


t The sum of these recta underestimates the area under the curve. If the height of the 
rectangles were given by the pace the function corresponding to the right-hand boundary of each 
segment, the approximation would overestimate the correct area. Either method is permissible for 
the analysis. 

! The limit exists if the function f(x) is continuous. 


Figure A-4 
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resulting area will be denoted by A(a, x + Ax). The difference between these two 
areas is 
A(a, x t Ax) - A(a, x) = A(x, x + Ax) 


The area between the points x and x -- Ax is also given by the width of the 
interval Ax multiplied by the value of the function f(x) at some point between x 
and x + Ax. Denote this value of x by xy: 


A(a, x + Ax) - A(a, x) = f(x) Ax 


n Ala, x + A= Ai) c) 


When Ax approaches zero, x + Ax approaches x, and hence x, approaches x, 
since x, is between x and x + Ax. Taking limits 


dA _,, A(a, x + Ax)— A(a, x) _ 
ae Ax =f) 


This proves that the derivative of the area under a function is the function itself 
or that the integral of a function is the area under it. The area A(a, b) is the 
definite integral of f(x) between the points a and b. If F(x) is an indefinite 
integral of f(x), the definite integral between a and b is 


b 
[ feo ar= Fe) Fo) 
An example of definite integration is provided by 
[^ ae" dx = -2€^ a all-e”) 
o r h r 


The mean value theorem for integrals states that if f(x) is continuous over 
the interval from a to b, then f? f(x)dx = f[a0  b(1— 8)Kb —a) for some 
05 @=1. This means that the definite integral equals the width of the interval 
times the integrand evaluated at some appropriate point in the interval. 

The limits of integration may be functions of a variable x as in g(x) = 
SHY f(x, y) dy. In this case the integral's derivative is 


: ex) ð 4 " 
w(x) = [^^ LED ay — efte WOO + uite e oy 


A-5 DIFFERENCE EQUATIONS 

Consider the sequence of numbers 1, 4,9, 16, 25, etc., and denote them by 
Yis Yar-++4Yn+++ The first differences of this sequence are Ay, = y,- y, =3, 
Ay:= ys—y2=5, Ays=ys—yy=7, etc. The second differences are the 


t Courant, op. cit., vol. II, pp. 219-220. 
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differences between the first differences or A’y,;=Ay.—Ay,=2, A?y,= 
Ay; — Ay; = 2, etc. In this particular sequence of numbers the second differences 
are constant and equal 2. This can be written as 


Ay, =2 (A-56) 


Equation (A-56) can also be written as the difference between two first 


differences, or 
Ayni Ay, =2 (A-57) 


Each of the first differences in (A-57) can be written as the difference between 
two members of the sequence, or 

(yeaa Y 7 Quai — Ye) = 27 2yat»7 2 (A-58) 
Equation (A-58) is a difference equation; it is expressed in terms of the differ- 
ences of a sequence of numbers. It relates the (t + 2)nd member of the sequence 
to the (f + 1)st and the tth members. In general, difference equations relate the 
tth member of a sequence to some previous members. The general linear 
difference equation of nth order with constant coefficients is 


oy; + A1Ye-1 + daYr-2 +` * H ay t b =O (A-59) 


Equation (A-59) is linear because no y is raised to any power but the first and 
because it contains no products or other functions of the y's. It is an nth-order 
equation because the most distant value of y upon which y, depends is y;-n- Thus 
(A-58) is a linear difference equation of second order with constant coefficients. 
A difference equation is homogeneous if b =0. Equation (A-58) is non- 
homogeneous. 


The Nature of the Solution 


The homogeneous first-order equation is 
yr = ay (A-60) 


Given the information that yo — 2, yi = 2a can be determined from (A-60) by 
substituting the value of yo on the right-hand side. Then y; = a(2a) » 2a*. In this 
fashion it is possible to calculate the value of y forany value of t. This procedure 
is cumbersome and can be avoided by finding a general solution for the 
difference equation. A general solution is an expression, usually a function of t, 
which gives the value of y, immediately upon substitution of the desired value of 
t. A function of t must be found such that y, = f(t). Any such function is a 
solution if it satisfies the difference equation. In the first-order case the solution 


t isfy' 
f(t) must satisfy f(t) = af(t - (A-61) 


! A di equation also be regarded as defining y as a function of t. To every value of t 
there corresponds a value of y with the proviso that the independent variable £ can take on only 


integral values, ie., 0, 1, 2,3, ete. 
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In addition the solution must also be consistent with the initial conditions. 
The initial conditions are a statement about the value of y at one or more 
specified points in the sequence. The number of initial conditions must be the 
same as the order of the equation in order to obtain a complete solution. Only 
One initial condition is necessary in the first-order case. This was given by 
Yo = 2 in the previous example. The problem is to find the solution or solutions 
that satisfy the difference equation and then to select the solution that also 
satisfies the initial conditions.' Subsequent discussion is confined to linear 
difference equations of first order with constant coefficients. 


Homogeneous Equations 
Equation (A-60) can be written as 


X =a for all t 


Ye 
Therefore, w / TET UNIS Ae ot 
A Yr-i Yi2 Yi Yo 4 ^ 


The term a' is itself a solution since it satisfies (A-60): 
a’ = a( a‘) 
If f(t) is a solution, so is cf(t) where c is a constant. Thus assume that the 
general solution is y, = ca‘. This satisfies the difference equation because 
ca‘ = a(ca‘"') 
The parameter a is given by the difference equation and c is determined on 
the basis of the initial condition such that the general solution ca‘ is con- 


sistent with it. In the previous example the initial condition was given by 
Yo = 2. yo = ca^ = c = 2, and the general solution is y 7 2a’, 


Nonhomogeneous Equations 


Two steps are required to find the solution of a nonhomogeneous difference 
equation. The first one is to find the solution f(t) of the corresponding 
homogeneous equation. The second one is to find the particular solution 
denoted by g(t). The final general solution is f(t) + g(t). The nonhomogeneous 
equation is 

ay, + bye c-0 (A-62) 
The solution of the homogeneous part of (A-62) is k(—-b/aY. To find a 


chaps. II-III. 


t 
| ws 
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particular solution substitute in (A-62) y, = K (constant) and solve for K: 
aK+bK+c=0 


=e 
and Ke 


provided that a + b € 0. Then the general solution is 
by e 
Phi t 
where k is determined in accordance with the initial conditions. If a + b — 0, 


assume that the particular solution is y, = Kt, substitute this in (A-62), and 
solve for K. Then the general solution is y = k(- b/a)' + Kt, where K = c/b. 


A-6 DIFFERENTIAL EQUATIONS 


An equation in which the variables are derivatives is called a differential 
equation. Examples are given by (1) dy/dt = 17, (2) d*y/dt? + b dy/dt + cy =0, 
and (3) dy/dt + by? = c. Equations (1) and (2) are linear differential equations 
because they are linear in y and its derivatives. Equations such as (3) are 
nonlinear and are not considered here.! The general nth-order linear differential 
equation with constant coefficients is | 


aD ea e esty +b=0 (A-63) 


This equation is homogeneous if b = 0. The homogeneous first-order equation 
is 
dy. (A-64) 
an 


A general solution is a function y = f(t) that satisfies the equation and yields 
the value of y upon substitution of a value of the independent variable t. As in 
the case of difference equations, solutions must also satisfy initial conditions. 

The solution of (A-64) can be obtained by integration. Treating dy and dt 
as differentials, (A-64) may be written as 


d —. bat 
y 
1 
Integrating both sides, j ro | b dt 


1 These equati called ordinary differential equations since the derivatives occur- 
ring im hen tions ASO cees. Equations containing partial derivatives are called partial 
differential equations. These latter are encountered less frequently in economic applications than 
àre ordinary differential equations. 
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It follows that 
logy=bt+c (A-65) 


where c stands for the constant of integration which is determined from initial 
conditions. From (A-65) the solution for (A-64) is 


y= elite ge ke" 
where k = e“, Given the initial condition y 7 yo when t — 0, it follows that 
k — yo, and the solution is 
y= yoe™ 
The derivation of solutions to higher-order equations has many similari- 
ties to the corresponding derivations for difference equations. For any 
differential equation of the form of (A-64) a solution is provided by e^ where 
A is an as yet undetermined number. In the second-order case, a d*y/dt?+ 
b dyldt + cy =0, the substitution of e^ yields 
ad*e™ + bre + ce“ =0 
Dividing by e”, 
aa*+bA+c=0 
Since the quadratic yields, in general, two roots A; and A;, the general solution 
will be of the form y = ke^! + k,e™', Given the initial conditions y = yo and 
dy/dt = yg when t = 0, 
yo7 ki ko Yo = ki + à; 
and the constants are 
ky = X67 Ae =V Ayo 
: Ai- Àz k à -À; 


if A, # As. If the solution to the characteristic equation is a pair of complex 
numbers A = 6, * 6i, the solution of the second-order differential equation 
becomes 


y= e%'(k, cos et * k sin 8t) 


where k, and k, are determined, as before, from the initial conditions. 

The particular solution for a nonhomogeneous differential equation is 
found in the same way as for difference equations: assume that y = K 
(constant) provides a solution. Substitute this trial solution in 


2 
a Tht oD eyed o 


and solve for K, provided that c » 0. The general solution is, as before, the 
sum of the particular solution and the solution to the homogeneous equation. 


t If c 0, one assumes y = Kt; if b is also equal to zero, the trial particular solution becomes 
Kt’. See also Sec. A-5. 
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EXERCISES 


A-1 Use Cramer's rule to solve the following system of simultaneous equations: 


2x,+3x,  -13 
Xt Mtxy=0 
5x, — 6x, + x5 = - 13 


A-2 Differentiate the following functions: 

(a) f(x) = 6x' + 2x! - x + 12. 

(b) f(x) = 4Vx. 

(c) f(x) = e*(x -2). 

(d) f(x) = 4x'I2x? — x). 

(e) f(x) = In (x^). 
E Determine the values of x at which the following functions possess maximum and minimum 
values: 

(a) fox) 2 x -2x S. 

(b) f(x) = x? — 27x? + 195x +3. 

(c) f(x) 9 In x? - x * 1). 
A-4 Determine whether the following functions are strictly convex, strictly concave, or neither 
Over the specified intervals: 

(a) f(x) = x! - 3x +4, for x = any real number. 

(b) f(x) = In x, for x »0. 

(c) f(x) 5 e", for x 30. ; 

(d) f(x) = x! - 2x! +x, for x20. 
A-5 Determine f, and fn for the following functions of two variables: 

(a) f(x), x) = xixi = xix + 3x, — 2x2. 

(b) f(x, xy) = In (2x; + 3xj). 

(c) f(x), x) = xf. 
A-6 Take the total differential of y = 2x,x} + x;e? * In x. 
A-7 Construct the envelope of the family of curves in the xy plane given by y — 2x! — xk +k? =0. 
A-8 Find values for x, and x; which maximize 

f(x, x3) = Sx + 10x: + xix; - 05x] 333. 


A-9 Let f(xi, x;) = el "(2x1 3x1). Verify that this function has maxima at (1,0) and (-1, 0), 
saddle points at (0, 1) and (0, —1), and a minimum at (0, 0). Draw the (approximate) contours or 
level curves of the function. 
A-10 Let f(x,, x.) = Axtxf, where A, a, B > 0, be defined for the domain xı, x; 0. Demonstrate 
that the function is strictly concave within its domain if and only if a + B <1. 
A-Il Let f(x,x,) be maximized subject to g(x, x) 0. Assume that optimal values for the 
appropriate Lagrange multiplier are strictly positive. Show that strict quasi-concavity for both f and 
8 and regular strict quasi-concavity for one of the two functions is sufficient to ensure the 
second-order conditions whenever the first-order conditions are satisfied. 
A-12 Find values for x, and x; that maximize f(x), X2) = xix; subject to the requirement that 
5x, + 2x, = 300, Demonstrate that the appropriate condition is satisfied. 
A-13 Find values of x, and x; that maximize f(xi, x:) = (x, + 25)"“x}“ subject to the requirements 
that 5x, + 10x, 5 100 and xj, x: z 0. 
A-14 Find functions of two variables with the domains xı, x; » 0 that are 

(a) Quasi-concave, but not strictly quasi-concave and not concave. 

(b) Strictly quasi-concave, but not concave. 

(c) Quasi-concave, but not strictly quasi-concave and not strictly concave. 

(d) Strictly quasi-concave and concave, but not strictly concave. 
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A-15 Find the optimal solution to the nonlinear-programming problem: maximize x, subject to 
(17x)! - x; £0 and x,,x,;20. Show that the Kuhn-Tucker conditions are not satisfied at the 
maximum. Explain why they are not. 
A-16 Demonstrate that the simultaneous equations 
xit Axis + Ax] = yi 
x+n = ys 
do not possess solutions of the form x, = $'(y;, y:), i= 1,2. 
A-17 Find J f(x) dx if 
(a) f(x) =x? - 2x. 
(b) f(x) = (2x + D/G? +x). 
(c). f(x) = ae, 
A-18 Evaluate the following definite integrals: 
(a) J (2x +3) dx. 
(b) ff (1x) dx. | 
A-19 Solve the following nonhomogeneous difference equation: 
2y%-y-1-6=0 — and yo * 10 


A-20 Solve the homogeneous second-order differential equation: 


S52 46) -o 


where y, 6 and yj 3. 
DL 
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ANSWERS FOR EVEN-NUMBERED EXERCISES 


Chapter 2 
2-2 Forastrictly concave function f[Aqf + (1—A)q\", Aq? + (1 — A)q$?'] > Af(q1, q9 + (1 — f (a^, aP). 
Let A = 0.5, multiply through by 2, and rearrange terms to obtain the desired result. 
2-4 Form the function V = q1q2+ A(y — piq, — p2q2), and set its partial derivatives equal to zero: 
WDP'a-Ap-0  qp-A»-0  y-pii- pig: 70 
which yields p,q, = yp2qz, a positively sloped straight line through the origin. 
2-6 V is a monotonic transformation of the utility function given in Exercise 2-3. Specifically, 
V=U*+inU. 
28 dW _ (48- T)r 
W dr (r* DIT(r*2)—48]- 
2-10 Here, Sı = - p, Su = pyp3A/9, and pil- pA) + px{pip2A/2) 0. 
2-12 Form the Lagrange function 
V = f(i qa 43) + My = piti - Pada = Pag) + (2 — €iqi — 634: - 0) 
where the p's and c's are dollar prices and ration-coupon prices respectively. The Kuhn-Tucker 
conditions are 


LL ee av 
aq 1 APi— ne 0 9&0 qu 1-123 


av 
qc P4-Pa-Pez0 ABO av ang 


n z-e- et- ez o u20 uit ao 

There are three possible outcomes: (1) the budget constraint is binding, but the coupon 
constraint is not; (2) the coupon constraint is binding, but the budget constraint is not; and (3) 
both constraints are binding. The imposition of rationing would not alter the consumer's 
purchases if his coupon allotment were sufficiently generous so that z is not less than the coupon 
requirements for his former purchases; i.e., case (1) above provides the optimal solution. 


36 
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Assume that (3) prevails, and that all outputs are positive. The Kuhn-Tucker conditions yield 
h.t»: i. 
fi aptae: H7 


RCSs (the f/f) equal generalized price ratios where the generalized prices are the dollar and 
ration-coupon prices weighted by the corresponding marginal utilities, i.e., the Lagrange multi- 
pliers. 


Chapter 3 


3-2 Using vector notation let g(q) be a homogeneous function and let f(q) be a monotonic 
increasing function of g. Since the two functions provide the same ordering, g(q°) = g(q'). From 
homogeneity 


(tq?) = t*g(q*) = t'g(q'") = g(tq”) 


and finally, it follows that f(tq*) = f(tq™). 
3-4 Maximization of utility subject to the budget constraint viq, + »,q; | yields the demand 
functions 


and the indirect utility function 


with the derivatives 


aU a aU l-a 
dm ow" 5 vi 


—alv. =% 
U= avlo - v1 -av)lv]] v 
—(1—av,)/v} "s 
^ Caso, vl- avo] v: 


Which are the same as the demand functions derived above. ^ D 
3-6 The consumer maximizes qiq:qs subject to y = piqi* pads * Ps» = Piq: + pq». Substituting 
qe = qı + psal p, in her utility function, write the Lagrange function as 


ve(a " P. ejes AY — pi. — P345) 


Finally, by Roy's identity 


and set the partial derivatives equal to zero: 
q4-Àpi =0 (-B)eo* (a.-Ba)o -o 
(a -Ba)a-An-0 y- pi -Pa 70 


Solving f. yields q. = (2y)/Gp). 
34 Conse Ces pe A NEE BM Ires, UA) 200 and ULD)« 100 


U(B) = (0.4200) + (0.6100) = 140 
U(C) = (0.2140) + (0.8100) = 108 
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3-10 The consumer can only reduce the dispersion of outcomes in this case. She cannot eliminate 
uncertainty. Equate the expected utilities from insurance and no insurance: 
(0.10)( 152,380 — R)'5 + (0.90 160,000 — R)°* 
= (0.05)(90,000)"* + (0.05)(40,000)"* + (0.90)( 160,000) = 385 
The value R = 11,004 provides a-solution for this equation. 


Chapter 4 


4-2 The MPs, f, = 100+20x,-—25x, and f, = 100-20x,—25x; are positive over the domain 
0.8x, +4 > x) > 1.2x,—5, and fy = fi = —25<0, fufa—fi:= 225 > 0 throughout two-dimensional 
space. It is also necessary to impose the condition that the input values be nonnegative. 
4-4 Equating MC to price: 
34!-20q*417-5 and  3q'-20q412-0 

which has the roots q=6 and q=}. At q=6, d'Cldq!  6q —20 - 167 0, hence this is the 
maximum profit solution; MC is decreasing at q =}. 

The output elasticity of cost at q =6 is 


C dq _q?-Wa?+17q+66 — 1 24 M1 

q dC q 33-2417 %6) mes 
since dq/dC = 1/(dC/dq). 

46 Total profit is 


7 7 Didi + Piq = X = pigi + Paq- rA(qt + q$) 
Setting the partial derivatives equal to zero, 


an 


aq, Pio PaAat'=0 Sm =p, rBAgt=0 


ou es ad ra (2) 

E = ala ~ l)Aqt? A B(B = DAqt? 

These are both positive for qı, q >0 since a, 8 » 1 by hypothesis. Finally, 
! dh - BEL) 


Whence 


Chapter 5 


5-2 Let kı and k; denote the input use ratios for Q, and Marte 
pies rato. The epic eris inb meal tae o a tr denote 


k-ar^ and ky ay 


By hypothesis, v, >; and a, < a;. The input use ratios would be the same if k, = ky: ar" = axr” 
which implies that 7 = (aj/a,) ^^". Dividing the expression for k, by that for ks, 


bte 


Since o, - o, 7 0 by hypothesis, a price ratio greater than (a,/a)) "^" would make k, >k, and 


conversely 
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5-4 By Shephard's lemma 
aC. “ijg = 2C . ig = 
3n (t "jg =x, » (14 rg =x; 


where r = ri rs. Solving for r'?, 
papiru 
xi-4q q 
which yields the production function 


Par i od PE 
q XX Ta im 0.5(0.5xj' +0.5x3') 
which by (5-7) is CES with ø 0.5 (p = 1), A =0.5, and a = 0.5. 
5-6 The input requirements for a unit of output producing half with the first activity and half with 
the third are 
(0.5)(1, 6) + (0.503, 3) = (2, 4.5) 


The second activity requires (2, 5), and consequently is inefficient. 
5-8 The appropriate Lagrange function for (5-31) and (5-32) is 


T 


Since all functions are concave (linear), the Kuhn-Tucker conditions are applicable. 


aL aL 
Lo f-4-20 (3 20 j21l...,n 
a) ig Pi Š ra s0 (2) 3a, * ) q j 


LN aL = 20 i=1,....m 
() rud daazo O $En-0 © nzo, 


Conditions (1) are the same as dual constraints (5-39). Conditions (2) ensure the satisfaction of 
(5-41) and (5-43), and conditions (5) ensure (5-40) and (5-42). 


Chapter 6 
6-2 AVC = 0,04q! — 0.8q + 10 and its minimum is found by setting its derivative equal to zero: 


LAYO - 0.084 -08=0 


Hence q = 10, at which point AVC = 6 and MC = 0,12q?~ 1.6q + 10. Substitute p = MC, multiply 
through by 12.5, and solve for q = (20 5V3p - M3. The positive branch gives outputs at which 


MC is increasing. Hence 


S-0 if p<6 and g = HR 14 - ig 


profit maximum of zero if p * MC * AC, which occurs at the minimum of 
the AC curve. AC = q!- 4q * 8 and reaches a minimum at q 72, at which point p * 4. The 
long-run supply curve is horizontal and the amount supplied is 2n where n is the number of firms. 
At p = 4 the quantity demanded is 1600. Hence 1600 = 2n, and n = 800. 
66 The entire supply will come from domestic sources as long as price is less than 20. When price 
reaches 20, domestic supply is 180, Thereafter, the supply curve is horizontal. Domestic supply 
remains at 180, price remains at 20, and imports are q — 180. 
68 The cost functions including cost of transportation are c, = 0.5qj + 6q, for firms in location I 
and C: = 0.5q} + 10g, for firms in location II. The first-order conditions for profit maximization 
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are (qı + 6) = p =(q:+ 10), and the two types of supply functions for the firms are 
S,=0 if Osp<6 and S,;=p-6 if 6sp 
$20 if OSp<10 an S,=p-10 if 10sp 
The aggregate supply function is 
S=0 if OSp<6, S=S0p—300 if 6Sp<10 
and S=100p-800 if 10=p 
6-10 By (6-21), dp/dt = kE(p) and local stability in the neighborhood of the equilibrium price p, — - 
requires that dp/dt = kE'(p,(p —p,) have a negative real root. In the present case E(p)= 
25p — V5p, and E(p) - 0 yields p, — 5. E'(p)- -25]p*—0.5VS/p and E'()- —1.5 -0 which 
6-12 If p, — 0.8p, and applying (6-27), the time path is p, = [1—0.2(A/a)']p, and 0.995, Sp, 5 
1.01p, when —0.05 s (A/a) $0.05. 
(a) Substituting for A and a gives —0.05 s (-0.9)' $0.05. Taking the logarithm of 0.9 = 0.05 
gives t ~ 28.4, 
(b) Substituting gives 0.2' = 0.05 for the right limit which is attained for t = 1.8. 


Chapter 7 
7-2 The monopolist’s profit is 
7 = (85 —3q)q — Sx = (85 -6Vx)G Vx) — $x = 170V/x — 17x 
Maximizing, 
dm 85 
Eu 1720 


which has the solution Vx = 5, x 25. Since d?m/dx? = —42,5y < 0, this is a maximum. When 


x=25, » 
q-2Vx-2V25-10 and p-85-3q-55 
7-4 The monopolist's profit is 
7 7 a(4s + q)— blq +q? -aq — Bil — a5; — Bg] 
Set the partial derivatives equal to zero: 


om 
aq; ^ 25(a*4)-a ~ 28,4, - 0 


Z- a-26,*4)- 29-0 
Take total differentials with respect to 41, da, and a, rearrange terms, 
2(b + Bı) dq, 2b dq; = da 
2b dq, +2(b 8j) dq; = da 
and solve for dq, and dq;: 
da= ds de = Bi tg 


where D = MDB, + B) + BiB:)>0. Hence, dada =0 and da/da :»0. Furthermore, since the 
rate of change of MC in the ith plant is dMC/dq = 28, output will increase more in the first plant 
if MC is increasing faster in the second (B; £). It will increase more in the second if 8,» Bs 
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7-6 Profit is 
a =(100—3q + 4V/A)q — (4q? + 10q + A) 
Setting the partials equal to zero, 
$2 - (100- 6g + 4V/A) - (Ba + 10) =0 
om _ 24 1.9 
9A VA 


From the second equation q = VA/2. Substituting in the first equation and solving for VA=30 
and A = 900, the corresponding output and price are q = 15, p = 175. It can be verified that the 
second-order conditions are satisfied. 
7-8 The kth firm equates its MR and MC: 
MR, = 150-22, -002 2. q = 1Sqi - 40a, +270 = MC, 
IL 
Since all firms produce identical outputs under the present circumstances, 
S a= 100g, 
ive 
The equality of MR and MC may be expressed by 
150 — 4q, = 1.5g} - 40, + 270 
qi — 24, + 80 = (q - 4Xq. - 20) - 0 
with the roots q. = (4, 20). It is easily verified that only the larger of these outputs is relevant. For 
ak 20, p, = 90, and m, = 400. 


and 


Chapter 8 
8-2 T's profit is 

m, = q,(100 — 2g, — 0.54) 2.541 = 1004, — Sai 
Setting the first derivative equal to zero, and solving for qı yields 


dm = 100- 104: = 
dn 100- 10g, 7 0 


qi-10 q-5 p-75 m= 300 


8-4 The profit functions are 
m = X13x, —0.2x1) - [2 0.10% * x) ^ 
qj 3(12x; — 0.13) - [2+ 0.101 + x) 
Setting the appropriate partial derivatives equal to zero yields the input reaction functions 
x, 7 24- 0.1x; X= 42.5 - 0.125x, 


Solving the reaction functions for x, and x, and substituting in the production and profi 
functions yields 

x-20 q-10 m=20 

3-240 q-30  m-60 
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8-6 The sum of the market shares equals one. Consequently, this is a constant-sum game. The 
payoff matrix in terms of I's shares is 


————— ÉÀÉ Él 4 x. 
yu O-mile l-mile 2-mile — 3-mile — 4-mile 


—————————— — 
O-mile 0.500 0.125 0250 0.375 0.500 


I-mile 0.875 — 0.500 — 0.375 0.50 — 0425 
2-mile 0.750 — 0.25 — 0.500 0,875 0.750 
3-mile 0.625 — 0.500 0.375 0.500 0875 
4mile — 0.500 0.375- 0250 0125 0.500 
ee is 


Each duopolist will locate at the midpoint (the 2-mile marker) with equal shares 
max min ay 7 min max a, = 0.500 
8-8 For the monopoly case the ms profit maximum is derived from 
t= 32104;~243)- pg, SEB - 810-120, - p; -0 


and the demand function is p, = 810— 12q;. The monopolistic seller's profit maximum is derived 
from 


75 = (810— 129q; — 1.50] PA 7810-279, = 0 
The monopoly solution is 
455-730. pfs-450  whs=5400 — mł, = 12,150 
For the monopsony case the seller's profit maximum is derived from 
7s = pid: - 1.5q] dd -pi-3-0 
and the supply function is p, = 3q;. The monopsonistic buyer's profit maximum is derived from 
7, = 3270; ~ 243) - Ga); dd = 810- 184: = 0 
The monopsony solution is 
Qin=45  pij-135$ why = 3037.50 75, = 18,225 
The quasi-competitive solution is obtained by equating price and MC 
qi-54 pe = 162 T4374 ahem 17,496 
with a total profit of 21,870. The bargaining limits are 135 3 p, 5 450, 
Chapter 9 
9-2 The equilibrium conditions for the consumers are 


Bin Eut@2 guti? py. Epeg ques 
P E+ qnt pP En? e3 


where the rightmost terms are obtained by substituting E= a - ah Substituting for p,/p; into 
the budget constraints gives the offer curves 


10,45 - 189, — 59, = 186 20545 - 145 - Q5 = 170 
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Substituting the equilibrium price ratio, p2/p; — 0.5, in the individual excess demand func- 
tions derived in Exercise 9-1: qu = 13, qi; = 20, qun =5, qn = 20. Substituting these quantities in 
the offer curves shows that they are satisfied. 

9-4 The budget constraint for the ith consumer includes her excess demand for money: 

PiEn + PrEn *02(piqhi t pidt)-q570 — i712 
where qù is i's initial money stock. Individual excess demand functions are obtained from the 
consumers’ first-order conditions. 

Setting aggregate excess demand equal to zero for each of the commodities, 


= Mp; 24). 
E, + Ej = 10 r^ +35; 0 
+En = Ap: PM 
Ext En T 0 


where q} = q9 +q% is the aggregate money stock. Multiplying the first equation by p, and the 
second by p;, and rearranging terms, 


-10p, + I2p, « 243 20p,-9= 4 


These linear equations have the solution 


$ = 
n=% P7 


It is obvious that commodity prices vary in proportion to the aggregate money stock. 
If money endowments are 43+2 = 45, prices are p, 23, p; 7 5. If money endowments are 


tripled to 129+ 6 = 135, prices are tripled to p, 79, p: ^ 15. 


Chapter 10 


a= 1 i uadratic equation 
10-2 Substitution for p; from the second equation into the first gives the q à 
pl- 5p, 6 — 0 with the roots 3 and 2. The second equation gives 4 and 2 as the corresponding 
values for p>. Thus, there are two equilibrium solutions: (p: = 4, p» = 3) and (p = 2, p 7 2). 
10-4 For a three-commodity system (10-23) is 
M = (bn + by)À + (baby 7 babs) 70 

For the system of Exercise 10-2 j 

bn=4p:+22-13p — ba -l3p;- 64 + 40ps 

by by =-2 
For the equilibrium (4,3), the quadratic is A? +3A -2« 0 with the roots.A » — 1.5 + V4.25. The 


Bep t the roots is positive. For the equilibrium (2, 2) the quadratic is 
Pt pir ra per menm i. This equilibrium is also unstable since the real part of the 


Mp us excess demand function for Q: derived from the constrained utility 


maximization, multiplied by p; is 


3 Ds jo. 
TE alpiqh * p:qh + (0 — pi— Pgh) _ on. 


(ita+B) 


This is a linear equation in prices when ka is substituted for E; to form a boundary. Similar 
derivations can be made for the other boundaries. 
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10-8 Let d, — 0.7, d; — 0.8, and d; = 1.0. Then 
(0.7)(0.2) + (0.8)(0.5) + (1.00.1) = 0.64 < 0.7 
(0.70.1) + (0.80.4) (1.00.4) = 0.79 — 0.8 
(0.70.6) + (0.8)(0.4) + (1.00.2) = 0.94 < 1.0 
and the conditions are satisfied. Many other values for the d's will also satisfy the conditions. 


Chapter 11 


11-2 The producer's profit is 96q —12q?, and its maximization yields q=4, x=8, r=18, and 
p = 84. Total cost with r as a parameter is 


C=r=2rq 
The Pareto condition is that price equal the appropriate MC: 
100 —4q = 2r = 2[2 + 2(2q)] = 4+ 8q 

with the solution q =8, x = 16, r = 34, p = 68. 

11-4 Let qi; and qz; be the quantities of the ordinary good, q, and q; the quantities of the public 
goods, and x^ the fixed quantity of the primary factor. A Pareto-optimal allocation is found by 
maximizing the utility of the first consumer subject to the condition that the second enjoy a fixed 
level of utility and subject to the requirement that the production function be satisfied. Maximize 

V = U(qu, qz, 43) + ALUS — Ux si, qa, q3)] + 9F(4i1 + G21, az, 93, x°) 


where F denotes the production function. The first-order conditions are 


aV au, ôV au, au, 
Lx. - at ye = 
)qn ôn E: dd: ðq 4 ðq: t4 n4 
av au; aV _ au, aU; 

— = -A 2+ 6F = L—.—1.,293 - 
dni 9dn bith ðq, ðq ‘ aq * p 


and the requirements that the constraints be satisfied. 
The RPT between the public goods is F//F;. Moving the last terms in the equations on the 


right to their right-hand sides and dividing one by the other, and then substituting for A its 
solution from the equations on the left, 


3U, _y ôU, AU lag: 4 OU; 
BR. A 8UM aqu aU; 
F, CUNEN ôU, ôU 4 OU; 

ðq; ðq, Uifðqu 3Uðqn 


which requires that the RPT equal the ratio of the sums of the RCSs of the consumers between 
the ordinary good and the public goods. 


11-6 Equating private MCs to price, 
ac Ps * d ac, p 
[7A 4qı +20- 2q = 240 z a = 6q + 60 240 


which have the solution q{ = 70, q$ = 30. 
The social cost function is the-sum of the individual cost functions: 


C = 24] + Wq, - 24,4; + 3q} + 60q; 
The social MCs of the firms are now equated to the market price: 


San 4a: +20-24,= 240 ECL +69, +60 = 240 


^ * 
which have the solution q7 = 84, qı 758. 


ee 
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11-8 If unit subsidies of s, and $ are paid to producers, their cost functions become 
“Ci = 2q} +204: - 24,4: — 5,4; Cz = 343 + 60q; — sqz 
Letting private MC equal price for each producer, 
4q,+20—2q,—s, = 240 6q: + 60 — s; = 240 
which for q? =84, q? = 58 yields s, =0, 5; = 168. 
While the producers were maximizing profits without subsidies, their maximum profits were 


71 = 9800, 7$ = 2700, After subsidization their profits are m? = 14,112, 73 = 348. The appropriate 
lump-sum taxes and social dividend are 


Li3b-siesq:7432  L,= af -n+ sa = 7392 
S=Li+ Li- siq? — s2q? = 1960 


11-10 A Scitovsky contour is found by minimizing the total quantity of Qhi, given the quantity of 
Qh and the utility levels of the consumers. Using the first-order conditions an4 the constraints, Ay 
and A; can be eliminated with the result 


Ui- U$- 414: + 2V Uq = 0 
Letting qq = Z?, this is a quadratic equation: 
Z:- QVUSZ + (U3- Uf) -0 


z -2VUIs Va VeV 


which has the solution 


Since the solution VU$—VU% might make Z negative, which makes no sense in the present 
context, the final solution is 
44:7 Z? - (VUL VU 

as required, m A 
11-12 If a = 1, welfare is maximized by allocating all income to the individual for bess B is 
largest. If two or more individuals tie for the largest £, all income is allocated to one those 
tying. If a =0, all income distributions give W =n. If a <0, no finite welfare maximum exists 
since welfare can be made infinitely large by depriving any individual of all income. 
Chapter 12 
12-2 The function to be maximized is 

V = cyc9® + A[(1000 — c1) + (1/1.08)(648 — c;)] 
The first-order conditions are 


av oS 
ov = ei'-a =0 3c; "0606-19 = 9 


av IP CE 
» = 1000 — c, + Tog c)=0 
with the solution c, = 1000, c; = 648. The consumer is neither borrower nor lender. 


12-4 The Lagrange function for each consumer is 
V* = oc * ul(i — e) + 017 eX * i] 


See the partials equal to zero, 
ave ami e cn vina 
3 0 2c; € 7 u(1* i) 0 


Maine) +r eti =O 
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and solve for 


pn 
o = Hes) 


The consumer's excess demand for bonds is 


t iy' 
se = uh 


Bond-market equilibrium requires that aggregate excess demand by the two groups of consumers 
equal zero: 
100/5000 — 4200(1 + i)-!] + 50[4000 — 7000(1 + i)-'] = 700,000 — 770,000(1 + i)! 
with the solution i = 0.10. 
12-6 The present value of the entrepreneur's profit is 
m = 100VT eT — 29 
which is maximized when dz/dT = 0: 
a Easra =0 
which has the solution T = 10, 
12-8 The present value of the entrepreneur's profit is 


T 
7-(4*8T- Te 4- Í Oste% dt 
o 


Setting the derivative with respect to T equal to zero, 


dE = (8-2T)e*? - 0244 8T The" ATE i <9 


with the roots T = (2,18). The second-order condition requires that 


2. 
ae e*  (-04T «127 — 544 <0 


and is satisfied for T = 2, but not for T = 18. 


12-10 The present value of the entrepreneur's profit is the present value of the quasi-rent stream, 
minus the original cost, plus the present value of the scrap value: 


T 
m= |" 85-4ne*9àr - 5994 (500-407-007 
Letting dz/dT = 0 gives the solution T = 10. 


Appendix 


A-2 The derivatives are: 
(a) f'(x) = 18x! - Ax — 1. 
(b) f(x) 9 2lvx. 
(c) f(x) e -e*(x -2)*e* = e*(3- x). 
(d) f'(x) = [12x(2x? = x) - (4x = 1)4x°)/(2x? — xP, 
(e) f(x) = [Ux [-3x"] = —3/x. 
A-4 The answers are determined by the signs of the second derivatives: 
(a) f'(x) =2>0, and f(x) is strictly convex. 
(b) f'Gx) = — 1x? <0, and f(x) is strictly concave. 
(c) f"(x) = ae“ >0, and f(x) is strictly convex. 
(d) f'(x) * 6x - 4 which does not have a unique sign for X 0, and f(x) is neither strictly 
convex nor strictly concave over the entire interval. 
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A-6 The total differential is 
dy= (213+ E) dx, + ns e) deo me dry 


A-8 Setting the partial derivatives equal to zero, 
fh25*x5-x70 ff, =10-6x,+x,=0 
These equations have the solution x, = 8, x; = 3. The second-order conditions for a maximum are 
satisfied by this solution: 
nie fu faja Ja : 
fus 1«0 PER Tt^ 5»0 
A-10 If a ^ B <1, the principal minors of the Hessian will alternate in sign, beginning with minus, 
as required for strict concavity: 
fun = a(a — I)Axt?xf <0 
fu » Z pi -DAxt7xf aBAxt xf"! | 
fa fa aBAxt"'xf" — B(8 - D) Axtxf? 
= aB(1— a — B)A'xi*- x39» 0 
Conversely, a +8 = 1 will violate the requirement that the Hessian be positive, and concavity 
cannot hold. 
A-12 Form the Lagrange function 
V = xixy + A(5x, + 2x2 — 300) 
where A is an undetermined multiplier, and set its partial derivatives equal to zero: 
av Eg dvo » 
$a 2*5 9. utn 
aV 
p 
Substitute 2x, = 5x;/2 from the first two equations into the third: 


5x, «3-370 


-5x,*2x,-300-0 


i i i TRE = 50. 323. " 
erem "s x which requires that the bordered Hessian be positive, is 
satisfied: 
2x, 2x, 5 
2x, 0 2 

Ce a 
A-14 A function is concave if fi 0 and 3 =fufn—fh=0, and strictly concave if the strict 
inequalities hold. A function is quasi-concave if 9 = fifif:— full fufl 2 0, and strictly quasi- 
concave if the strict inequality holds. The reader may verify that the following functions have the 
desired properties by evaluating the appropriate determinants: 

(a) f(x, x3) = — (In x, - In xj). 
(b) f(x), x3) = xix. 
(c) f(x), x3) = X1 + X 
(d) f (x1, x) = xx. 
A-16 The Jacobian is 


= 40x, - 8x, = 1200 0 


T 
and vanishes identical lly. Since the left-hand side of the first equation is the square of the 


2x,*4x, 4x *8x; -0 
sla 2 
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left-hand side of the second, an: 
there is no solution at all. 


A-18 «o f" (2x +3) dx = (x? 3x). — —(x? + 3x), = 130- — 54 - 76. 
€) f Lax -dn3,- 03) 21-071. 


te The appropriate quadratic is x?+5x+6=0 with the roots (-2, -3). The solution has the 
'orm 


y solution satisfying one will satisfy the other if y, = y}. If y, # yi 


y7 ke ket 
Using the initial conditions, yo = k; + k, 6, yó = —2k, — 3k; = 3 gives kı =21, kı =—-15. 
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social, 303 
in terms of inputs, 94 
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opportunity, 302 
rate of return over, 335n. 
social, 302—303 
total, 74, 84 
variable, 74, 84 
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Demand: 
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derived, 80—83, 155 
elasticity of, 22—24, 27,33, 177-178 
excess, 160—161 
homogeneity of, 19—20, 233—234, 242-244 
inverse, 21, 176, 209 
market, 137—139 
producer, 139 
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for income, 24—25 
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pseudo, 260—264 
homogeneity of, 19, 233—234, 242-244 
individual, 18—20, 155 
input, 80—83, 155, 243 
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inverse of, 21, 176, 209 
Marshallian, 18—20 
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properties of, 19, 233—234, 242—244 
Depreciation, 346 
Derivatives, 367 —369 
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partial, 369 
total, 369—370 
Derived demand, 80—83, 155 
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cofactor of, 360—361 
alien, 361 
Hessian, 376—377 
* bordered, 381—383 
Jacobian, 236, 256, 372-375 
minor of, 360 
principal, 271—272, 278-279, 360n., 382 
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Difference equations, 388—391 
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Differential, total, 369—371 
Differential cost, 149—152 
Differential equations, 391—392 
partial, 391n. 
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Diminishing marginal productivity, law of, 68 
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Disequilibrium, Stackelberg, 207 
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107—110 
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